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CHAPTER 1 


INTRODUCTION 

1.1. The theory of approximation of functions originated in th 
classical approximation theorem, of Weierstrass. Chebyshev's 
concept of best approximation in uniform norm and the converse 
theorem of Bernstein put it on a sound footing. Runge's theorem 
that if is a union of countably many disjoint simply connectec 
domains, none of which contains the point at infinity, then any 
analytic function on o^'can be uniformly approximated by poly- 
nomials on compact subsets of^^, aroused interest in the 
approximation of analytic functions by polynomials on subsets of 
the complex plane. Significant contributions in this direction 
were made by Faber, Keldysh, Walsh and others till Mergelyan 
came up with his epoch making result that, if is a compact 
set, then a necessary and sufficient condition that every function 
continuous on and analytic in the interior points of can be 
uniformly approximated on by polynomials is that does not 
separate the plane. Since then, the theory has been vastly 
enriched in different directions by a number of workers. 

It was observed in early stages of development of the theory 
that the order of the. magnitude of the minimal error in approxi- 
mating a function f(z) by polynomials of degree n is related to 
the differentiability properties of f(z). The more differentiable 
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the function/ the better it is suited for approximation. Furth* 
more, the degree of approximation also depends on the region Oi 
analyticity of the function in question. Thus, amongst the els 
of analytic functions, the entire functions happen to occupy a 
unique and privileged position that they are best characterized 
by the 'rapidity' of convergence of their degree of approximati^ 
Further, various workers have studied the growth of an entire 
function in terms of its degree of approximation. For function: 
analytic in a finite region also, some efforts have been made tc 
connect their growth with the degree of approximation. 

Lately, there have been some attempts to connect the growth 
of entire solutions of certain partial differential equations 
with their degree of approximation though much is left desired. 
However, it seems that so far the interrelations between the 
growth of the solutions of partial differential equations which 
are regular in a finite region and their degree of approximation 
have not been investigated. 

In the following sections we review some results in function 
theory that concern the growth and approximation of analytic 
functions and solutions of certain partial differential equations 
and are relevant to the present study. 

1.2. Let f(z) be an entire function of the complex variable 
z = re and let , 

M(r) = M(r,f) = max lf(z)l. 

I zl =r 



3 


The function M(r/f) is called the maximum modulus of f(z) for 
Izl = r. Blumenthal [l4 ] has shown that M(r/f) is a steadily 
increasing fxanction of r and that it is differentiable in adjacei 
intervals* Further, by Hadamard^s three-circles theorem, it 
follows that log M(r,f) is a convex function of log r. 

An entire function f(z) is said to be of finite order if 
there exists a constant A such that 


( 1 . 2 . 1 ) 


M(r,f) < exp (r ) 


for all sufficiently large values of r. The greatest lower bound 
p^( f) of all such numbers A is called the order of the function 
f(z). Thus, 


( 1 . 2 . 2 ) 


^ P„(f) = iim sup i°q . 

oo ^ 


If no constant A can be found such that (1.2.1) holds, then f(z) 
is said to be of infinite order and such functions are said to 
be of fast growth. The entire functions of zero order are said 
to be of slow growth. 

For a more precise specification of the rate of growth of 
f(z) the concept of type has been introduced. Thus, an entire 
function f(z), of nonzero finite order p^if) is said to be of 
type T ( f) if 


T^ = T (f) 

00 oo ' 


log M(r, f) 

lim sup — . 


27 oo 


(1.2.3) 
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In 1933 / Whittaker [ 131 J introduced the concept of lower 
order for an entire function. Thus/ an entire function f ( z) 
is said to be of lower order X^(f) 


(1.2.4) 


Xj^(f) = lim inf 


7 log M( r, f) 
log r 


An entire function f ( z) is said to be of regular growth 
if Poo( f) = ^ 00 ^^^ said to be irregular growth if 

h^if) < P^(f). 

In analogy with lower order, Shah [iCl} has introduced the 
concept of lower type t^(f) of an entire function f(z) of order 
p^(f) (0 < P^(f) < «>) as 

^ " r ■ 

Since the entire function f ( z) is analytic everywhere in 
the finite complex plane, it can be expanded in a Taylor series 
around any point z^ in the complex plane. However, without loss 
of generality we can take z^ = 0. Then f(z) has the representa- 
tion 

(1.2.6) f(z) . S 

n=0 

where the coefficients are given by 

^n ^ [f( z)/z^''’^ ] dz = f^(0)/nl 

I z 1 =r 

f'^(O) being the value of the nth derivative of f(z) at z = C. 


(1.2.5) 


= t^(f) = lim inf 

r* oo 


M(r/f) 
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For an entire function f(z) to be of finite order and finite 
type/ necessary and sufficient conditions; in terms of its Taylor 
coefficients a^^/ have been found [ 15 , pp. 9-12]. Thus, the 
entire function f(z)/ given by (1.2.6), is of finite order P^(f)/ 
if and only if. 


(1 .2.7) 


^ . n xog n 

lim sup — 

^ -log a 

n oo ^ r 


Further, the entire function f(z), given by (1.2.6), is of order 
P„(f) (O < P^if) < <») and type T^(f) (0 < T^(f) < <») if and only 
if/ 

p ( f)/n 

(1.2.8) s ^ 00 **^) = lim sup nla^l 


A formula analogous to (1.2.7) does not hold, in general, 
for lower order of an entire function f(z). Shah [96,97 ] has 
shown that if f(z), given by (1.2.6), is an entire function of 
order P<„(f) and lower order \^(f), then 


(1.2.9) 


\oo(f) > lim inf > lim inf -s — — "v 

- n - « '^n' - n - « log 'V^n+l 


f) < lim sup 


loo n 


n •* CO 


log ' 


Further, if 


.1.2.10) <|)(n) = *^n'^^n+l* is a nondecreasing function of n for 


n > 


1 . 2 . 11 , X„(f) . inf n T offaV. , 

n-^oo y n ^ n' n-f-l 
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and 


P„(f) = 


lim 
n - 


sup 

' OO 


log 


log 


n 




Juneja [42] and Juneja and Kapoor [44] have obtained co- 
efficient formulae for the lower order of an entire funct 

given by (1.2.6), in which the nondecreasing nature of the 
function <})(n) = '^n^^n+1* more needed and so they hold fo 

every entire function. Thus, if fCz), given by (1.2.6), is an 
entire function of lower order \^{f) ^ then 


n, log n, ^ 

(1.2.12) X^(f) = max {lim inf ; , 

{n^} k-^oo 


(1.2.13) X«,(f) 


max {lim in f 

{nj^l k -» OO 


Vi 

log ia Ta i 
■^k-l "k 


where maximum in (1.2.12) and (1.2.13) is taken over all 
increasing sequences {n^} of positive integers. 


In the case of lower type also, a coefficient formula 
analogous to (1.2.8) does not hold. Shah [ 101 ] has shown that 
if f(z) , given by (1.2.6) , is an entire function of order 
Poo^f) (0 < P^(f) < oo) and lower type t^(f), then 


(1.2.14) t (f) 

OO 

and, further, if 

(1.2.15) t„(f) 


1 

- e~ P" Tf ) ' ^'^n' 

o® n OO 

(1.2.10) holds, we have 

1 , t„U)/n 

OO n 00 
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Some more results in this direction are found in Basinger 
[ 9 ]/ Clunie [20}, Juneja [4l]/ June j a and Singh [48]/ Rahman 
[bo], R.S.L. Srivastava [lls], Srivastava and Singh [l20], S.N. 
Srivastava [l2l2 etc. 

1.3* If the entire function f ( z) is of infinite or zero order 
the definition of type is not feasible and so the growth of such 
functions can not be measured precisely by confining to the 
concept of order only. For studying the growth of such functions 
various attempts have been made by different workers, notable 
among them being those of Bajpai, Kapoor and Juneja [5], Iyer 
[40], Sato [ 39 ], Schbnhage [90], Shah and Ishaq [IO3 ] etc. 
Recently, an elegant approach in this direction is made by Kapoor 
in [50] and is as follows. 

For an entire function f(z), which is not a polynomial, set 

log M(r,f) 

Po,(p,q) = lim sup 

r -» 00 =q 

where p and q are integers such that, p > q > 1 , x = x, 

lopp X = log (logp_^ x) , for p > 1* -An entire function f(z) is 
said to be of index pair (p,q) , ifO< P^gCp/q) < °° and 

Poo(P“"l/ q~l) is not a nonzero finite number. If P^oCp/Q;) is never 
nonzero finite and P^o^P^i) = some p, then index pair of 

f( 2 ) is defined as (m,l) where m = inf {p : p^(p,l) =0}. If 
Poo'^P^p) is always infinite, index pair of f(z) is defined to be 

(00,03) . 
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A scheme to compare the rates of growth of two entire 
functions fj^(z) and f 2 (z) having index pairs 
respectively/ can be found in [45/5o]. 

An entire function f(z) is said to be of (p/q)-order p^(p/q) 
if f ( z) is of index pair ip,q) , P > q > 1 snd b < P^(p/q) < °° 
where b = O or 1 according asp>qorp=q. An entire function 
f(z)/ of index pair (p/q) / is said to be of lower (p/q)-order 
A^(p/q) if 

lopp M(r, f) 

= lirn inf — jg- — . 

r -► oo 

An entire function f ( z) of (p,q)-order PooC|)/q) is said to 
be of (p,q)-type T^(p/q) and lower (p/q)-type t^(p/q ) , if 


Too^P/q) 

too^P^q) 


sup 

lim 

r -♦ oo inf 


^°gp-i 


M(r/ f) 
r) 


Coefficient equivalents of (p/q)-order/ lower (p/q)-order, 
(p/q)-type and lower (p/q)-type have been found in [45] / [46] 
and [so]. Some more results concerning (p/q) -order etc. can be 
found in [so], [72/73] and [74]. 

Recently/ Seremeta [ 93 ] and Shah [ 102 ] have introduced the 
concepts of generalized orders of an entire function f(z) in 
which more general functions than the iteration of logarithms 
are used to compare the growth of log M(r/f) with that of log r. 
For this purpose/ the following two classes and are 

introduced. 
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A function h(x) defined on [a/O®) is said to belong to the 
class L* if on [a/<») it is positive, differentiable, strictly 
increasing, tends to <» as x ^ and satisfies the condition that 


(1.3 .1) 


T h(x(l + 6(x) ) ) _ ^ 


X 


for every function 5(x) such that 5(x) -»Oasx**«>. A function 
h(x) e L° is said to belong to the class if h(x) is a slowly 
increasing function [9l], i.e., if the following stronger 
condition holds in place of (1.3.1) , 


( 1 . 3 . 2 ) 


1 im 

X -* oo 


h(cx) 

h(x) 


1 


for all c, 0 < c < oo. In the results stated in this section, 
wherever necessary, it will be assumed that h(x) s L# has been 
extended over (-oo,a) by the definition h(x) = h(a) for x e (-oo,a) . 


An entire function fiz) is said to be of generalized (cc, 0)- 
order P^(a,,8,f) and generalized lower (a, 3)-order A.^(a, ,3, f) if 

P (a, ^,f) sup a(logM(r,f)) 

(1.3.3) = lim 

^ , f) r ■* CO inf 0(log r) 

where (X(x) s A* and i3(x) s L^. Taking oc(x) = log x and ,8(x) = x 
in (1.3.3) we get the familiar order and lower order of an entire 
function f ( z) , defined by (1.2.2) and (1.2.4). An entire function 
f(z) for which P^(cc, 0, f) = \^(a,0,f) is said to be of generalized 
regular ( ot, 3 ) -growth and f(z) is said to be of generalized 
irregular (a,0)-growth if \^(a,,8,f) < P^(a,3,f). 
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Let 

(1 .3 .4) 


K 


fiz) - S a^z 


n=0 


n 


0 for every n, be an entire function. Then/ following 
Seremeta [93], it is seen that, if f(z) is of generalized (cc,^)' 
order p^(a,3,f), we have 

a(A^) 


(1.3 .5) 


p„(a,,8,f) > lim sup — y 


n oo log la^l 


n 


n 


and, further, if a(x) and 0(x) satisfy 

(1.3.6) ^ = 0(1) as X - ~ 

d log X 


for all c, 0 < c < oo, then 


(1.3.7) 


P„(cc,/3,f) = lim sup 




1 —1 
n -» CO jS(r — log la 1 ) 


Seremeta had obtained (1.3.5) and (1.3.7) for the case = n. 

Coefficient equivalents of generalized lower (cx,3) -order of 

OO 

an entire function f(z) = S "to Shah [l02]. However, 


n=0 


we give here the coefficient equivalents of X^(ci,i3,f) for an 
entire function f(z) given by (1.3.4). In the present forrri, 
these results can be easily established by suitably adopting 
the techniques of Shah [l02] and Juneja, Kapoor and Bajpai [45]. 
Thus, let f ( z) , given by (1.3.4), be an entire function of 
generalized lower (a,0)-order X^(a/P,f) . Assume that f(n) = 

l/(Xn+r^n^ 

la^/a^_^^| is ultimately a nondecreasing function of n, 

cx(x) and 3(x) satisfy 
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(1.3.8) = 0(1) as X CO 

d log X 

and that there exists a function r)(x) such that r/(x) as x “ 

and 

^XTT^ - 0 as X -> CO, 


(1.3 .9) 
then 
(1 .3 .10) 


3(e^) 


X^(o('/3/f) = lim inf 




n - oo iog la^l ^) 


n 


Further/ if ct(x) and 0(x) satisfy (1.3.8) and (1.3.9)/ then the 
following characterizations of generalized lower (ci/j3)-order 
X (tt/P/f) of an entire function/ given by (1.3.4)/ also hold in 


which the nondecreasing nature of the function f(n) = 
"n' ^n+1 ' 


/ , n+1 n . . , 

a^/a^_^^ 1 IS no more required 


a.{K^ _ ) 

(1.3.11) X^(a/ 3 /f) = max {lim inf 3 :j — } 

(n, } k - ~ 8(^ log la l'”'^) 


n. 


( 1 . 3 . 12 ) = max [lim inf 

Cn^} k -► 00 


n-, 


a(x^ ) 

’^k-l 


M 


^n ”*^n 
’^k ’^k-l 


-log la /a 1) 

m v-t 


-} . 


’^k-l ^k 


The maximum in (1.3.11) and (1.3.12) is taken over all increasing 
sequences Crij,} of positive integers. 

Some more results concerning generalized {oi, 0)-order and 
generalized lower (a/3)-order are found in [3/4]. 


1.4. Let f(z) be an entire transcendental function/ given by 
the power series (1.3.4). Since the series converges absolutely 
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for all finite z, la^^l r - 0 as n -* oo^ for every finite r. 
Hence there is one term of the series whose absolute value is 
not less than that of any other term. The modulus of this term 
is denoted by M(r,f) and is called the maximum term of f(z) for 
I z! = r. Thus/ 

\n 

ju(r) = M(r,f) = max {la 1 r }. 

n > 0 




vir) = vivff) = max {Aj^ s M(r) = la 


‘n‘ 


r } . 


Then vir) is called the central index of f(z) for Izl = r. The 

function vir) is a nondecreasing/ integer valued^ unbounded step 

function of r and has only left discontinuities. The elemtents 

{\ } in the range set of viv) are called the principal indices 

m 

of f(z) and the quantities t(m) = max {r : vir) } are 

^ m— 1 

called the jump points of the central index vir) of f(z). 

By constructing Newton^ s polygon/ the following relations 
involving the maximum term ju(r)/ the dentral index vir) and the 
maximum modulus M(r) of an entire function f(z) are established 

[126, pp. 28-32], 

r 

(1.4.1) log isir) = log jU-Cr^) + / (a^(t)/t) dt, 0 < r^ < r < ■», 

^o 

(1.4.2) jdir) < M(r) < M(r) (1+2 vir + ) • 

It has been shown that [l26, p. 32], for an entire function 
f(z) of finite order Pj^(f)/ we have 
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(1.4.3) log M(r) log fjXr) as r 


and that 
(1.4.4) P^(f) 


lim 
r ■ 


lOG locf M(r) 

TSiT 


lim 

r 


sup 

OO 


log vir) 
log r 


Whittaker [l3l] obtained an analogous result for the lower orde 
k^(f). Thus, he proved that if f(z), given by (1.3-4), is an 
entire function of order P^( f) and lower order X^( f) / then 


(1.4.5) 




lim inf 

IT ^ 


log log M(r) 
log r 


lim 

r 


inf 

OO 


log vir) 
log r 


and 

log 

(1.4.6) x^(f) <pjf) lim inf logKrr: ' 

OO ^ n+i 


It is easily seen that, in view of (1.4.3), the type T^(f) 
and lower type t^( f) of an entire function f(z) of order P«,(f), 
0 < P^if) "4 “/ are given by 


(1.4.7) 


Too(f) 

too^f) 


. . log M(r) 

lim ^ P ( f 5 

r CO inf _ ^ 


Shah [l02] has extended the results (1.4.4) and (1.4.5) for 
generalized orders using a new technique. Thus, if f(z) as an 
entire transcendental function of generalized (a, 0) -order 
p^(a^j3,f) and generalized lower (a,3)-order X^(u,3,f)/ then 


(1.4.8) 


P^(a,p,f) 

X^(a,3,f) 


lim 

r -* OO 


a(loa M(r) ) 
TTIog^r) 


and, further, if (1.3*8) and (1.3*9) are satisfied, we have 
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(1 .4.9) 


P„(a,e,f) sup aMr)) 

r ?"» Inf ■ 


Some other results involving M(r) , /i(r) / vir) , order, type 
etc. of an entire function have been found by Clunie [19 ] / 
Clunie and Hayman [21/22]/ Grey and Shah [ss]/ Polya and Szego 
[78]/ Rahman [79/8l]/ Shah [95/98/99/100]/ S.K. Singh [lC6]/ G.S. 
Srivastava [lis]/ R.P. Srivastava [ll7]/ R.S.L.Srivastava [ll9] 
and others • 


The growth of an entire function influences the distributior 
of its zeros and the results in this direction are found in [15 ]/ 
[31,32]/[6l]/ [76]/ [82] etc. 

1.5. Let I denote the interval [-l/l] and let ft(l) be the 
class of all functions analytic in I. For f(x) s the 
uniform norm is defined as . 


(1.5.1) llfll.^ = max lf{x)l/ 

l/°° c- T 

X S I 

and the error A (f/I) in aonroximating the function f(x) by 

n 

polynomials of degree atmost n in uniform norm is defined as 

(1.5.2) A^ ^(f/l) = inf llf-gll^^ 

' g e IP 

n 

where 3P^ consists of all polynomials of degree atmost n. 

The behaviour of the quantity A ( f / 1) / as n -» »/ was 

^ n/oo 

first investigated by Bernstein [l2]. He showed that if 

f(x) e [^_(l)/ then there exist ellipses £_ with foci at -1 and 

+1 and sum of the semi— axes s such that f(x) can be extended to 
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a function f(z) analytic in their interiors. If q = sup {ss. 


is analytic in the interior of £„} / then £ is called the 

s q 

'regularity ellipse' of f(x) s, (I) . If q = , then £^ con, 

of the point 0 ° only and f(z) is entire. Fiarther, he has sho; 
([ 12 . p. 118], [64,pp. 76-78], [71, pp. 90-94]) that 
f(x) s can be extended to a function analytic in £ , if 

hi 

and only if, 

( 1 . 5 . 3 ) lim sup (a (f,I))^'^^ = l/c[ 

n - 00 

so that f(x) can be extended to an entire function, if and onl'i 
if. 


(1.5.4) lim (A^ 

n -♦ 00 ' 


l/n 


0 . 


n -► CO 

He has also shown that the rate of decrease of A„ (f,I) depe 
on the order and type of the entire function f(z) . Thus, ther 
exists a constant > 0 such that 

P /n 


(1.5.5) 


lim sup n(A„ (f,I)) 
n /oo 

n oa 


is finite, if and only if, f(x) e ^Cl) can be extended to an 
entire function of order and some finite type T^. Varga 

[l28] strengthened it further when he showed that 

(1.5.6) p^E iimsup 


n ,00 


is a nonnegative finite real number, if and only if, f(x) e ^(3 


can be extended to an entire function of order P^. 
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The above results of Bernstein and Varga were extended 
Reddy [83] for entire functions of fast growth. Juneja [43] 
Singh [lOS] obtained the analogous results for lower order. ' 
it was shoxvn that if f(x) s ^(l) can be extended to an entij 
function of lower order X^(f), then 

n-. log n., ^ 

Cl. 5. 7) X^(f) = max {lim inf 

(n-.} k - oo -log A 

where maximum is taken over all increasing sequences {nj,} of 
positive integers. 

Recently/ Shah [l02 ] has obtained characterizations of 
generalized (cX/ /3) -order and generalized lower (cC/3)-order of a 
entire function in terns of the approximation error 
Thus/ if f(x) s ^(l) can be extended to an entire function ha 
generalized (a/3) -order P^(a/j8/ f) and if (1.3.6) is satisfied, 
we have 


(1.5.8) Poo(a/3/f) = lira sup — :: — . ' 

n -» oo 3(i log (Aj^^^Cf/l))"* ) 

Further, if f(x) e '^(l) is not a polynomial and can be extende 
to an entire function of generalized lower (oi,^ p) -order f 

and if (1.3.8) and (1.3.9) are satisfied, we have 


(1.5.9) k^(a,3/f) = max {lim inf 

{n^} k -* oo 




GO 
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(1.5.10) \_(a^0,f) = 

oo 

i) 

max {lim inf ; } 

where maximum in (1.5.9) and (1.5.10) is taken over all increat 
sequences of positive integers. 


Some more results that depict the influence of the growth 

of entire functions on the rate of decrease of a (f/l) can be 

“n/«> 

found in Kapoor [SO], Reddy [84] etc. 

~P 

1.6. Let ^ be a compact set in the complex plane and let 

S 1/.../2 } be a system of n+1 points of the compi 

no nx nn 

set Set 


v(5‘">) 


n 

0 < j < k < n 



^r.v‘ 

nk 


/ 


v(j)(^(n)) ^ ^ 1^ ^1, j =0,l,...,n. 

k=0 


A system of points 


^nl'***' 


nn 


of (3 satisfying the relations 
V(r)^’^^) = sup 

^(0)(^(n)) ^ ^(j) (^(n)^^ J ^ 1,2, ...,n 
is called the nth extremal system of and the limit 
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(1.6.1) d(S = lim (v(r)^’^^))2/(n(n+l) ) ^ (. ^(o) (n) ^ ^ 1/n 

n oo n oo 

/p 

is called the transfinite diameter d( 'C->) ([36]) of G? . 

Results of the previous section have been extended to more 
general sets in the complex plane. Thus, let be a compact s 
whose transfinite diameter d(^) > 0 and let^(^) be the clas 
of all functions f ( z) continuous on ^-7 • For f(z) s ]-[(o)/ set 


(1.6.2) lifll>jc = max lf(z)|. 

2 eg. 

Then, I 1 . 1 1 y? „ is called uniform norm on ^ (&). For f ( z) £ |"| ( 

'Of°° " ' 

let the error approximating the function f(z) by 

polynomials of degree atmost n be defined as 


(1.6.3) I I f-g! I ^ . 

' 5 ® ^n 

where consists of all polynomials of degree atmost n. 

Winiarski [l3 2] has shown that f ( z) £_^._,(S) can be extended 
to an entire function of order P^(f) (0 < P^if) < °°) and type 

< °°) ^ if and only if. 


P^(f)/n 

(1.6.4) sup n(Aj^ oo^ ^ 

n -* oo ' 

satisfies 0 < W^(f) < «= and, further W^(f) = e P^( f) T^( f) (d(S)) 
holds, where d(^) is the transfinite diameter of . He has 
also shown that f(z) can be extended to an entire 

function of finite order p.^(f), if and only if. 


PooCf) 


lim sup 

n -* oo 


n log n , 


CX>« 


(1 -6.5) 
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Juneja and Rizvi [47] have obtained characterizations ol 
lower order of an entire function in terms of the approximate 
error Characterizations of generalized (oc,3)-or 

and generalized lower (0.^3) -order of an entire function/ in 
terms of the error * have been found by Bajpai and 

Shah [6]. Some more results in this direction are due to 
Batyrev [lo]/ Rice [ss], Rizvi [87] and others. 

1*7. Let D denote a domain bounded by a closed Jordan cuirve. 
For 1 < <S <00/ let (D) be the class of all functions f(z) 
analytic in D and satisfying 


I I fl Ip 2 ” ( ff I f(2) l'^ dx dy)^*^^ < oo. 

Then I I .1 Ip g/ 1 < 6 < 00/ is L'^-norm on L^(d), The error 

A .(f/D) in approximating the function f(z) e L (d) by 
n# 0 

polynomials of degree atmost n in L°-norm is defined as 

A„ . (f/D) = inf II f-gl 1^ . / 1 < <5 < 

g e 3P 
^ n 

where consists of all polynomials of degree atmost n. 

Giroux [35]/ has shown that if 2 < 6 < °°/ then f(z) e ( 
can be extended to an entire function/ if and only if/ 

(1.7.1) lim (a_ -(f/D))^"^^ = 0. 

n - 00 

Further/ f(z) e L (D) / 2 < 5 < «>, can be extended to an entire ; 

1 

function of finite order p^(f)/ if and only if/ 


p^(f) = lim sup 

n •* 00 


n log n 
-log A ( f/D) 


< CO 


(1.7.2) 
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Further/ f(z) is of order p^(f)/ 0 < P^if) < <»/ and of type T^( 

0 < T (f) < oo if and only if/ 

(1.7.3) ep„(f)T (f)(d(D)) = lim sup n(A„ . (f/D) ) 

where d(D) is the transfinite diameter of D, the closure of D. 

For <5=2/ the results (1.7.1) to (1.7.3) were obtained 
earlier by Rizvi [87]. For 5=2 and D = izt Izl < IJ these 
results were obtained by Reddy [85 ]. For the case D=fz:lzl < 1 
Ibragimov and Sihaliev [39 ] have extended the results of Reddy 
and have obtained the relations (1.7.1) to (1.7.3) for 1 < 6 < oo 
Taking D to be a Jordan domain bounded by finite niomber of 
analytic Jordan arcs meeting in comers of exterior openings lesi 
than or equal to sh < 2TI, Rizvi [87] obtained the relations (1.7. 
to (1.7.3) for the case 1 < 6 < “. For 5=2 and D = {zsizi < 1] 
Bajpai and Shah [6] have obtained characterizations of generalize 
(tt/^)-order and generalized lower (<Xy 3) “O^rder of an entire functi 
in terms of the error A Some more results in this 

direction can be found in Rizvi [87]. 

1.8. The results reviewed in the previous sections clearly 
demonstrate the relationship that exists between the growth of 
an entire function and its degree of approximation by polynomials 
on certain sets in the complex plane. Now/ we give some results ' 
concerning the growth and the degree of approximation of functions, 
analytic in a finite region that are relevant to the present ; 

study. I 
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In this section we first have some results concerning the 
growth measurement of analytic functions. 

Recently/ considerable interest has been shown by differer. 
workers (e.g., [l], [ 8 ]/ [16/17], [49-52], [53-55], [56], [62], 
[no] etc.) to study the growth of functions that are not entir 
but are analytic in a finite disc Dr;^ = {zs lzl<R},0<R<<» 
Analogous to the case of entire functions the growth of these 
functions has been studied in terms of the maximum modulus 
M(r,f) of f(z) on Iz! = r < R. Thus, a function f(z), analytic 
in Dj^, 0 < R < CO, is said to be of order p(f) and lower order 
X(f) (O < \(f) < p(f) < ~) if 

p(f) sup iog"** log"^ M(r,f) 

(1.8.1) = lim 

X(f) r -» R inf log (R/(R-r)) 

where log x = max (0, log x) . As usual, a function f(z), 
analytic in 0 < R < oo, is said to be of regular growth if 

p ( f ) = XCf) and f(z) is said to be of irregular growth if 
X(f) < P(f) . 

A function f(z), analytic in Dj^, 0 < R < <», is said to be 
of fast growth if p ( f ) = <» and of slow growth if p ( f) =0. 

For a more precise specification of the growth of a functior 
f( z) /analytic in 0 < R < <», and having order p(f),0<p(f) <. 
CO, the concepts of type T(f) and lower type t(f) of f(z) are 
introduced in ([s], [SO]) as follows | 
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( 1 . 8 . 2 ) 


T(f) 

t(f) 


lim 
r “* R 


log'*' M(rrf) 
inf (R/(R-r))^^^^ 


The concepts of the maximum term and central index# for a 
function f(z)# analytic in 0 < R < oo, can be introduced i 

in the same manner as done for entire functions. Thus, if 

°° 

(1.8,3) f(z) = S a z , 

n=0 

^ 0 for all n, is a function analytic in Dj^, 0 < R < <», then 
its maximum term jiir) and the central index i^(r), for 0 < r < R. 
are defined as 

^n 

^tCr) =jLx(r,f) = max [la Ir }, 

n > 0 

Xn 

^(r) =y(r,f) = max ;i((r) = la^i r 

The elements iX } in the range set of oXr) are called the 

m 

principal indices of f(z) and the quantities xCm) = max {r: yCr) 

^ } are called the jump points of the central index v(r) of 

’^m-l 

f(z) . 

If iu.(r) and v(r) are unbounded functions of r, then the 
following relations involving the maximum term idir) , central , 
index vi^) ^nd the maximum modulus M(r) of a function f(z)/ 
analytic in Dj^, 0 < R < <»/ are easily established on the lines 
used in [l27, pp. 195-201 ] for establishing these relations for 
the case R = 1 

r 

log p.(r) = log iXr^) + / (v(t)/t) dt# 


(1.8.4) 
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(1.8.5) iiir) < M(r) < M(r) {l+2a^(r + 


R~r 

a'(r) 


■)} 


R 

R-r^ 


0 < r„ < r < 


Sons [no, 112 ] obtained the order and lower order of a 
function f(z), analytic in in terms of its maximum term and 

the central index. Thus, she showed thati if the function f(z),c 
en by (1,8»3) and analytic in , has order p(f) (0 < P(f) < «>) 
and lower order \(f) (0 < ?\.(f) < «>) , then 


( 1 . 8 . 6 ) 


and 

(1.8.7) 


p(f) 
\ (f) 


lim 
r - 1 


sup 

inf 


loq log P'(r) 




1 + p( f) = lim sup 
r -* 1 


log i;(r) 
-log (l-r) 


Further [llO, 112 ] 


(1 . 8 .8 ) 

and 

(1.8.9) 


i -i ' gg U-l) i 


X(f) < P(f) lim inf 


log X 


n 


n -» 00 


log X 


n+1 


A result analogous to (1.8.7), in place of (1.8.8)/ does not hold,' 

in general, for the lower order X(f) of analytic functions. For, 

n, 

consider the function f_(z) = S exp (V"n, ) z where {n, } is an 

° k=0 ^ ^ 

2 

increasing sequence of natural numbers such that It 

is easily seen that f^iz) is analytic in , Pif^) =1/ Kif^)=l/2 
and lim inf . (log y(r))/(-log (1-r)) =1. This example is 


due to Paul V. Reichelderfer. 
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Some other results connecting jU,(r) / Kr) , order / lower orde. 
type and lower type of a function, analytic in 0 < R < <», ar( 

to be found in Bajpai and Tanne [ 7 ], Bogda and Shankar [id], 
Kapoor [ 52 ]/ Kbvari [ 59 ], Srivastava and Juneja [ 1 I 6 ] etc. 

Some results depicting the interrelations between the growth 
of a function, analytic in a finite disc, and the distribution of 
its zeros could be found in Linden [62], Sons [l09,lll,113 ,114] , 
Tsuji [ 124 , 125 ], etc. 

Coefficient characterization of the order P(f) of a function 

00 

f(z) = S a^z , analytic in D-yr was obtained separately by 
n=0 

Beuermann [l3] and MacLane [65]. Kapoor [50, 5l] and Kapoor and 
Juneja [56] have characterized lower order of a function, analytic 
in , in terms of its Taylor coefficients. Coefficient charact- 
erizations of type and lower type of a function, analytic in 
0 < R < 00, were obtained, by Bajpai, Tanne and Whittier [s] and 
Kapoor [ 49 , 50 ]. However, all these results are included in the 
v/ork of Kapoor and Gopal [53,55], who have given a new scheme 
to study the growth of analytic functions of infinite order. We 
discuss this scheme in the next section. 

1.9. For a function f ( z) analytic in 0 < R < <», set 

log M(r,f) 

(1.9.1) P(q,f) = lim sup i3 ' g ' (j^-cRr^ y y ' g = 2 , 3 ,... . 

Then f(z) is said to be of index q if pCq, f) < «> and P(q-l,f) =°°, 
q = 2,3,... . Ifqis the index of fCz), then p(q,f) is called 
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the q-order of f(z) ([ss]/ [37]) and the lower q-order of f(z) 
is defined as 

log^ M(r/ f ) 

(1.9.2) X(q,f) = lini^inf • 

Further/ if f(z)/ analytic in Dj^/ 0 < R < <»/ is of index q with 
q-order P(q,f) > 0, then the q-type and lower q-type of f ( z) ar« 

M(r,f) 

(R/(R-r) ) 


defined 

in [53/55] 

and [ 37 ] 

as 

(1.9.3) 

T(q/f) 

= 1 im 

sup 


t(q, f) 

r R 

inf 


For q = 2/ p(q/f) and \(q/f) give the order and lower order/ 
defined by (1.8.1)/ while T(q^f) and t(q/f) give the type and 
lower type, defined by (1.8.2)/ of a function f(z) analytic in 

0 < R < oo. 


Coefficient characterizations of q-order/ lower q-order/ 
q-type and lower q-type have been found in Kapoor and Gopal [53/ 
55 ] and [ 37 ]. Thus/ the q-order P(q/f) of a function f(z)/ given 
by ( 1 . 8 . 3 ) and analytic in D^^/ 0 < R < <»/ is given by 


(1.9.4) p(q/f) + X(q) = lim sup 

n -» CO 




n 


log - log log 1 a^ I R 


where 

(1.9.5) 


X(q) 


1 if q = 2 
0 otherwise. 


For q = 2/ R = 1 and = n, (1.9.4) was obtained by Beuermann 
[ 13 ] and MacLane [65]. For q > 3/ lower q-order X(q/f) of f(z), 
given by (1.8.3) and analytic in Dj^/ 0 < R < <»/ 


is given by 
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log . X 
^a“l n 


(1.9.6) ?v(q^f)+X(q) = max film inf 


k-1 


{iij,} k oo -log'^'log'*'! IR 


where X(q) is given by (1.9*5) and maximum in (1.9*6) is taken 

over all increasing sequences of positive integers? for th^ 

case q = 2/ (1.9.6) continues to hold provided the principal 

°° X 

indices CX } of the function f(z) = S a^^z satisfy log x 

m n=0 " ^m-: 

log X^ as m •* oo* For the case q = 2, some other coefficient 
^ m 

equivalents of lower q-order, analogous to (1.9.6)/ have been 
found by Kapoor [si] and Kapoor and Juneja [56]. 


It has also been shown that([53 /55]/ [3?])/ if f(z) given 
by (1.8*3) and analytic in D^, 0 < R < oo, is of q-order P(q/f) 
(0 < P(q/f) < <») t q-type T(q/f) and lower q-type t(q/f)/ then 


(1.9.7) T(q/f) B(q) = 

lim sup (log X ) i 


'^n' f; ^P(q/f)+X(q) 


n oo 




where 

(1.9.8) 


B(q) = 


(P(f)+l)^^^^‘‘'Vf^(f)^^^^ if q = 2 


if q = 3/4, 


and X(q) is given by (1.9*5); further/ if ^(n) = 
l/(Xn+l'■^l^ 

laj^/a^_^^I is ultimately a nondecreasing function of 

n and log __2 loo n -♦ oo^ then 

q ^ 


q-2 '"n+1 


(1.9.9) t(q/f) B(q) = 

lim infdog 2 ^n- 1 ^^ 

n oo ^ 


log*^ la^iR ^ p(q,f)+x(q) 


-) 


n 



27 


where X(q) and B(g) are given by (1.9.5) and (1.9.8)/ respecti- 
vely. It has also been shown ([SS/SS}) that if the principal 

Xn 

indices } of the function f(z) = S a^z satisfy 

m n=0 

o as m -» ■»/ we have 

q ^ q-2 n^^^ 

(1.9.10) t(q/f) B(q) = max {lim inf (log K ) *^ 

{n^,} k -* ^ ^k-’l 

^n 

+ v 

log ta IR ^ 

X ^ ^ P(q/ f) +X(q) j 

where X(q) and B(q) are given by (1.9.5) and (1.9.8)/ respective 
and maximum in(1.9.10) is taken over all increasing sequences 
{n^,} of positive integers. 

For q = 2/ (1.9.7) and (1.9.9) were obtained by Kapoor 
[ 49 /5c] and Bajpai/ Tanne and Whittier [bJ/ while (1.9.10) was 
obtainecj by Kapoor [so]. Some other results concerning q-type 
and lower q~type are to found in [49 /5o}/ [37] , etc. 

It is easily seen that for functions/ analytic in Dj^/ 

0 < R < 03 , and having slow rate of growth the concept of q-order 
does not give any specific information about their growth. Thus/ 
to study precisely the growth of analytic functions having zero 
order the concepts of logarithmic order and lower logarithmic 
order have been introduced and investigated in [54] and [37]. A 
function f(z)/ analytic in ^R /O < R < oo/ is said to be of 
logarithmic order p*( f ) and lower logarithmic order X*( f ) / if 
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(1.9.11) 


P*( f) 


X^(f) 


= iiTTi log log’^ M(r/f) 

^ ^ inf log log (iV^'(^r)y 


Kapoor and Gopal [ 54 j have shown that, if f(z), given by 
(1.8.3) and analytic in Dj^, 0 < R < oo, is of logarithmic order 
p*( f ) , then 


(1.9.12) 

where 


U < P*(f) < max (1,U) 


U = liiii sup 


log log la 


^n 


n 


n -♦ oo 

“ X 


log log \ 


n 


Further, if f( 2 ) = E a^^z analytic in D^, 0 < R < «>, is of 

n=0 


lower logarithmic order A*(f) with ^^(f) > 1 and the principal 


indices ^ of function f(2) satisfy log log 'v 


m 


m. 


log log \ as m -• oo, then it has been shown that 

^m+1 


(1 .9.13) 
where 


?v.*(f) = m>ax (1,U*) 


* 4 “ “ 4 “ 

log log la 


"n. 


U* = max dim inf 

k •* oo 


n. 




log log X 


n 


k+1 


and the maxim.um has been taken over all increasing sequences Cn^} 
of positive integers. 


To compare the rates of growth of analytic functions having 
the same logarithmic order the concepts of logarithmic type and 
lower logarithmic type have been introduced and investigated in 
[54] and [37]. Thus, if the logarithmic order P*(f) of a 
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function f(z) , analytic in D^, O < R < oo^ satisfies 1 < P*(f) 
then the logarithmic type T*( f ) and lower logarithmic type 
of fCz) are defined as 


T'’ ( f ) sup 

(1.9.14) = lim 

t*( f) r -* R inf 


log M(r/ f) 


(log (R/(R-r) ) ) 


P^( f) 


X 


If f( 2 ) = S a 2 analytic in Dp, 0 < R < <»/ is of logarit] 


n=0 


n 


R' 


order P ( f ) with 1 < P*if) < oo, logarithmic type T*'(f) and lov7( 
logarithmic type t*(f), then [si] , we have 




(1.9.15) 


T*(f) = lim sup 


log la^iR 


n -» OO • ^ n _ \ P*(f) 


(log X^) 


and if/ we further assume that the principal indices } of 


m 


the function f( 2 ) satisfy log \ log x as m -* oo^ we hav 


n_ 


m 


n. 


m+1 


X^ 


+ v 

log I a^ I R 

(1.9.16) t*(f) = max {lim inf } 


‘"k* (logx 

^k+1 


where maximim in (1.9.16) is taken over all increasing sequence 
{n^,} of positive integers. 


Some more results concerning logarithmic order/ lower 
logarithmic order/ logarithmic type and lower logarithmic type 
are found in [54] and [37]. 

Seremeta [92] has studied the growth of a function f( 2 )/ 
analytic in the unit disc / by using more general functions 
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than the iterates of logarithm for comparing the growth of 

OO 

log M(r,f) with that of l/(l-r). Thus# let f(z) = 2 a be 

n=0 

analytic in and let the class of functions be as defined 
in Section 1.3. In the statements of the following results# 
wherever necessary# we shall assum.e that h(x) £ has been 
extended over (-oo^a) by the definition h(x) = h(a) for x £ (-oo#a' 

For a(x)# 0(x) £ A^# let F(x#c) = ^ ^Cccc(x)). If# for 
0 < c < 0# where 0 = <» if a ^ j3 and 0 = 1 if a = 3# 


a(x/F(x#c)) -v a(x) as X 


(1.9.17) 
and 

(1.9.18) 11^ < 1 

then# for a j3# we have 


/'I ^ 1r^^ T • cx(loa iyi(r#f)) T . ct.(n) 

(1.9.19) lim sup - 5 ' 7 T-f j -z — -fr = lim sup -r 

r - 1 3U/(l-r)) ^ ^ B(n/log'^ 


/3(n/log la^l) 


and# further# (1.9.19) continues to hold for the case a = B if 
the limit superior on the left hand side of (1.9.19) is greater 
than one . 

V 


Seremeta [92} has further shown that under suitable condition 


on a(x) £ A_^, for the function f ( z) = 2 a z # analytic in D^, 

n=0 

we have 


adog'*' la I) 

(1.9.20) Ito^sup aUog'^Ci ' Al-r))) ° "aliog ' n l 


a dog M(r/ f)) 
c(log ( l/(l--r) 

if the limit superior on the left hand side of (1.9.20) is greater 


than one 
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A result analogous to (1.9.19)/ under various restrictions 
on ci(x) and 3(x) / has also been found in [l]. 

1.10. Some of the results of Sections 1.8 and 1.9 have recent 
found application in studying the growth of functions/ analytic 
in a finite region/ in terms of their degree of approximation. 

In this section we discuss some such results that are relevant 
to the present study. 

Let be a compact set/ containing more than one point/ 

such that the complement of ^^is a simply connected dom.ain. 

Let ^ be the linear space of all functions holomorphic on 

%:>• ^<^2) s'fi ( / let the error f) in approximatin' 

the function f(z) by polynomials of degree atmost n be defined 
as 

^ "f-S' ' ' 

^ n 

where 1 I f I 1 -jp = sup „ •yo I f(z) I is the uniform norm and IP_ ■ 

^/oo - 2 ® Eo ^ 

consists of all polynomials of degree atmost n. 

Let ={z: !<J)Cz)l =r}/r>l/ where the univalent 

<p * 

function w = 4>(z) maps onto Iw! > 1 such that <!>(<») = «> and 

(})' (oo) > 0. Then ^ is an analytic Jordan curve. Let J J} 

^o,r ~^o,r 

be the domain bounded by the Jordan curve Then/ 

u-'O/r 

Eb ^^O/P 1 < r < CO, and So/r 

for every r' > r. Since/ through an arbitrary point z^ X 

re passes one and only one curve , 1 < r < <»/ it follows 

w-'O/IT ; 
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that for each f ( z) s J~~f ( there exists a unique R = R( f ) 

(1 < R < oo) such that f(z) can be extended analytically to 

for every ir < R but for no r > R. Then# is 

called the 'regularity domain' for f(z). Let# J-j ( C^/R) be the 
class of all those functions f(z) e which have 'regulari 

domain' ^ • 


Let 


M(r/f) = lf(z)l» 


z S O, 


o,r 


Then the order PQ(f) of f(z) ^q/R)/ 1 < R < o®# is defined 

as ([87]# [88]) 

IT x\ 

and/ further/ if 0 < P^Cf) < the type of f(z) is definec 


as 




T„(f) = lim SV.P 1°? , . 


^ ^ (R/CR-r)) ° 

It has been shown ([87]# [ss]) that a function f(z) £ fi ( ^^ 
•pf 'p 

belongs to fl, ( #l<R<<»#if and only if# 

lim sup (Aj^ " 1/R. 

n -* oo ^ 

This generalizes a corresponding result of Bernstein# given by 
(1.5.3)# obtained for the case when is taken to be the closed 

interval [-1#!]. 

Characterizations of the order and type T^(f) of 

f ( z) e #R)# 1 < R<oo,in terms of the approximation error 
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A f) have been obtained in Ls?] and [ssl* Thus# the order 

X J. / 


(f) of f(z) s 1 < R < CO, is given 


by 


log"'" log"*" A ^(f) R^ 

P^Cf) = lii-n sup ^ , 

n -♦ CO log n - log log A^ ^ 

and if 0 < P^Cf) < the type T^(f) of f(z) is given by 


(P^Cf) +1) 


p„(f) 


Po(f)+l + „ 

(1°9 „(f) h") ° 

T,(f) = lta__sup p^(f) 

n 


Some more results concerning the approximation of functions/ 
analytic a finite region/ have been found in [sTland [75]. 


1.11. The previous sections dealt with some of the results 
concerning growth and approximation of analytic and entire 
fimactions of a single complex variable. We now give some results 
concerning the growth and approximation of entire solutions of 
certain partial differential equations that are relevant to the 
present study. 


Harmonic functions in R^/ n > 2, are the solutions of the 
n-dimensional Laplace equ.ation 


( 1 . 11 . 1 ) 


“T 

3x. 


ax? 


+ 


2 

a K 


= 0 . 


'•I ^2 

A solution H of (1.11.1)/ which has continuous second derivatives 


in some neighbourhood of the origin/ is said to be a harmonic 
function regular about origin. A harmonic function H, regular 
about origin/ can be expanded as ([23/ p. 269 ]/ [77/p.45]) 
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OO 

H( x-2^ / t • • • t Xj^ ) “ S ^ ^ ^2 ***’** ^ 

]c~0 

where Hj^Cx^ <X 2 / . . • ,x^) is a homogeneous polynomial of degree k 
in X 2 _/...,x^ satisfying (1.11.1). 

A harmonic function R, given by (1.11.2), is said to be 
entire if the series on the right hand side of (1.11.2) converg 
uniformly on compact subsets of R^. For an entire harmonic 
function H, set 


M(r,H) 


max 


2 

Xl + - 




!H(x^ ,X2 


/Xj^) I . 


The order P^iR) of an entire harmonic function H is defined as 
([30]) 


(1.11.3) 
and, further, 

(1.11.4) 


Poo(H) = lim sup 

OO 

if 0 < P„(H) < OO, 
T^(H) = lim sup 

x: ^ CO 


log log M(r,H) 
log r 

the type T (H) 


log M(r,H) 

p1(h) 


Of H is defined a 


r 

Analogous to the lower type of an entire function we define the 
lower type tjjQ(H) of an entire harmonic function having order 
P^(H), 0 < P^(H) < as 


(1.11.5) 


a. trr\ _ T log M(r,H) 
t^(H) = lim inf — . 

27 OO ^oo ^ 

r 


For an entire harmonic function H, Fryant [ 27 1 and Fugard 
[ 30 ] have obtained expressions for order Poo(H) and type T^^Ch) in 
terms of its derivatives at the origin. 
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3 

Fryant has studied the hajanonic function In R . Thus/ for 
. 3 

an entire harmonic function H in R he considered the following 
expansion in spherical harmonics [34/ p. 47 j 

(1.11.6) H(x^/X 2/X2) = HCr/B/^i) = 

OO 

2 S (a^^^ cos + a5^^ sin m(|>)r^ (cos 6 ) 
k=0 m=0 ^ ^ ^ 


where x^ = r cos a / X 2 = r sin 9 cos 4) ^ = r sin 6 sin <*) and 


P^(t) are associated Legendre ^s functions of first kind, kth 
degree and order m and are given by 




2^^ Ic i 


dt 


k+m 


It is known ([ll, pp. 41-433) that Bergman's ^2 integral 
operator maps a function h(u,S) of two complex variables onto 
a given harmonic function H(x^/X 2 /X 2 )/ regular about origin in 


R , and is given by 

(1.11.7) H(x^/X2rX^) = ^(.IniiXft)) 


-J: — f 
2n± 


h(u,?) d2 


i$l=l 


— 1 —1 

where u = x+iy )/2 + z(S-^ )/2 and h is analytic in u 

and continuous in ^ for all ^ on the unit circle. 

Using Bergman's (^2 integral operator Fryant [ 27 ] has shown 

3 

that if an entire harmonic function H in R , given by (1.11.6), 


is of order * then 
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(l.ll.S) = 11m supfmax 199 ,.. ^ — - } 

k -♦ oo m,i logla^M ■^+^log(k-m) !/(k+-m) ! 

and, further, if 0 < P^iH) < oo, then the type T^(H) of H 
satisfies 


(1.11 .9) 
where 


L < T (H) < 2 


P (H) 


^ = ' eP^H) ^ ■ 

<» k -♦ oo rn, 1 


km 


For each n-tuple a = (a^ ,a 2 , . . . ,a^) of nonnegative integers 


let 


lal 


a I ^ a. +ao 4* • • . ta , a 1 * a^ la^^ 1... a 1, D — 

j- n X ^ n a a 


^ 1 
3 X. ... a x„ 
1 n 


n 


Then, for an entire harmonic function H in R , n > 2, .Fugard 
[ 30 ] has defined IV^HI,m = 1,2,..., the norm of the mth gradient 
of H as 


( 1 . 11 . 10 ) 


Vj^HI = {rat j: (D^H)^ (al)"^}^/^. 

I a I =m 


He has shown that the order ^ (H) of an entire harmonic function 


,n 


H in R , n > 2, is given by 


(1.11.11) P„(H) = 


and, further if 0 < P„(H) < <», the type T^(H) of H is given by 


T^(H) = 2 


-P (H)/2 


' ' - <__s . -1 ., ' m 


(eP^(H)) lim sup m(- 


H(0) 1 P_(H)/m 


m -* 00 


m ! 


-) 
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In [is]/ Calderon and Zygmund have investigated a norm of 
mth gradient/ analogous to (1.11.10). 


Some more results concerning the growth of entire harmonic 
functions can be found in [ 2 ]/ [63] etc. 

1.12. The solutions of the n-dimensional Laplace equation 
( 1 . 11 . 1 ) that depend on the variables 


x=x^/ y= (x 2 + ••• + 

are called axisymmetric potentials and they satisfy the partial 
differential equation 


i!c + i!a + s:::2is.o. 

ax ay y ay 


The solutions of the partial differential equation 

( 1 . 12 . 1 ) 


i!G4.i^4.2u^_ 

^ ^ 2 + V ^ ^ 

sy 


3x 


were first investigated by Weinstein [l30] and called generalize 
axisymmetric potentials (GASP^s) . A polynomial of degree n in 
X and y that satisfies (1.12.1) is said to be a GASP polynomial 
of degree n. Let 7i^ denote the class of all GASP polynomials 
of degree atmost n. 


A solution G of (1.12.1)/ which has continuous second 
derivatives in some neighbourhood of the origin and satisfies 
9G{x/0)/ay = 0 on the intersection of with x axis/ is said 
to be a GASP regular about origin. It is known [34# p.l73] that 
a GASP G/ regular about the origin/ has the following ultra- 
spherical harmonic expansion 
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OO 

(1.12.2) G(x,y) H G(r/0) = S C^(cos 6 ) / 

n=0 ^ 


where x = r cos q 
nomials of degree 


C^(x) 


-l-2u 

r(u) 


Ul 

/ y = r sin 9 and Gegenbauer poly- 

n/ given by ([l22/ p. 9?]) 

r(n+2'u) r(k+l/2) n-2k/, 2 

v-o 2k^ ijiimTjn ^ 

K. — U 


where [n/ 2 ] denotes the integral part of n/ 2 . 

It is known that Gilbert's A^-operator [34, pp. 165-1691 
maps an analytic function g(^) of a single complex variable ^ 
onto a given GASP G, i.e.. 


(1.12.3) G(x,y) =A^(g(|)) = f gi ^) { d^ 

C 

where 

^ = x+iy (2+S ^)/2 , C = 0 < ^ < 71} 

and 


K 


(u) 


4 r(2u) 

(41)^"^ (r(u))^ 


The function g(t ) is called A^-associate of the GBSP G. The 
A^-associate of the GASP G, defined by (1.12.2), is given by 
([34 , p. 173]) 


g(n 


S 

n =0 


r(n+2u) , fcn 

r(2u) r(n+l) n ^ 


— 1 

Further, the inverse integral operator A^ maps a GASP G(x,y) 
onto its A^-associate g(|) and is given by ([34, p. 1731 ), 

(1.12.4) g(n = A^(G) = / G(r,o) K(^/r,e)d 0 , \t\ < r, 

^ o 
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wnere 


K(g/r,9) = 


u r(2u) 


(sin e 


22 u j’(^+ 2 / 2 ) ) ^ (l~ 2 (^/r) cos e + 


A Grt.SP G, given by (1.12.2), is said to be entire if the 
series on the right hand side of (1.12.2) converges loniformly 
on the compact subsets of the whole plane# For an entire GASP G, 
set 

M(r,G) = max lG(r,e)|. 

0 < e < 27T 

The order P^(G) of an entire GASP G is defined as ([25], [33 }) 
(1.12.5) P„{G) = llm sup , 

oo 


and, further, if 0 < P^iG) < oo, then the type T^(G) of G is 
defined as 


( 1 . 12 . 6 ) 


m / ^\ . log M(r, G) 

T^(G) = lim sup — ^p-T^ 

-» oo oo ^ 


r 

Analogous to the lower type of an entire function we define the 
lower type t^(G) of an entire GASP G, having order P^iG) , 0 < 
f’co^G) < oo, as 


(1.12.7) t^(G) = lim inf , 

r 

The characterizations of order P^iG) and type T^(G) of an 
entire GASP G, in terms of the coefficients in the untra- 
spherical harmonic expansion (1.12.2) of G, were obtained by 
Fryant [25 ] and Gilbert [34] , respectively, with the help of 
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— 1 

Gilbert's A^-operator and inverse operator , given by (1.12.3 
and (1.12.4). Thus, Gilbert [34, p. 188 ] showed that if the 
entire GASP G, given by (1.12.2), is of order P^(G) , O < p^(G)< ' 
and type T^(G), then 

P^(G)/n 

(1.12.8) e P^(G) T^(G) = lim sup nlb^^l “ 

n ^ 

Further, Fryant [25] showed that the order P^(G) of an entire 
GASP G, given by (1.12.2), satisfies 

(1.12.9) PjG) = lim sup * 

We now give some results of McCoy [s?], which depict the 
influence of the growth of an entire GASP G on its degree of 
approximation . 

A GASP G, given by (1.12.2), is said to be regular in the 

2 2 

unit disc { (x,y) : x +y < 1} if the series on the right 

hand side of (1.12.2) converges uniformly on the compact subsets 
of D^. Let G be the class of all &-i.SP's G regular in and 

continuous on the closure of . For G s G, the uniform 

norm is defined as 

(1.12.10) iIGM = max lG(x,y)l 

2 2 ., 

X +y < 1 

and the error A^(G) in approximating the GASP G 6 G by GASP 
polynomials of degree atmost n in uniform norm is defined as 

A (G) = inf I iG-gl I . 

g e 71^* 


( 1 . 12 . 11 ) 
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To study the influence of the growth of an entire GASP on 
the approximation error ^^{G) ^ given by (1.12.11), McCoy [s?] 
has developed an invertible integral operator that is an alternatj 
to Gilbert's A^-operator. Thus, for a GASP G, regular about the 
origin, he considers the following expansion 


(1.12.12) G(r, 0 ) = E b* r"^ (cos a )/P^^'^^l) 

n =0 

where u = u~l/2 and Pj^^'^^(t) are symmetric Jacobi polynomials 
[l22. Chapter iv]. Since, it is known [l22,p. 8 l] that 

r(n+ 2 u) „(u,u)/ , /„(u,u)/,^ 

- KHTTTTTW -n 


we get 


_ r(n+l) r( 2 u) ^ . 

, n = 0 , 1 , 2 ,.. 


n r(n+ 2 u) 


where are the coefficients in the expansion (1.12.2) of G. 

Then the integral operator W- maps an analytic function 

u 


g(^) = S b* 


n =0 


called the W_-associate of the GASP G, given by (1.12.12), onto 


u 


G and is defined as [67 ] 


TC 


Y^r(u) 


1.12.13) G(x,y) =W^(g(S))= j‘ g($) (sin(()) 


2 u-l 


where ? = x + iy cos 41 . The inverse integral operator W 


rl 


u 


mapping the GASP G onto its W^-associate g(5) is defined as 

u 

t=l 

(1 .12.14)g(S ) =W_^ (G) = / K_^ ( gr ^,t) G(rt,r v/l-t^) (1-t^)^ dt 

u t=-l u 
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where 

K_(gr"^,t) 

u 


On i j. ii 


h 


Cu,u) 


n 


(r(n+u+l))^ 

^ 

(2n-f2u+l) r(n+l) r(n+2u+l) 


0/l/2/*«« * 


Using the integral operator and the inverse integral 

u 

operator wZ^, given by (1.12.13) and (1.12.14)/ respectively/ 
u 

McCoy [67] has shown that G e G has an analytic continuation 
as an entire GASP/ if and only if/ 

(1.12.15) lim (Aj^(G))^^’^ = 0. 

n -* CO 

Further/ G e G has an analytic continuation as an entire GASP 
of finite order P^oiG) , if and only if/ 

(1.12.16) P^(G) - lim sup ,ioq°A"W ^ “ 

McCoy has also shown that G e G has an analytic continuation as 
an entire GASP of order P^(G) , 0 < P^(G) < <», and finite type 
i[o(G)/ if and only if 

PjG)/n 

(1.12.17) lim sup n(Aj^(G)) 

n CO 

is finite. 

Some more results concerning growth and approximation of 
GASP*s can be found in [26]/ [28]/ [ss]/ [69] etc. 

1.13. The generalized biaxisymmetric potentials (GBSP^s) P are 
the solutions of the partial differential equation 
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(1 .13 .1) 


2 2 

9 F 3 F 2u-H 3P 2v+l 3P _ 

sx" y ay X 3X = 


U/V > “1/2/ 


that are even in x and y. 
integers/ the GBSP F is a 
Laplace equation (1.11.1) 

X = (x(+X2 + ...+x2^^2)1/L 


When 2u+l and 2v+l are positive 
solution of the 2u+2v+4 dimensional 
that depends only on the variables 

^2 ^2 . 1/2 
y “ <^u+3'^"-+^2u+2v+4> • 


A polynomial of degree n which is even in x and y and satisfies 

(1.13.1) is said to be a GSSP polynomial of degree n. Let rr® 
denote the class of all GBSP polynomials of degree atmost 2n. 

A GBSP F/ regular about the origin/ can be expanded as 
([34/ p. 170]) 

(1.13.2) F(x/y) = F(r/e) = E c (cos 26) 

n=0 ^ 

where x = r cos q t y = r sin e and Jacobi polynomials 

[122/ Chapter IV ]. 

A GBSP F/ given by (1.13.2)/ is said to be entire if the 
series on the right hand side of (1.13.2) converges uniformly on 
compact subsets of the whole plane. Set 


M(r/F) = max lF(r/e)|. 

0 < e < 271 

Then, the order of ^.n entire GBSP F is defined as ([29]/ 

[68]) 




lim sup 
r -* “> 


log log M(r/F) 
log r 


(1.13.3) 
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and, further if 
(1.13.4) 


0 < P„(F) 
T^(F) = 


< CO 

lim 
r -» 


, the type T (F) 


l og M(r/F) 


sup 

oo ' CP 

r 


of F is defined as 


We define the lower type t^(F) of an entire GBSP F, having order 
P^(F), 0 < P^(F) < CO, as 


(1.13.5) 




lim inf 


log 


M(r,F) 

rjpj 


r 

Recently, Fryant [39] has obtained characterizations of 
order and type To 3 (F) of an entire GBSP F, in terms of the 

coefficients c^ in the expansion (1.13.2) of F. Thus, it has been 
shown that if the entire GBSP F, given by (1.13.2), is of order 
P< 3 o(F) , then 


(1.13.6) P^(F) = 2 lim sup 

n OO n 

and, further, if 0 < P<^(F) < oo, the type T^(F) of F is given by 

P^(F)/(2n) 

(1.13.7) T^(F) = - p -T-f j lim sup nlc^l 

OO n 


McCoy ([68], [7o]) has studied the influence of the growth 
of an entire GBSP on its degree of approximation. We now give 
the results in this direction. 

A GBSP F, given by (1.13.2), is said to be regular in the 

2 2 

unit disc = {(x,y) : x +y < 1} if the series on the right 
hand side of (1.13.2) converges uniformly on compact subsets of 
D. . Let F^ , 1 < 5 < oo, be the class of all GBSP^s F regular in 
and satisfying 
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I 1 FI Ij = ( ff I F(x/y) 1*^ dx dy) < oo, 1 < 6 < <» 

and let F^ be the class of all GBSP's F regular in and 
continuous on / the closure of , and for F £ F^, let 

1 I Fl I = sup 1 F(1 / e) i . 

°° 0 < e < 2 TT 

6 

Then i I . I / 1 < f < <»/ is a norm on F^ and is called the L ■» 
norm. For FSF,l<^<oo, the error A r (F) in approximating 
the GBSP F by GBSP polynomials of degree atmost 2n/ is defined 
as 

(1.13.8) A„ ,(F) = inf 1 1 F-g! 1 . 

n,fi g e 71 ° 

n 

McCoy ([68/7o]) has developed an invertible integral operate, 
to measure the rate of decay of the approximation error A^^ ^ ( F) / 

1 < 6 < oo, given by (1.13.8)/ of an entire GBSP F. Thus/ he 
considered the following expansion for a GBSP F, regular about 
origin 

(1.13.9) F(r/6) = S c* r^^ P^^''‘^(cos 20)/P^^'^^ (1 ) , v > u. 

n=0 

where x = r cos 9 / y = r sin 9 and are Jacobi polynomials. 

Then the integral operator K maps an even analytic function 

V i TJ. 

f(S) = 2 c* 

n=0 

called the associated function of the GBSP F, given by (1.13.9)/ 
onto the GBSP F and is defined as 
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1 n 


(1.13.10) F(x,y) = K (f) = / / f(^-) r „(l-t^) 

v,u ^ ^ v,u 


2^v-u-1.2u+l ^ 

jZ X 


^ ( sin s) ds dt 


where 


2 2^2 . 


2r(v+i) 


S = X -y t +1 2xyt cos s, = r(l/2) r(v-u) r(u-H/2> ' 


rr,, . -1 

The inverse operator ^ mapping the GBSP F onto its associated 
function f(g) is defined as 


(1.13.11) f(?) = (F) = 

v # H 


-j -1 

/ F(r^r/l-^^) S „(gVr^^)(l-l)'^(l+^)^ dl , 

V j» IJ. 


v,u 


where 


S„ , (T,^) = V, 


1 - r 


v,u 
and 


V/U 


(1+T) 


u+v+2 2 


„ /U+v+2 . u+v+3 , ^ . 2 t(i+g)^ 

V ^ ~ ^ ■" o'"'" J 

1 z ^ a+v 


„ = r( u+v+2 )/2^'*'^‘^^ r(u+i) r(v+i) . 

V / U. 


Using the integral operator ^ and the inverse integral 

operator McCoy [68, 7o] has studied the rate of decay of 

the approximation error A .(f), 1 < 6 < oo, given by (1.13.8)/ 

n / 0 — — 

of an entire GBSP F. However/ his results contain some minor 
errors. We give here the correct version of his results. 

A GBSP FSFj<;/l<'S<'»/ has an analytic continuation as 
an entire GBSP, if and only if/ 

(1.13.12) lim (A (F))^/^ = 0/ 

n #6 
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and F e # 1 < 6 < co, has an analytic continuation as an entirt 

GBSP of finite order PqoCf), if and only if. 


PJF) = 2 llm sup 

n -♦ oo n / (5 


Further/ F s / 1 < i*: < «»/ has an analytic continuation as an 
entire GBSP of order P^^Cf) , 0 < Pqo^^^ nonzero finite 

type T^(F), if and only if/ 

P^(F)/(2n) 

Wp = lim sup n(A /.(F)) 

n / 0 

n oo 

satisfies 0 < < °°/ and = e T^(F)/2 also holds. 

Some more results concerning the growth and approximation 
of GBSP's can be found in [29]/ [ 68] . 


1.14. In the previous sections we have discussed only those 
results which are relevant to our present study. 


The results of Sections 1.12 and 1.13 dem.onstrate recent 
interest of workers in investigating the interrelations between 
the growth of entire GASP's and entire GBSP's and their degree 
of approximation. However/ no attempt seems to have been made 
to study the influence of the growth of a GASP or GBSP/ which 
is regular in a finite region/ on its degree of approximation. 
Moreover/ in general/ the influence of the growth of harmonic 
functions in n > 3/ whether entire or regular in a finite 

region/ on their degree of approximation has not been studied 
at all. In the present study we have investigated these problems 
In the process of our investigations we have also obtained some 
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new and fairly general results concerning the growth of analytic 
functions and the growth of entire functions. 

In the present thesis/ the rate of decay of the degree of 
approximation of analytic functions/ harmonic functions in R^/ 
n > 3/ gasp's and GBSP's has been studied in tenris of the growth 
of their maximum moduli. The thesis consists of seven chapters/ 
Chapter 1 being the introduction. In Chapters 2/3 and 6 , result 
concerning the growth of functions analytic in a finite disc and 
that of entire functions are developed that are needed in 
Chapters 4/5 and 7 for studying the approximation of analytic 
functions/ harmonic fianctions in R^/ n > 3/ GASP's and GBSP's. 

In Chapter 2 we have introduced the concepts of (a/j3)-order 
and lower (00/0) -order for a function analytic in a finite disc 
D^/ 0 < R < oo. The concept of (oO/0) -order introduced here 
improves an analogous concept due to Seremeta [92]. Characteri- 
zations of ( CJ,/ 0) -order and lower (oO/0) -order of analytic function; 
have been obtained in terms of their Taylor coefficients in this 
chapter. The results found here generalize and improve several 
known results. The results of this chapter find applications in 

the sequel in the study of growth and approximation of harmonic 
in 

functions in R / n > 3 / GASP's and GBSP's. regular in a finite 
region. 
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In Chapter 3/ we consider analytic functions in a finite 
disc 0 < R < oo, that are of slow growth. For a precise 

measure of growth of such functions the concepts of a-logarithm 
order, lower a-logarithmic order, ( a, a^^.) -logarithmic type and 
lower ( a, a^) -logarithmic type are introduced. The coefficient 
equivalents of these growth parameters have been found in this 
chapter. Some of our results in this chapter generalize the 
results in [54 ]« The results obtained here also find useful 
applications in subsequent chapters for a precise study of growt 
and approximation of harmonic functions in R^, n > 3, GASP' s and 
GBSP^s regular in a finite region. 

Chapter 4 deals with the growth and approximation of 
harmonic functions regular in a finite hyperball in R^^, n > 3 . 

We first introduce the concepts of generalized growth parameters 
for such functions. The rates of decay of the degree of approxi- 
mation in L -norm, 1 < 6 < oo^ of the harmonic functions, regular 
in a finite hyperball in R*^, n > 3, have been studied in terms 
of the generalized growth parameters. Fiarther, the interrelation 
between the coefficients in the hyperspherical harmonic expansion, 
of harmonic fiinctions, regular in a finite hyperball in R’^,n >3,! 
and their generalized growth parameters have been obtained. 

In Chapter 5 , we have considered the growth and approximatior 
of GA-SP's and GBSP's, regular in a finite disc. For this purpose 
some new concepts of generalized growth parameters have been 
introduced separately for GASP's and GBSP's, regular in a finite 
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disc. The interrelations between the degree of approximation 
in L*^-norm, 1 < 6 < oo^ of a GASP or a GBSP# regular in a finite 
disc, and their generalized growth parameters have been investi- 
gated in this chapter. Further, the coefficients in the ultra- 
spherical harmonic expansion of a GASP, regular in a finite disc, 
have been studied in terms of its generalized grov/th parameters. 

The study in Chapters 4 and 5 seems to be new in the context 
of harmonic functions in r’^, regular in a finite hyperball, and 
GASP^s and GBSP^s regular in a finite disc. 

Chapters 6 and 7 are devoted to the study of growth and 
approximation of entire functions, entire harmonic functions in 
R^, n > 3, entire GASP's and entire GBSP's. 

In Chapter 6, we introduce the concepts of generalized 
(a, a) -order and generalized lower (a, a) -order for an entire 
function. These growth parameters measure satisfactorily the 
grov/th of a class of entire functions of slow growth for which 
the corresponding concepts of generalized ( a, g) -order and 
generalized lov/er (oc, j8)-order due to Seremeta [93 j and Shah [lC2] 
fail to give any specific information. Coefficient characteriza- 
tions of generalized (a,a)-order and generalized lower (a,a)-order 
have also been obtained in this chapter. The results of this 
chapter include several knbwn results and find 'useful applicat- 
ions in Chapter 7 . 
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In Chapter 7/ we first consider the approximation of entii 
functions over a Caratheodory domain in L^-norm> 1 < 6 < oc. 
Approximation of entire functions has also been considered in 
uniform norm over a compact set having nonzero transfinite 

diameter. Further, we study the approximation of entire harmon; 

n £■ 

functions in R $ n > 3, over a finite hyperball, in L®-norm, 

1 Finally, in this chapter, the approximation of an 

entire GASP or an entire GBSP on a finite disc in L'^-norm, 

1 £ has been studied. The results of this chapter extend 

improve, and generalize some results of Giroux [ss] and 

McCoy [67,68,70]. 
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In Chapter 1 , we first consider the approximation of enti: 
functions over a Caratheodory domain in L^-norm/ 1 < 6 < o®. 
Approximation of entire functions has also been considered in 
uniform norm over a compact set having nonzero transfinite 
diameter. Further/ we study the approximation of entire harmon 
functions in R / n > 3/ over a finite hyperball/ in L^-norm, 

1 < 5 < oo. Finally, in this chapter/ the approximation of an 
entire GASP or an entire GBSP on a finite disc in L^-norm/ 

1 < 6 < oo, has been studied. The results of this chapter exten< 
improve, and generalize some results of Giroux [ss] and 
McCoy [67/68,70]. 



CHAPTER 2 


GENERALIZED ORDERS OF FUNCTIONS ANALYTIC IN A FINITE DISC I 

2.1. Let L*^ be the class of functions h(x) satisfying the 
following conditions (H,i) and (H/ii) : 

(H,i) h(x) is defined on [u/oo) and is positive/ continuous/ 
strictly increasing and tends to «> as x -♦ <». 

(H/ii) lim h(x( l + 6(x)))/h(x) = 1 for every function 6(x) 

X .oo 

such that 6(x) -*Oasx-*o°. 

A function h(x) s L° is said to belong to the class A if it 
is slowly increasing [91 ] , i.e./ if the following stronger 

condition (H/iii) holds in place of (H/ii) 

(H/iii) lim h(cx)/h(x) = 1 for all C/ C < c < oo, 

X -► oo 

We observe that L^ c; L° and czK , since the functions of 
the classes L° and k^ defined in Section 1.3/ are taken to be 
differentiable on [ a/<») , v/hile the functions in the classes L° 
and A need only to be continuous on La/o°) • 

In the rest of the work/ wherever necessary/ we shall assume 
that h(x) s iP has been extended over (-"/a) by the definition 
h(x) = h(a) for x £ (-‘"/a) . 

We have the following definition : 
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DEFINITION A function f(z)/ analytic in Dj^, 0 < R < <» , 

said to ^ of (g/ 3) - order Pioi,^ff) and lower (a^ g) - order 
X(a/g,f), 0 < X(a,g,f) < P(a,0,f) < if 

P(a/g/f) sup a( log M(r/. f) ) 

(2.1.1) = liin , 

X(a,g,f) r -» R inf g(R/(R-r)) 

where , M(r,f) i_s the maxiraum modulus of f(z) for izi = r < RT 
g(x) £ A and g(x) s L° satisfy either of the conditions (2.1.2) 
and ( 2 .1 .3) s 

(2.1.2) a(x) = g(x) = log X 

(X(x/F(x/c) ) 

(2.1.3) lim = 1 for every c, 0 < c < O, 

X g(x) 

where F(x/c) = g ^ (ca(x)) / a = » ^ a P and (7 = 1 a = g. 

Our notion of (a, g) -order P(a,g,f) is a refinement of the 
corresponding notion of Seremeta 192 J / since in Definition 2.1. 
g(x) £ while in (1.9.19) Seremeta has assumed that g(x) is 

restricted to the class A^^.. 

It is seen that a(x) = log . x and g(x) = (log x)*^, p > 1/ 

p+q q 

q > 0 and 0 < d < 0 ° satisfy (2.1.3) . Thus, with the choices 

a(x) = log X, p > 1, and g(x) = log x or cx(x) = P ^ 

13 (x) = x^, 0 < d < oo, growth parameters of Kapoor and Gopal 

([ 53 , 55 ]) for analytic functions of fast growth follow as 

particular cases of our growth parameters ♦ We note that the 

d 

choice g(x) = log x, p > 1/ a-nd g(x) = x, 0< d<'», is not 

ir 

permissible in Seremeta's definition (1.9.19), corresponding to 
( a, g)— order. 
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We now give some other choices of a(x) and 3(x) which 
satisfy (2.1.3). 

(i) a(x) = log X and I3(x) = (log x)'^, 1 < d < «>. 

(ii) a(x) = log x and 0(x) = (log x) P > 2, 1 < d < <». 

Ir 

( iii) ct(x) = (log x) or ct(x) = (lo^ x) ^ and 3(x)=exp(log 
0<d<l, 0<d'<oo, p>2* 

( iv) cc.(x) = log X and 0(x) = exp (log 2 x) / 1 < d < “o. 

We note that (2.1.3) is not satisfied if cx(x) = 3(x) = log x 
or a(x) = exp (log x) and i3(x) = exp (K(log x)^)/ 0 < d< 1, 

1 < K < oo. 

DEFINITION 2.1.2. A function fiz), analytic in D^/ 0 < R < <»/ - 
and having (a,3)-order P(a,^/f) and lower {a, g) - order A(a/g/f) 
is said to be of regular i<x, g) - growth if >».(a,^,f) = p(a,3,f) m 

i® to be of irregular (cL, 3) - growth if it is not of 

regular (cx./ 3) " growth. 

Since/ for the case cx(x) = 3(x) = log x, P(<X/j3/f) and 
\(ct./0/f) have been extensively studied by various workers 
([S]/ Li3]/[50/ 51, 52 ], [ 56 ], [ 65 ], [lie] etc.) we shall 
confine ourselves in Sections 2.2 to 2.5 to the case that cc(x) 
and 0(x) satisfy (2.1.3). 

In Section 2.2, we first obtain a characterization of the 
class L°« In this section, characterizations of (a, 3 ) -order 
and lower (a, 3 ) -order, in terms of the maximum term and the 
central index of an analytic function, have also been obtained. 
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Characterizations of ((1/0) -order of an analytic function f(z) = 

2 a^^z / a / 0 for all n, have been found in Section 2.3 in 
n =0 

terms of the coefficients a^. Section 2.4 deals with the 
coefficient characterizations of lower (a/0) -order. In Section 
2.5/ we first obtain a necessary condition for an analytic 
function to be of regular (a/ 0) -growth. A decomposition theorem 
for an analytic function of irregular (a/ 0 )-growth has also been 
proved in this section. 


The following notations and convent ions are used throughout 
the rest of the work. 


NOTATIONS AND CONVENTIONS. 


(I) p(e) = 

(II) p(e) = 


e 

.max (1/9) 
P(8) 


if a(x) = 0 (x) = log x or a / 0 

if a = 0 (a(x) ^ log x) 

if a ^ 0 or a H 3 (a(x) log x) 


ijTiax ( 1 / 6 ) if a(x) = 0 (x) = log x. 

In (l) and (ll)/ Q = B (a/ 0 ) is a function of a(x) e A and 
0(x) e L°. 

(ill) If a(x) s A / 0(x) e L° and A/B are finite positive 
numbers/ then for x < 1 / the quotient 


a(A) 

0(B/log'*' x) 

will be interpreted to be equal to zero. 


To avoid some trivial cases we shall assume throughout the 
rest of the chapter that M(r/f) -♦ «> as r R. 
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2.2. In this section we obtain two lemmas that are needed in 
the sequel. Lemma 2.2.1 gives a characterization of the class 
of functions L^. In Lemma 2, 2. 2, characterizations of (ot, 3) -order 
P((X, 3 ,f) and lower (a, 3 ) -order X(cc, 3 ,f) have been obtained in 
terms of the maximum term and the central index of the analytic 
function f ( z) . 

LEMt 4 A 2.2.1. Let h(x) / defined on [a,<») , ^ positive, continuous / 
strictly increasing and tending to 0 ° as x Then / the 

following conditions (i) and (ii) are eguivalent . 

(i) lim_ dim inf } = 1 


n h(x(l + 6 (x) )) _. 1 

(ii) ^ 1/ 

X -• oo 

for every function 6 ( x) such that 6 ( x) -» 0 x -» «> . 

PROOF . (a) Assume that h(x) satisfies (i). Then/ given s > 0/ 
there exists c^Ce) such that 


( 2 . 2 . 1 ) 


^ h(cx) ^ ,, 
lim inf T-T — ^ — > 1-s 
h(x) — 

X - oo 


for all C/ Cq( 6 ) <c < 1 . 


NOW/ first let 5(x) > 0. Then 


( 2 . 2 . 2 ) 


T h(x(l + 6 (x))) 

inf ^ > 1 / 


^ OO 


since h(x) is a strictly increasing function of x* Set 
0 ^( 6 ) = l/cQ(e) « Then/ since 6(x) 0 as x “z we have 


1 + 5 (x) < 0 ^( 6 ) 
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for all X > x^CC^Ce)) . Thus 


h(CQ(e)x) 


lin, sup ^ ^ 

X -* oo X -♦ oo 


h(c (e)y) 

= l/(lim inf 

y -»• OO 


w 


)/ 


where y = C^C®) x» Using (2.2.1)/ the above inequality gives 


that 


. h(x(l+6(x) ) ) ^ 1 

lim sup — « < 


hT^T 


- i~e 


X 

and since e > 0 is arbitrary we get 

^ u_ h(x(l + 6(x))) ^ 1 

(,2.2.3) 1 im sup - •'■ r ' 7 — r i ^ • 

X -* oo ^ 

Combining (2.2.2) and (2.2.3) we see that (ii) holds for the 
case 5 (x) > 0 . 


Next/ let 6 (x) < 0. Then 

L-f 5(x 
'h(x5 


1 ^ o /,\ h(x(l+6(x))) ^ 1 

t2#2»4} 1 im sup — < X • 


X oo 

Since 6(x) -♦ 0 as x -» oo, we have l+6(x) > fot- x > XQ(c^(e)) 

Thus/ using (2.2.1) we get 

X,/ (-1 . ^ ^ \ h(c_(e)x) 

T . . r- h(x(l+6(x))) T j_ o ^ 

hi:s;5 — ^ — KnJT" - ^ • 

X -♦ oo X -♦ oo 

As e > 0 is arbitrary/ we get 

^ h(x(l+6(x))) ,, 

(,2.2.5) lim int , / ' ^ ^ !• 

X •* 0° 

In view of (2.2.4) and (2.2.5) we see that (ii) holds for the 
case 6(x) < 0 also. 
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We have proved above that if h(x) satisfies (i) then it 
also satisfies (ii) for the cases when 5(x) _> 0 or 6(x) £ 0. 

It ncv7 follows from these two particular cases that if h(x) 
satisfies ( i) then it also satisfies (ii) for a general 6(x)/ 
<S(x) -» 0 as X co; since six) = s (x) + 6 ix) j where S (x) > 0 
is given by 6 (x) = 6 (x) if 5(x) _> 0/ 6 (x) = C otherwise; and 
<5 (x) <_ 0 is given by 6 (x) = 6(x) if 6(x) £ 0, S (x) = O 
otheirwise. 


(b) Assume that h(x) does not satisfy (i)» Then 

lim {lim inf = K < 1. 

c -* l“ X - ~ 

Hence 

(2.2.6) lim inf £ K 

X -♦ w x; — 

for all C/0<c<l. Choose a strictly increasing sequence 

OO 

{s„} 1 of positive numbers such that 

n n=l 

lim s^ = 1 . 

n •* OO 

Let K < K' < 1 . Then/ from (2.2.6)/ there exists x^ > 0 such 
that 


h(s-, x^ ) 

"hnETT" ^ 


and, in general, for a given n, n > 1, there exists > 2x^ 

such that 




< K' . 
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Clearly -♦ «> as n -* 0 °. We now consider a step function 6 q(x) 
defined as 


6o(x) = s^-1. 


^n 1 


X < X 


n+1 


Then, S^Cx) -» 0 as x -*■«»- But 


lim inf 

X -♦ 00 


h(x(l + 6^(x) )) 


lim in f 

n -♦ 00 


h( s. 


■n ^n^ 


< 


< 1 . 


Hence/ for 6 q(x) / the relation 


lim 

X -* 00 


h(x( 1 + 6 q(x) ) ) 


does not hold and so h(x) does not satisfy (ii) also. 


In view of parts (a) and (b) above the proof of the lemma 
is complete. 

COROLLARY . Let h(x) / defined on [a/<») , ^ positive / continuous / 
strictly increasing and tending to '"/as x Then /h(x) £ L°/ 

if and only if / 

lim {lim inf — r t -t — 1 =1. 
o - r X - ~ 


LEMMA 2.2.2. Let f(z) ^ analytic in D^^/ 0 < R < «>/ with (ci/^)- 
order p(a/|3,f) and lower (d/j3) - order \(a/j3/f) . Assume that the 
maximum term M(r) and the central index vir) of f(z) are unbounded 
functions of r. Then , for a ^ |3/ 

(2.2.7) ^ P(a/0/f) = 

and 

(2.2.8) ^ ^(a/jS/f) = $2 = ®2 
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where 


(2.2.9) 


and 


( 2.2 . 10 ) 


sup a(log M(r)) 

= lim 

$2 r R inf 3(R/(R-r)) 


e. 


= lim 


sup a,{pir)) 


©2 r - R inf j3(R/(R-r)) 

Further# for the case an©, if p(a#a#f) > 1, then 


(2.2.7)j^ P(a#a#f) = max (l/^^) = max (l#e 3 _) 


and if \(a#a, f) > 1 # then 


(2.2.8)^ X(a,a#f) = max = max (I/ 62 )* 

PROOF , (i) P(a#©#f) =P(§^); X(a#©#f) = p(§ 2 ) J 


Using (1.8.4)/ for b > 2# we have 


( 2 . 2 . 11 ) 


VU) < vM log 


£ J 

r 


r+(R-r)/b 


dt 


< log M(r+(R-r)/b) 

for all r sufficiently near to R. Now# (2.2.11) gives that 


( 2 . 2 . 12 ) i;(r+(i^-r)/b) < 


log (1 -i)) 

( (R-r) - (R~r)/b)/(bR) 


^ T ^ n fR-r! 


From ( 1 . 8 . 5 ) and (2.2.12)# for all r sufficiently near to R# 


we obtain 
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(2.2.13) log M(r>f) £ log + log + log 3+log vir + 

2 

< log ;j (r) + 2 log + log 3 + log + 

+ log log IJ-{r + 

< 5(log ic(r + 25^)) log ^ 

- M(r + 2-^-) ♦ 

To prove p(cC/Pff) < we can assume without loss of general! 

that P(oc.,Pff) > p(0) since there is nothing to prove if 
p{a.,^,f) < P(0), Let P(0) < P(a,j3#f) < «>. Then# given e > o, 
P(oc,|3#f) - s> P(0)/ there exists a sequence "* such 

that 

logM(r^,f) > oT^ (P /3(R/(R-r3^) )) 

where P = Pia,^,f) - s. Now, from (2.2.13) and the above 
relation# for all sufficiently large values of k# we have 

log M(r 3 ^ + 2-^) > cT^ (P p(R/(R-rj^) ) ) • 


The above relation# on using (2.1.3)# for all sufficiently large 
values of k# gives that 


a(log M(r^ + 2-^-^)) > a{- 


— a~^(p 3(R/(R-r3^)))} 


and so 
(2.2.14) 


p 0(R/(R-rj^)) 


> P lim sup 

k -* oo 
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> P lim inf 

^ “ ^^(b-2) (R-r^) ^ 


Since 0(x) £ , using Lemma 2.2.1 and (2.2.14) we get 


$^ > P = P(a,i3,f) - e, 

and since e > 0 is arbitrary we finally have > P(oC/ P/ f) . Thu 
(2.2.15) P($^) > P(a#|3,f) . 


For p(a,3,f) = oo the above arguments with an arbitrarily large 
momber in place of P give that 

To prove X(a,3,f) < P(§ 2 )/ assume that X(a,i0,f) > P(0), 
since there is nothing to prove if \((X,0,f) < P(0) . Let P(0) < 
\(<x,P,f) < oo. Then, given s > 0, XicL$0,f) - ® > P(0), there 
exists r^ = ^-qC®) such that, for r > r^, we have 

log M(r,f) > cc ^ (X 0(R/(R— r))), 

where X =X((^/0/f) “ ®* Thus, using (2.2.13), for all r 
sufficiently near to R, we have 


(2.2.16) a(log p(r+2^)) > (\ 0(R/(R-r)))} 

X 0(R/(R-r)), 

where in the last inequality vre have used (2.1.3). Since 

P(x) e L°, the relation (2.2.16), in view of Lemma 2.2.1, gives 

that $2 ^ X(a,3,f) - e and so, letting e o, vre get §2 - X(a,3,f)i 


Thus 
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(2.2.17) >K(a,p,f). 

For X((X,j3,f) = oo, the above argiomonts with an arbitrarily large 
number in place of X give that $2 = “• 

From the well known inequality /i(r) < M(r/f)/ it follows 

that 

(2.2.18) < p(a,0,f) 
and 

(2.2.19) $2 1 ^(cc,i3/f) . 

Combining (2.2.15) ^■^ith (2.2.18) and (2.2.17) with (2.2.19) 
we see that/ if a 3, then P(a/3/f) = and X(oc./j3,f) =^ 2 * 
case cc. = pf it is seen from (2.2.15) and (2.2.18) that/ if 
P(cc,a,f) > 1, then P(a,a/f) = P(§^) . If we take X(a,a/f) > 1 
for the case a = 8/ then it follows from (2.2.17) and (2.2.19) 
that X(a/a/f) = p($ 2 ) • 

(ii)p(f^) = P(0^) ; P(§2^ * 

Let r^ > R/2. Then/ by (1.8.4), we have 
log M(r) < log p,(r^) + v(r) log (r/r^) 

< log ju(r^) + v(r) log 2 
for all r > r^ . Thus, we get 

( 2 . 2 . 20 ) < 0 ^, §2 1 ® 2 * 

Before proceeding further we note that the condition 


( 2 . 1 . 3 ) implies that 
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( 2 . 2 . 21 ) 


lim 

X -* oo 


a(x F(x/C) ) 
a(x) 


1 , for every c / G < c < cr , 


where a = oo if a / 0 and a = 1 if a = j8. For, by (2.1.3) ^ for 
all sufficiently large values of X/ we have 


a(x) 


a( 


X F(x/c) ^ 
fCx/c) ^ 


> X F(x,c) ^ 

— ^F(x F(x/C) , c) 


a.(x F(x/c) ) 


for 0 < c < a and 

a(x) £ ci(x F(x/c) ) 

holds trivially. 

From (2.2.11)/ for all r sufficiently near to R/ we get 

5^ < ^ log uir) 

R-r 

where r = r+(R-r)/b/ b > 2. Now, let < ». Then, for all r 
sufficiently near to R, using (2.2.9) and the above inequality, 
we have, 

($0(R/(R-r) )) , 

^ R-r 

where § - P(f^) + e, s > o. Applying (2.2.21), the above relation 
gives that 

(2.2.22) . a(|^) < cc{-5- a"^($ 3(R/(R-r)))} 

R-r 
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Since e > 0 is arbitrary, cx(x) s A and ,8(x) e using Lemma 

2.2.1/ (2.2.22) give s 

(2.2.23) 0^ < P($^) . 

Similarly, it can be proved that 

(2.2.24) ©2 < P($2^ * 

It now follows from (2.2.20) and (2.2.23) that P(0^) =P($^) 
while (2.2.20) and (2.2.24) give that P(e 2 ) = Pi§2'^ * 

In view of parts (i) and (ii) above the proof of the lemma 
is complete. 

REMARKS . (i) For the case ci(x) = 8(x) = log x, results 
analogous to Lemma 2.2.2 have been obtained by Sons [lio] a-nd 
are given by (1.8.6), (1.8.7) and (1.8.8). 

( ii) We observe that if p(a,a,f) < 1 and a(x) satisfies (2.1 
then P(f) a P( log, log, f ) < 1 . Similarly, if A((l,a,f) < 1 and 
oc(x) satisfies (2. 1.3), then Kif) = A(log, log, f)^ 1 , Thus (2.2.7)^ 
not applicable for a subclass of analytic functions having order 
atmost one, while (2.2.8)^^ is not applicable for a subclass of 
analytic functions having lower order atmost one. However, 
analytic functions with order p(f), 0 < p( f) <1 or analytic 
functions with lower order \(f),0< \(f)<l are already 

extensively studied ( [ 50 , 51 ] , [sel , [ 65 ]/ [ 110 ] ) and the 
analytic functions of zero order will be studied in Chapter 3 . 
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2.3* The characterizations of (a,j3)-order p(a/ 6 ,f) of a 
function f(z)/ analytic in 0 < R < <»/ in terms of the 

coefficients in the Taylor expansion of f(z) are obtained in this 
section. We prove 

CO X 

THEOREM 2.3.1. Let f(z) = a^ z analytic in 0 < R < o 

n=0 

be of (a,g) - order p(a^ 3 ,f) . Then , a / /3^ we have 

(2.3.1) P(a,^,f) = p(e) 

where 

aa„) 

0 = lim sup — • 

p(xyiog+la„IR“) 

The equation (2.3.1) continues to hold for a = 0 provided 
p(a,a,f) > 1. 

PROOF . First, let P(0) < 0 < « and pCO) < 0 - s, e > 0. Then, 

there exists a sequence Cn^} of positive integers tending to o° 
such that 

^n 

(2.3.2) log ia I R •*^ > X /F(X /1/e) 

where F(X ,1/0) = e''^( ( 1 / 6 ) a.(\ )), e = 0 - s. We choose a 
^k ’^k 

sequence { r^,} defined as 

R/r^ = exp {l/(b 5'(kj^ /l/0))i/ 

k 

where b is a constant such that 1 < b < <»• Using (2.3.2) and 
Cauchy's inequality, for the sequence {r^}, we have 



67 


log M(rn_ /f) > log I I + \ log r, 

>K /1/9) - log (R/r-,) 

= (b-1) A log (R/r, ) 

Hk b 

(b- 1 ) log iR/r-^) a (6 "iog (R/r^) ^ ^ * 

In view of the condition (2.1.3)/ the above relation/ as k •* <»/ 
gives that 

(2.3.3) log M(r^,f)) > a(b log (6 B( ,, 

® ®^b log (R/r;| 5 ^ ' ' 

Since 0(x) £ L°, as k -♦ «>/ we have 


(2 .3 .4) 

Now, (2.3.3) 


^( 

and 


iog (R/rj^)^ 

(2.3.4) together give that 


liin sup 

k -* oo 


a(^log M(r^,f)) 




> e 


R-rg. 


lim inf 

k CO 


^^b log (R/r^^)^ 


Since d(x) s A 3nd 0(x) s L*^, applying Lemma 2.2.1, the above 
relation yields that p(a, 0 ,f) >6 = 6 - e. Thus, letting e -*■ O, 
we get p(ci, 0 ,f) >@ and so 

(2.3 .5) P{0Lf^, f) > p(e) . 


Since, by the hypothesis of the theorem P(a,0,f) > P(0), (2.3.5) 
obviously holds for 9 < P(0) . For 0 = <» the above analysis, 

mm 

with an arbitrarily large nimber in place of 9, gives that 

p(ct, 3, f) = oo. 



68 


To prove the reverse inequality in (2.3 *5) > first let 6 < < 
Then/ for n > n^ = n^(e)/ e > o, we have 

(2.3.6) la^l < exp (XyF(X^/l/e ') ) 

where F(\^/l/6') = 8 ^(1/0^) ct(X^) ) and 6* = P(0) + s. We now 
find a natural number n(r) / for every r < R/ such that 

^n(r) - “ ^^log (R/r)^^ ^ ^n(r)+l* 

For n > n(r) / we have 

(2.3.7) r^< exp { + X log (r/R) } 

F(x^/i/e») 

< exp {X^ log (iV'r) + 7.^ log (r/R)} =1. 

^or < n <_ n(r) / by (2.3.6)/ we obtain 

X„ X 

(2.3 .8) '^n' ^ - '^n' ^ 

< exp (X^/P(X^/l/e ') ) 

1 exp 

< exp (a'l (e- 

From (2 *3 *7) and (2^3*8)/ we get 

(2.3.9) M(r) < exp (a~^ (6" 8 ) ) 

for all r sufficiently near to R. We can assume vrithout loss of 
generality that liir) -* oo as r -* R since otherwise { la^l R } is 
bounded and so 0 < p(0) and p(a/8,f) £ P(0) . Now/ (2.3.9) gives 


that 
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a(log /x(r)) ^ a(loq /J(r)) ^ 
3(R/(R-r)) ^ :7" i ^ ® 




-) 


‘log (R/r) 

The above relation/ in view of Lerrma 2.2.2/ yields that p(QC/3,f) 
< P(6) + s and so, letting s -*■0/ we have 

(2.3.10) p(a;/3/f) <P(e). 


Obviously (2.3.10) holds for 6 = co. 


The theorem now follows from (2.3.5) and (2.3.10). 

REMARKS . (i) The above theorem generalises a result of Seremeta 

[92] / who obtained it under the following additional and 
restrictive conditions (l) and (II) : 


(I) ^(x) and i8(x) both belong to A^. 

(II) lim sup < 1 for every C/O<c<0/ 

where a = 00 if a ^ 3 and cr = 1 if a =0. 

v 

Seremeta' s condition (II) requires that both (l(x) and 3(x) are 
differentiable on [a/«>) while we have assumed only the continuity 
of cx(x) and 0(x) on [a/oo) . 


It is further seen that the choices ct(x) = 5C/ p > 1 and 

0Cx) = x*^/ O < d < 00 are permissible in our Theorem 2.3.1 but 

s/ 

the corresponding theorem of Seremeta is not applicable in these 
cases. 

(ii) With the choices ct(x) = k, -p > 2, and 0(x) = log x 

or (x(x) = p > 1 / and 0(x) = X/ 0<d<oo, sone results of 

ir 

Kapoor and Gopal [53 , 55 j follow from the above theorem. 
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(iii) For the case a(x) = i3(x) = log X/ a coefficient 
characterization of (cc, j3) -order/ analogous to that obtained in 
Theorem 2.3.1/ of a function analytic in is due to Beuermann 
[ 13 J and MacLane [65 ] and is given by (1.9.5) vrith q = 2. 

Our next theorem gives a characterization of -order 

00 ^ 

P(iX/B/f) of a function f(z) = Z a^^ z analytic in D^/ 0 < R* 

n=Q 

in terms of the ratio of the consecutive coefficients a„'s. The 

n 

characterization holds for a subclass of functions analytic in D 

°° X 

THEOREM 2 . 3 . 2 . Let f(z) = S ^ analytic in Dp/ 0 < R < <» 

n=0 

be of (tX/g) -order P(a/g/f). Then 


(2 .3 . 11 ) 

where 

(2.3.12) 


P(a/g,f) < p(e^) 


6 = lim sup 


a(?v. ) 
n^ 


•N •> 

n - 00 ^^n-i 


^n”^n-l 


Further / if ip(n) = ^^n'^^n+1 


log ! aya^_^ 1 R 

, 

IS a nondecreasinq 


function of n for n > n^, then / in case a / g, equality holds in 
( 2 . 3 . 11 ); for the case oc. = g equality holds in (2.3.11) 
provided P(cC/a,f) > 1 , 

PROOF . To prove (2.3.11) v/e first assume that P(<X/g/f) > p(0) . 
Then, by Lemma 2.2.2, we get 


( 2 . 3 . 13 ) 


p(a,g,f) - g( Vfe-r) ) 
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Let the range set of x)(r) be } and T(k) be the jump points 


^k-l 

increasing sequence with t(k) - R as k -♦ <». Further, vir) - K 


n, n, . 

of vir) » Then r(k) = la /a 1 ^ is a strictly 

’^k-l ^k 


h-, 


for t(k) £ r < t(k+l) . Now, since 3(x) £ L°, by (2.3.13), we ha 

a(k_ ) 

(2.3.14) p(cc.,3,f) = lim sup 


n-, 


k -* 


^^R-T(k) ^ 


= lim sup 

k -* oo 


= lim sup 

k -» oo 


a(k ) 

^k 


^*^log (R/T(k)) 


a(k„ ) 

"k 


0( 


^n 

1 


1 n., Ti-, ^ 

log la /a IR ^ ^ 

^k ^k-1 


< lim sup 
k -* 0° 


a(X ) 

''k 


3( 




-1 

log la /a , IR ^ ^ 

^k ’"k”^ 


) 


< lim sup 

n -► oo 


a(X^) 


0(- 


^n ” ^n-1 


^n“^n-l 


log 1 a^/a^_^ I R 

This proves (2.3.11) for the case p(a,3,f) > P(0) . For 
p(a,3,f) < p(0) / (2.3.11) obviously holds. 
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NOW/ let 'y(n) be a nondecreasing function of n for n > n^ 
and let p(<x,j3/f) > P(0) . TO prove P(a,3/f) > P(0Q)/’we may 
assume without loss of generality that 'i'(n) R for any finite 
value of n, since other-wise f (n) = ^ (n+1) = ... = R for all 
sufficiently large values of n and so Sq ~ ^ P(a/ 0 /f) £ 

As 'i'(n) is nondecreasing for n > n^/ we have 

log la„l = log la I + log la ^./a 1 + ...+ log |a^/a_ . 1 

^ n ^ ^ n_+r n^ ^ n' n-1 

O O o 

1 

= log !a 1+(X , i ) log -7 r + ... 

n^ no+1 ^ 

. . . + (X -X . ) log ' " ' TT" 
n n-1 ^ ^Cn-1) 

> log la I + {K - \ )log ■■ 7 — T - r - 

- ^ n^ n n^ ^ f(n-l) 

and so 

X ^n 

log la^l R > log IR ° i- " ^n ^ ? r n ~ i T 

o o 

= (1 + 0(1)) log 

or 

- ( 1 - 1-0 ( 1 ) ) ^ 

(2.3.15) g ^ . 

'J'Cn-lT log la^l R ^ 

Since 3(x) £ L° is strictly increasing on [a/oo ) , for all 
sufficiently large values of n/ we have 

T (1+0(1) )^ 

0 (- i_ ) > . 

^*^5 \jr (n-l ) log la^^l R ^ 

The above relation/ since 0(x) s L°/ in view of Theorem 2.3.1/ 
gives that 
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(2.3»16) p(cc.,3/f) 

n -» oo 


a(X ) 

n 


0(- 


" ^^n-1 




log laya^_^^i R 

The theorem now follows from (2.3.14) and (2.3*16). 

REMARKS . (i) For the case ci(x) = 3(x) ” log X/ a result 

analogous to Theorem 2.3*2 was obtained by Kapoor [soji 

(ii) Let '•sin) be ultimately a nondecreasing function of n 
and let n < v*’'here ^ } is tha range set of aXr) . 

Then l'(n^) = ’?(n^+l) = ... = ^(n-1) = t(K+l) , for large values 
of k. Thus 


(2.3.17) 


n ^ k-H 


3( 


-) 0 (- 


'P(n-l) T(k+l) 


-) 


Taking the limit superior in (2.3.17) and using (2.3.14) we get 
(2.3.16). This gives an alternative proof of (2.3.16). 

(iii) Equality in (2.3.11) need not hold if f(n) = 
1/(A.^^1~X^) 

i a^ / I is ultimately not a nondecreasing function 

of n. This is shown in the following example. 

EXAMPLE 2.3.1. Consider the function 

OO 

F^( 2 )= S a = f^(z) + f 2 ( 2 ) 
n=2N 


= 2 ( 2 /R)^^'*'^+ S exp( r-- 

n=N n=N 0 a(2n)) 




O < R < <^, 
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where 0<d<«>ifa/)3 and 1 < d<<»ifa = 0, a(x) and j8(x) 
satisfy (2.1.3) and N is so large that 0 ci:(2N)) is well 

defined. It is easily seen that is analytic in and 

i ^n/an^l I net a ncndecreasing function of n. Further/ by 
Theorem 2.3.1/ it follows that the ((X/^)-order of is d. 

However/ we have 

T . a(2n) , . a(2n) 

Irm sup ^ — = Ixm sup — :p = <»/ 

n - oo |3( ) n ■* oo 3 ■‘■(^a(2n)) 

* ^2n'^^2n-l 2n ^ 

since oc cc(x)) < x for 1 < d < «> and if cc, ^ 3, by (2.1.3)/ 

~1 1 

0 ^(^ a(x))/x - 0 asx-*°o, 0<d<«>. Thus/ for the function 
strict inequality holds in (2.3.11)* 

2.4. We obtain the coefficient characterizations of loiver 

“ ^n 

(a, 3) -order A.(GC,3/f) of a function f(z) = S a z / analytic 

^ n 
n=0 

in Dj^/ in this section. 

A 

THEOREM 2.4.1. Let f(z) = 2 a z analytic in D^,/ 0 < R < <», 

n=0 ^ 

be of lower (cX/3)~ order R(cC/3/f) • ihen / if a, ^ 0, ^ have 
(2.4.1) XicL,0,f) >P(e({n^}))/ 


for any increasing sequence of positive integers / where 


(2.4.2) 


e({n^} ) = lim inf 
k 


a(\_ ) 

k-1 


n 


3(\ /log'*' la I R ^) 


If a = 3/ then equation (2.4.1) continues to hold provided 
k(a,a,f) > 1. 
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PROOF . First/ let P(0) < e({n^}) < «> and P(0) < - £/ 

e > 0. Then/ there exists = k^C®) such that/ for k > k^/ v;e 
have - 

(2.4.3) log la^ 1 R > /F(X„ /1/e) 

’^k ^k ^k-1 

where F(A /1/e) = 3 ((1/6) *^(^— )) '^ud 6 = 0({n., }) — s. 

’^-l ’^k-l 

For k > k^/ set 


r, = R exp (- 


-1 


b F(X 


n. 


k-1 


1/e) 


where b is a constant such that 1 < b < “. Then/ for r^£r£r. 
using Cauchy'^s inequality and (2.4.3) we obtain 


log M(r/f) > log la I +X log r 

^k ’^k 

> log la I R + log (r'v/^^ 

“ "^k ^k ^ 

> X^ /F(X /1/e) + X„ log (r-VR) 

^k ’^k-l ^k 

= bX^ log (R/rj^) - X^^ log (Vi"]^) 


= (b-l) log (lyr^) a-1 ci e(j, iog’'Civ7-;"-T>’ 
> (b-l) log (R/r) a'^ (e (R/r)'' • 


In view of the condition (2.1.3)/ the above relation gives that 


(2.4.4) a(^log M(r/f)) > a(b log (R/r) a"^(e g( ^ io^ ' CR/ rT^ ^ 

'v 6 log (IV^rT^ • 
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Since/ 


|S(x) S L°/ 


we have 


(2.4.5) 
as r -► R. 


From 


3 (^) ) 

(2.4.4) and (2.4.5)/ since oc(x) 


e A / 


we now get 


3 ( 1 . V ) 

x(a,e,f> > 6 lim inf — - J-°g , ty aL. 

g< log ' (i^a ^ 

Since 3(x) £ l'^z applying Lemma 2.2.1/ the above relation yield: 
that A.(cX/jS/f) >0 = 0({nj,}) - e. Thus/ letting s -*0/ we get 
h(cC/j3,f) > e({nj,}) and so 

(2.4.6) \Ca,3,f) > P(e({nj^}) ) . 

Since/ by the hypothesis of the theorem X(cc,/3/f) > P(0) / (2.4.6) 
obviously holds for e({n^}) £ P(0) . For 0({n^}) = <» the above 
analysis/ with an arbitrarily large number in place of 0 / gives 
that X( 0 C/ 3 /f) = oo. 


This proves the theorem.. 

OO \ 

COROLLARY . Let f(z) = 2 ^ analytic in Dj./ 0 < R < «>/ be 

n=0 

of (g^g) - order P(a/g/f) and lower (g/0) - order A(g/g/f)- Further / 
assume that 

(i) lim ^ 

n - OO 

and 

a(A^) 

(ii) lim = S exists with 0 < 1/S < a 

" ' ” B(xyiog* la^l R^") 

where a = oo if a / 3 and a = 1 if a = 0. 



77 


Then / f(z) ^ of regular (CC/ g) - growth with P(a/0/f) = = 

REMARKS . (i) Taking a(x) = log^ X/ p > 2/ and 3(x) = log x or 
a(x) = log X/ p > 1/ and i3(x) = x'^/ 0 < d < o®/ some results of 

£r 

Kapoor and Gopal ( [ss ] / [ss]) follow from Theorem 2.4.1. 

( ii) A coefficient formula/ analogous to that of Theorem 
2.3.1/ does not hold/ in general/ for the lower ( a, p) -order 
k(oc,3/f). For/ consider the function Fj^(z) = f^(z) + f 2 (z)/ in 
Example 2.3.1. Then/ hy the corollary of Theorem 2.4.1/ f 2 (z) 
is of regular (<1/ 3) -growth with (OC/ 3) -order P(ot/3#f2) = Turuh* 
for all r, sufficiently near to R/ we have 

M(r/f2) < M(r/Fj^) = MCr/f^) +M(r/f2) < 2M(r,f2). 

The above relation shows that the function F^Cz) is also of 
regular (<1/3) -growth with lower (a, 3) -order x(a/3/Fj^) = d. But 

cc(n) „ 

lim inf T r = 0. 

n -► <» 3(n/log la^^l R ) 

(ii) Following are some examples of functions/ analytic in 
Dj^/ which are of fast growth (Section 1.8) and are such that the 
growth parameters of Kapoor and Gopal ( [ssj/.Ess]) fail to 
give any specific information about their growth. However, these 
functions have nonzero finite growth parameters in our sense. 
Thus, the growth of these functions can not be studied precisely 
by confining to the growth parameters of Kapoor and Gopal, while 
the growth of these functions can be measured precisely by using 
our growth parameters. 
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EXAjyiPLE . Let 

F ^( 2 ) 

where 


2 a . (z/R)’^/ 0 < R < «>/ 
n=l 


1 /2 

^ = exp (n/exp (log n) ) . 

Then ( z) is analytic in D^. Applying (1.9.4) 
that the order P(F^) of l’^(z) satisfies 

piF^) = 


to Fj^ ( z) we see 


while# by Theorem 2.3.1# we have 

Pdog^# log# Fj^) =0# p > 2. 

On the other hand# from the corollary of Theorem 2.4.1# we have 
p(log2/ log2#F^) = \(log2/ log2/Fj_) = 2. 
example. Let 


Fo(z) = S a„ ^(z/R)’^, 0 < R < oo# 

2 n=9 

OO 

F.(z) = 2 a„ ,(z/R)^# 0 < R < <» 

3 „ # 3 


/ 


v/here 


and 


2 “ (n/exp exp (2 log^ n) ) 

2 = exp (n/exp (log^ n)^'*^^)# 0 < d < 1- 


Clearly# both F 2 (z) and 5 ’ 3 (z) are analytic in Dj^. The order 
P(F 2 ) of F 2 (z) and the order P(F 3 ) of F 3 CZ) satisfy p(F 2 ')=P(F^) 
Further# Pdog^# log# F 2 ) =0 for p > 2# p(log 2 # log, F 3 ) = <» 
and p(lo^# log# F 3 ) = 0 for p > 3 . However, pdog 3 ,log 2 /F 2 ) = 


= 00 . 

1/2 
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and ~ ^ ~ ^ 

0q(x) = e3<p (log x)*^. 

oo X 

'THEOREM 2.4.2. Le-b f(z) = 3 ^ ' analytic in D^/ 0 < R < oo^ 

n=0 

be of lower (a^ g) - order x^o^/^/f)* Then / if c£. ^ 3/ we have 


(2.4.7) 

where 


X(a/j3, f) > P( ({►({nj^} ) ) 


(2.4.8) <!»({n^}) = lim inf 

]-C -* OO 


cc(Xn ) 
” k-l 


3 ( 


^n ^n 
k ’^ k-l 


^ n ^n 

log-" ia /a IR ^ 
k ’^k-l 


) 


for any increasing sequence {n^,} of posi'tive integers . The 
equa-tion (2.4.7) continues to hold for a = 3/ provided X(o[-/Ct/f) >3 


PROOF . First/ let P(0) < 4>({n^}) < <» and P(0) < 'l>({n^}) - £/ 
e > O. Then, there exists k^ = ^^(e) such that/ for all k > k^/ 
by (2.4.8)/ we have 


^n ^n 

(2.4.9) logla /a I R ^ > (x^ ~X„ )/F(X ,1/J) 

k ’^k-l ’^k "k-1 ^k-1 


-1 


where /l/4>) = P ((l/(j)) d(X^ )) and <}> = <f>(fn-,^}) - e. Now 


k-1 


n 


k-1 


" n . 


^n,. "k k 


la IR = la IR 


n. 


n 


n 


k 


o 


I a /a 1 R 
m^k^+l m m-1 


X„ -X 
n n ^ 
m m-1 


and SO/ by (2.4.9)/ we get 

X . 


" n . 


Xn 


k_ k 


(2.4.10) logla IR ^ > logla^ IR °+ S (X^ -X )/F(x„ 


k. 


m=k|^+l m m-1 m-1 


'• n . 


> logla^ IR +(X„ -X„ )/F(X„ 

^ k ^ "^k ^ k _ ’^ k-l 


/!/?) 
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From (2.4.10)/ on using Cauchy^s inequality/ we obtain 
log M(r,f) > log la 1 + X log t 


or 

(2.4.11) 


= log la 1 R ^ - A log (R/r) 
^k ^k 


> log la^ I R ° 4- (A„ -A„ )/HX 

^k^ ^k ”k^ ^k-1 

o o 

- A log (R/r) 

’^k 


(l+o(l)) log M(r/f) > A„ »1/^) “ log (R/r). 

^k ^k-1 "k 


For k > k^/ we set 

r = R exp ( r~) 

b F(A^ ,1/ ) 

^k-1 

where b is a constant such that 1 < b < <». Then/ for 
rk < r < (2.4.11) gives 

(l+o(l)) logM(r/f) > b A„ log (R/r.) - A log (R/r,) 

^k ’^k 

= (b-l) log CR/r„)rA* Mb log Vr^; 7T” 
> (b-l)logCB/r)a-A* > ' 

The above relation# in view of (2.1.3)# gives that 
a(^(l+o(l))log M(r#f) ) > a(b log(R/r) a"^(? ) ) 

^ 3(- YsI’TrTH'^ • 
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From ( 2 . 4 . 5 ) and the above relation, since cc(x) s a, we have 


^(a,g,f) > ♦ llm inf fS . 


-) 


r 

o 


R 3(- 


■) 


'log (R/r) 

And so, since 8(x) s using Lemma 2.2.1, we get A(cc,^,f) > 

^({n^}) - s. Letting £ -» 0, we now get X(a,3,f) > and 

thus 


(2.4.12) \(a,3,f) > P( 4i({nj,} ) ) . 

Obviously, (2.4.12) holds for (^({n^}) < P(0) , since, by the 
hypothesis of the theorem X(a,3,f) > P(0) . For <J>({nj^}) = », the 
above arguments, with an arbitrarily large nximber in place of <J> , 
give that x(at’,0,f) =00. This proves the theorem. 

00 X 

THEOREM 2 . 4 . 3 . Let f(z) = s a z , analytic in Dn, 0 < R < <» 

n R 

be of lower (a, 3) - order x(a,3/f)- Assume that ^(n) = 

1 a.^/ I is a non decree sing function of n for n > n^ 

Then, if a X we have 


\(a, 3 ,f) = P(e^) 

= lim inf — * 

^ “ 0i\^/log^ la^l R 

The equation (2.4.13) continues to hold for OL = ^ X(ci/a/f; > 1 

PROOF. We can assume without loss of generality that 

^(n) > ^(n-1) for infinitely many values of n. Since, otheri^ase 

^(n) = 'p(n+l) = ... = R for all sufficiently large values of n 


(2.4.13) 

where 



82 


and so { la^^lR } is bounded/ which gives that 0 ^ < P(0) and 

k(a,0,f) < p(o) . 

Clearly IfCn) -♦ R as n •* «>. When w(n) > f (n-1)/ the term 
^n 

a^^ z becomes the maximum term and we have 

^n 

ju(r) c r , v{r) - for wCn-l) £ r < WCn). 

NOW/ by Lemma 2.2.2/ we have 


(2.4.14) X(a/ 8 /f) =P(e 2 )/ 02 = lim inf 7 7 * 

Let P(0) < x(a/3/f) < 00 and let e > 0 be such that P(0)< \(a,jB/f)-s 
Then, for r > r^ = r^(e) , by (2.4.14), we get 

v{r) > oT^ik 0(R/(R-r))) 

where k - X(a/0/f) - e. Let a z and a z (n. > n , 

'p(n.-l) > r_) be two consecutive maximum terms so that n^ < n^- 1 . 

1 ° Xn 1-2 

Suppose that n^^ < n < n 2 . Since a^ z is maximum term we 

have vir) - X for 'p(n.-l) < r < ’p(n-). Hence, for every r in 

this interval we obtain 

X„ > (X /3(R/(R-r) ) ) . 

Thus, choosing r = 'y(n^) - b(R'-^(nj^) ) , 0 < b < 1, we get 


since -b (R-'p(n^)) < 'if(n^). Further we have ^(n^) = ^(nj^+l) = 


= ’pCn— 1) . Hence 
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(2.4.15) ■> > a-1 8( (i^b)(g-^(n-i)) >> 


- ^ ®*Ti+b) log^(B/'!'(n-l))’ * • 


Nox'// since ^(n) is a nondecreasing function of n for n > n^/by 

(2.3.15)/ vre have 


(2.4.16) 


log (R/’?(n-*l) ) - 


X 


n 


log I I R 


n 


Prom (2.4.15) and (2.4.16)/ we get ^ 

a(X ) _ 8(((l+o(l))/(l+b)) X /log la„l R 

2_i > X S 2 . 

,8(X^/logla^lR "") 8(Xyiog la^l R "") 

Since 8(x) e L°/ applying Lemma 2.2.1/ \-je get 9* > X = X(a/8/f)-e 
Letting e -*0/ we get 6# > X(a/0,f) and sO/ since X(a,8/f) > p(0) 

(2.4.17) P(e*) >x(a/8/f). 

Obviously (2,4«17) holds for x(<^/^/f) = P(0) . For X(c£,/8/f) = <», 
the above arguments with an arbitrarily large number in place of 
X give that 9^ = 


In view of (2.4.17) and Theorem 2.4.1 the proof of the 
theorem is complete. 


REMARK . A result analogous to Theorem 2.4.3/ has been obtained 
by Kapoor [so , 51 ] for the case cx(x) = 8(x) = log x. 

oo X 

THEOREM 2.4.4. Let f(z) = E ^ in Dj^, 0 < R < <»/ 


be of lower (<X/ 8) - order x(o^/-3/f) • Assxmie that lif(n) = 


' V^n+l' 


^ is a non decreasing function of n for n > n • 
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Then / if 0/ we have 

(2.4.18) X(aii3/f) = 


where 


= lim inf 

n oo 


n—1 


0 (- 


^n ^n— 


n-1 


lc,g+ laya^.l 


R 


^n~^n-l 


The equation (2.4.18) continues to hold for a = 0 provided 

X(a/a,f) > 1. 


PROOF . First/ let P(0) < X(a/0,f) < oo. Then ’j/(n) > f(n-l) for 

infinitely many values of n/ since otherwise# by the proof of 

Theorem 2.4.3/ X(ac,0,f) < P(0) . Further# f(n) R as n -» oo, 

^n 

When ^(n) > ^'(n-1) the term z becomes the maximum term and 
we have 

M(r) = la^I r ^ for 'p(n-l) < r < f (n) . 

NOW/ by Lemma 2.2.2, it follows that 


(2.4.19) X(a,0,f) = lim inf • 

Thus, given e > o, x(d,0,f) - e > p(o)/ there exists 
such that for r > r^ we obtain 


a(log M(r)) > X 0(R/(R~r)) 

- ^n 

where X = X(<i/0/f)-e. Let a z and a z (n. > n /g(n. -1)> 

^2 

be two consecutive maximtun terms so that n^^ < ^ 2 “! « Then 
a(log la 1 +X log r) > X 0(R/(R--r)) 

“2 2 
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for all r satisfying 'p(n2-l) < r < 1 ^ £ ’^2"^ 

It is easily seen that ^(n^) = ^(nj|^+l) = ... = ^(n) = ... 
... = ^(n2~l) and that 


K. 

ani r 


n 


"^2 

i a 1 r for r = v^Cn) . 
^2 


Hence 

(2.4.20) a(log la^^l + log ^(n)) > \ 8(R/(R~’9?(n) ) ) . 


'n 


Since wCn) is nondecreasing for n > n^ we have 

log (^(n) la^^l ) < 1 for all sufficiently large values of n. 
Thus/ for all sufficiently large values of n/ by (2.4.20), we 
have 

a(x^) > X 8(R/(R-ijf(n))) 

v X 8(l/log (R/W(n))) 


X 8(- 


n+1 n 




'W^n' 

since 8(x) e iP and R/(R-w(n)) 1/log (R/^(n)) as n -* <». The 
above relation on passing to limits gives that > X= X(cir8/ f)--6. 
Letting e -*■ 0, we get <t)^ > X(a/0,f) and thus 

(2.4.21) P(<f'.^) > X(a/3/f) • 


Obviously (2.4.21) holds for X(a^8/f) = P(0). For = » 

the above arguments with an arbitrarily large number in place 
of X give that <t>^ = 

On combining (2.4.21) with Theorem 2.4.2 we get the theorem. 
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for all r satisfying ^(n 2 -l) < r < f(n 2 ) • Let < n < 

It is easily seen that 'p(n^) = f (n^+1) = . . . = ^(n) = ... 

... = ^(n 2 -l) and that 

^n ^"^2 

la i r = la 1 r for r = v?(n). 

“2 

Hence 

(2.4.20) a(log la^^l + Xj^ log^(n)) > X ^Crj/CR-f (n) ) ) . 

Since w(n) is nondecreasing for n > n^ we have 
1/X 

log C^(n) ^) < 1 for all sufficiently large values o£ 2^ 

Thus/ for all sufficiently large values of n, by (2.4.20)/ w& 
have 

a(Xjj) > X 0(R/(R-^(n) )) 

'u X ^(l/log (R/^(n))) 

— “v n f nHhl n \ 

** A 0 ( ' j. ) / 

'W"n' " 

since 0(x) e L° and R/(R-^(n)) 1/log (R/^(n)) as n -* <». The 
above relation on passing to limits gives that <|>^^ > X= X(cC/.3, f ) 
Letting e •*0/ we get > X(a/0/f) and thus 

(2.4.21) >X(a,3/f). 

Obviously (2.4.21) holds for X(a,3,f) = p(o). For = oo 

the above arguments with an arbitrarily large number in place 
of X give that (|>^ = <». 

On combining (2.4.21) with Theorem 2.4.2 we get the theorem. 
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and 

n,, = [a~^(2a(n^) )] +1 

where [x j denotes the integral part of x» Let m be a positive 
integer such that m > n^^ • We define 

r = expC-^n ) for n, < m < n, 

"" ■ 3 ^(a(m)/2) ^ ^ 


and if n^, < / we define 


exp(— — -) - exp (-—IT ^ 


= exp(‘- ~ ^ 


13 ■"(ct(n^_^^)/2) 


■) + 


3 -"(aCm)) 


3 *(a(n^^,)) 




for nj^ < m < 


Now, let r^^ , r 2 / • • • ,r^ be each chosen equ.al to 1 and let 

“ k 

f^(z) = 2 (r. r„...r,) z ^ 

° k=l ^ ^ ^ 

Since r^ -» 1 as k -♦ », it follows that fQ(z) is analytic in 
I zl < 1 . 


In order to apply Theorems 2.3.2 and 2.4.4 to the function 

f^Cz) we prove that r^ is ultimately a nonincreasing function of 

m. For this, it is sufficient to show that, for all sufficient! 

large values of k, we have r_ Z ' which is equivalent to 

^k“^ ^k 


(2.4.22) exp ( — ■ £ 


3 (a(n. -l )/2) 


•) > exp 


B (a(n^_^^)/2) 


exp :p-— i— — — -) - exp ( — -r 


3 (a(n^)) 
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REMARKS . (i) A coefficient characterization of lower q-order/ 

q > 3/ due to Kapoor and Gopal [53 ] , follows from Theorem 2.4.3 

on taking <x{x) = log X/ p > 2/ and ,8(x) = log x; while with the 

P 

same choice of a(x) and 8(x)/ Theorem 2.4.4 gives a new 
characterization of lower q-order, for q > 3 . 

Cii) With ci(x) = log x, p > 1/ 3(x) = x'^, 0 < d < 

P 

Theorem 2.4.3 improves a characterization of lower q-type, for 
q > 3, in (1.9.9), due to Kapoor and Gopal [53 , 55] / which 

was obtained under the additional restriction that 
loPp ^n+1 n -» oo. With the same choices of a(x) and 

,8(x) , Theorem 2.4.4 gives a new characterization of lower q-type, 
for q > 3 . 


(iii) For the case a(x) = 8(x) = log x, a result analogous 
to Theorem 2.4.4, has been obtained by Kapoor [so] and Kapoor 
and Jiineja [ss] « 


(iv) 


The condition that w(n) = i^n'^^n+1 




ultimately a nondecreasing function of n does not imply 

““ A, 


function f(z) = S 

n=0 


a z 
n 


■n 


, analytic in Dp^, 0 < R < <», 


is 

that the 
is of 


regular (a,8)-growth. This is shown in the following exair 5 )le. 

EXAMPLE . Let a(x) £ A, 8(x) e l'^, a ^ 3, and let a(x) , 3(x) 
satisfy (2.1.3). We choose a positive integer n^ such that 
oc(n^) is well defined. For an integer k > 1, let 


’^k+l " [ct“^(4a(nj^) ) ] + 1 

f 
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and 

n-^ = [a''^(2a(n^) )] + 1 

where [x J denotes the integral part of x. Let m be a positive 
integer such that m > n^ . We define 

r = exp (- 3:5 ) for n, < m < n, 

"" " 3 ^(a(m)/2) ^ ^ 


and if n^ < / we define 


r^ = 


ejqjC— — 

3 (a(m)) 


) - exp( — s ) 


3 (a(n^^^)/2) 


3"‘^(a(n^_i_^)) 


for < m < . 

Now, let ,r 2 , • • . ,r^ be each chosen equal to 1 and let 

“ V 

f^Cz) = 2 ir^r^-.-r^) z , 

h — 1 

Since r^^ -♦ 1 as k -* «», it follows that £q(z) is analytic in 

Izl < 1. 


In order to apply Theorems 2.3*2 and 2.4.4 to the function 
f^Cz) we prove that r^ is ultimately a nonincreasing function o 
m. For this, it is sufficient to show that, for all sufficient 

large values of k, we have r > r , which is equivalent to 

^ 




38 


- -1 —1 - —1 

NOW/ since n ^-1 < a ( 2 a(n^))/ we get ,8 (a(n^-l)/ 2 ) < 3 

and so 


(2.4.23) 


exD ( 


3"^(a(nj^-l)/2) 

-1 


•) > exp (-—! 


,3 "(aCn^^)) 


Further/ since > a (4a(nj^))/ we get ^ 4a(nj,) * 

Hence 3''^(a(n^_^^)/2) > 8“^(2a(n^)) and ) > 3“^(4a(n3^) 

•m '**1 '**1 ** *” 1 

From the relation n^ > a (2a(nj,)) we get 8 (t^Cn^)) > 0 (20C(n^ 


Thus 


exp(-3f 


(2.4.24) exp("~;jY 


3 


-) + 


3 (a(n^)) 


-)“exp( 




■) 


e-"«x(n^^l)) 


< exp(— 


-) + 


exp ( — 3 

8 (2a(n3^)) 


) •“ exp (0) 


8 (2a(nj^)) 


8"^(4a(n3^)) 


In view of (2.4.23) and (2.4.24)/ to establish (2.4.22)/ it is 
sufficient to show that/ for all sufficiently large values of k/ 
we have 

I 

exp (- 3:1 ) - exp (O) 

1 1 ■ ^ ^2x0 

(2.4.25) exp(-: 7 rj ) - exp(— 23 ) > / 

3 (x^^) 8 ( 2 xj,) 8 

where Xj, = ct.(nj^) . 

By mean value theorem/ we have 


exp( " ' ~T-" )- exp(-3H — ) = ( ) exp (t^^) / 

8 (x^^) 8 (2x^) 8 (x^^) 8 (2x,^) 

-*1 “1 

where 1/8 ^2x^) 1/3 * Since exp x is an increasing 

function of X/ by the above identity, we have 
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(2.4.26) exp (— ) ** ( — 


8 (x^^) 


^ ( 2 x 3 ^) 


> < -rf =I 

,3 ^(xj^) 3 C2 x3^) 


^ ) exp ( --"j- ' “) 


3 (2x^) 


Similarly/ it can be shown that 


(2.4.27) exp -) - exp (0) < 


3 ( 2 x 3 ^) 


3 (2x^) 


exp (■ 


3 (2x^) 


-) 


By (2.4.26) and (2.4.27), to prove (2.4.25), it is sufficient 
to show that 


3 ^(xv) 3 ^(2xv) 3 ^^2xj^) 3 


k'^ p ^ k 
or, equivalently, to show that 


(2.4.28) 


^ 1 

1 > ___ 

e txp - ■ 


3 

for all sufficiently large values of k. 


It is easily seen that 


(2 .4 .29) 


lim inf 1 = k > 1 

X -» 00 ^ (x) 


For, suppose on the contrary 

, . . r- 3 ^ (2X) _ 1 

lim inf “trr^ = l . 

X 00 8 (x) 


Then , 

3 ‘“^( 2 x]^) = (1+0(1)) 

for a sequence of values -* «■ as k -♦ «>. - Since 3(x) e 

applying 3(x) to both the sides of the above relation, we get 
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2x^ = ,3( ( 1 + 0 ( 1 )) 3 

which is false and so (2.4.29) is true. 


,-l, 


Now, since 3 -* 0 ° as k -► 00 , it follows from (2.4.29) 

that (2.4.23) holds for all sufficiently large values of k. 
Hence r^^ is ultimately a nonincreasing function of m» 


Applying Theorem 2.3.2 to f^(z), we now have 


( 2 . 4 . 30 ) P(oc,3,f^) = lim sup 


a(n) . , . 

> lim sup r 

n •* 00 P(‘ j_ ' ™ ' i. ' i" ) k -» 00 3 (‘ 


= lim sup 


og 
a(n^) 


■log r 


n. 


k -♦ 00 3(j3 ^(a(n^)/2)) 


= 2 . 


r —1 

On the other hand, since 3(x) £ L and log r„ , as 

n r 


n 


n -♦ 00 , applying Theorem 2.4.4 to f^iz) , we get 


k(a, 3,f^) = lim inf — = lim inf - . 

-1- \ ^ / -J- 


n -♦ CO 3( 


log r 


-) n 


n 


p(— ) 

n 


The above relation gives 


a(n, -1) 

(2.4.31) k(a,3,f ) < lim inf — 

O ^ / ± 


k -♦ 00 3( 


r_ -1 

n,_ 


) 


To estimate the right hand side of (2i4.31), by (2.4.24), we 


have 


exp (-::t — ) - 1 

. 3 (2a(n,)) 

r_ < exp (-:::'T ) + 

^ i 




3“"(2a(n^)) 3 ”^ (4a(nj^)) 


and so, since r - l£ r log r, r > 1, (2.4.31) gives 



91 


_< lim inf 
k -*■ « 


a(n^-l) 


| 3 (- 


(1+Sj^)(exp 


0 "^( 2 a(n^) ) 


-) - 1 ) 


< lim inf 

'k. oo 


a(nj,-l) 


3 (- 


,s“^(2a(n^) ) 


( 1 +Sj,) exp (— 3 J- 


)8“^(2a(n^) ) 


where = 1/0 ^( 4 a(nj,)) 0 as k -♦ <». Since ^(x) e L°, the 


above inequality now gives 
( 2 . 4 . 32 ) 


a(n, -1) 

A(a,/3,f ) < lim inf - oX/^ ' T ' < 1* 

° “ k - a. 2 acn^} - 


By ( 2 . 4 . 30 ) and ( 2 . 4 . 32 ) it follov/s that fQ(z) is of 


irregular (a, 0 ) -growth. 


We now obtain coefficient characterizations of lower 

K 


f V 

(ct/S) -order of a function f(z) = S z t analytic in D^, 

^ n K 

n =0 


that do not require the nondecreasing nature of the function 


5 -(n) = IV^n+l 


n +1 n' 


X 


THEOREM 2 . 4 . 5 . Let f(z) = S ^ in D^r 0 < R < <» 

n =0 


be of lower ( CX/ 3) - order A(oc./S,f) . Then / if cc ^ S, ^ have 


( 2 . 4 . 33 ) 

and 


X(cX/| 3 /f) = max [p( 6 ({n,}))l 


in-^} 


( 2 . 4 . 34 ) 


X{CLt^,f) = max [ P( <ti({n, ] ) ) ] 
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where 9({n^}) and (jCCn^^}) are defined by (2.4.2) and (2.4.3)/ 
respectively / and the maxiin\am in (2.4.33) and (2.4.34) taken 
over all increasing secruences positive integers ♦ The 

coefficient characterizations (2.4.33) and (2.4.34) continue to 
hold for cc = 3 provided A(a/a,f) > 1. 

PROOF . By Theorems 2.4-1 and 2.4.2 the assertion of the theorera 
obviously holds if \(a/3/f) = P(0) . Thu s^ let > P(0) . 

CO ^n 

NOW/ consider the function g( z) = S a z , where i\ } is 

m=0 % 

the sequence of the principal indices of f(z) . Then/ g( z) is 
analytic in and for any z, Izl < R. f(z) and g(z) have the 

same maximiim term. Thus/ by Lemma 2.2.2, lower (ci/3)-order of 

1/(A -A ) 

n . n 

g(z) is A(a/3/f). Further, 'f'(n )= la /a i is a 

’^m %+l 

strictly increasing function of m. Now, applying Theorems 2.4.3 
and 2.4.4 to g(z) we get 

(2.4.35) A(a,,e/f) = P(9({n^})) 
and 

(2.4.36) k(a,3/f) = P((^ ({Pj^})) . 

On the other hand, applying Theorems 2.4.1 and 2.4.2 to the 
function f(z)/ we get 

(2.4.37) A(a,3/f) > max [p(e({n, })) ] 
and 

(2.4.38) A(a,3,f) > max [P(^({nT^})) ]. 

- 
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Combining (2.4.35) and (2.4.37) we get (2.4.33)/ while (2.4.36) 
and (2.4i38) give (2.4.34) i This proves the theorem. 

REMARKS . (i) A coefficient characterization of lov/er q-order/ 

q > 3/ in (1.9.6). due to Kapoor and Gopal [ 53 ] / follows from 

( 2 . 4 . 33 ) on taking cx(x) = P ^ J3(x) = log x. while 

with the same choices of a(x) and 0(x) / (2.4.34) gives a new 
characterization of lower q-order for q > 3 . 

(ii) With C)c(x) = log x. p > 1, 3(x) = X/ 0<d<«>/ 

P 

( 2 . 4 . 33 ) improves a characterization of lower q-type. for 

q > 3/ in (1.9.10). due to Kapoor and Gopal [53 , 55] / which 

was obtained under the additional restriction that the principal 

indices {X } of f(z) satisfy log X v logr \ as m 
^m P ’^m ^m+1 

With the same choice of a(x) and 0(x)/ (2.4.34) gives a new 
characterization of lower q-type for q > 3 . 

(iii) For a(x) = j3(x) = log x. a result analogous to 

(2.4.33) is due to Gopal [ 37 ] and is given by (1.9.6), with 

q = 2. Some other coefficient characterizations of lower (oc.,0)- 
order of an analytic function, for the case C(;(x) = 3(x) = log x, 
are to be found in [so] and [ 56 ] . 

2 .5 . In this section we first obtain a sufficient condition on 

00 \ 

Xj^^s for a function f(z) = S a^ z analytic in to be of 

n=0 

irregular ( a, jS) -growth. Further, a decomposition theorem for an 
analytic function of irregular (a, j3) -growth has been proved. 
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°° X 

THIi^OREM 2.5.1. Let f(z) = S a-„ z analytic in Dr,/ 0 < 

n=0 ^ 

"QS of ( PC/ ,8) - order P(a,3,f) and lov/er i<x, g) - order A.(oc./j3/f) * 
if f we have 

(2.5.1) < P(a,3,f) lim inf . 

n -» oo 

Ihe relation (2.5.1) continues to hold for tt = 3 provided 
\(a^a, f) > 1 , 


PROOF . Under the hypothesis of the theorem, by Theorem 2.4 
we have 


\(a,j3,f) = max {lim inf 


a(\ ) 

’^k-l 


{n, } k -► oo 


^n 

3(X^ /log^ la I R 
’^k ^k 


■} 


< max {lim sup 
{n, } k -* CO 


a(k^ ) 
^k 


X 


-} 


n. 


0(X /log"*’ la I R ^) 

n, ^ n. 


X 


= {lim sup 

n -* CO 


a(X 


n 


max {lim inf — 

{n, } k -» oo a(X 

-K. n. 


k-l 


a(X ) 

n'^ 


3(Xyiog la^lR n 


a(X .) 

ris n ^ oo n 


= p(a,0,f) lim inf 


on using Theorem 2.3.1. This proves the theorem. 

oo X 

COROLLARY . Let f(z) = 2 z analytic in Dj^, O < R < oo 

n=0 

(P-^jS) - order p(a,3,f) and lower (p, 3) -order X(P#3,f)« We have 


l < C 

Ther 


.5, 


be of 
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(i) If a / 0, lim inf < 1 and 0 < p(a/j3,f) < °° 

n -♦ CO 

then f(z) of irregular (U/ g) - growth . 

(ii) ^ a / p, ,lim inf and P(ci,0/f) < «>/ 

n -* oo 

then Xict, f) = 0. 

(iii) ^ oc / 3 , lim inf ^ ~ ^ and X(<x,3/f) ^ C'/ 

n -» oo 

then P(<x,3,f) = oo. 


(iv) ^ a = 3, A.(a,a,f) > l and lim inf 

n -♦ oo 

then f(z) i^ of irregular (a^ 3 ) - growth . 


(v) If f(z) ^ of regular (a/3)~ growth with P(0) < p(a,3Af) 

< oo^ then a(X_) a(\ ,.) as n -» oo, 

n n+l — 

REtiARK . An analogue of Theorem 2.5.1, for the case 
a(x) = 3Cx) = log X, is proved in [lio] by a different 
technique and is given by (1.8.9). 


We now prove a decomposition theorem for analytic functions 
of irregular (a, 3 ) -growth. 

OO \ 

THEOREM 2.5.2. Let f(z) = S a z analytic in 0 < R < oo, 

n =0 

be of irregular (a, 3 ) " growth with (a, 3 ) " order P(a,3/f) and lower 
(a, 3 )-order X(a,3,f) . Assume that xCa,3,f) < u < P(a,3/f)/ where 
P(a,3,f) >a, u>a/ a = 0ifaX3 and a = 1 a = 3 . Then 

f(z) = + h^(z), 

where (a, 3 ) - order P(a,3,g^) of g^(z) atmost u and 


h^(z) 


2 

p =0 



Xn 


P 


z 
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satisfies 

\(cc.,3,f) > u lim inf 

P -» oo 

A 

PROOF , Set - S' z where S^ denotes the summation 

over all n for v/hich 



(2.5.2) log'*' la^l R ^ < A^'fC A^^ 1 /u) 

v/here F(A^,l/u) = 3 ^((1/u) (l(A^)), Then 9 ^( 2 ) is analytic in Dp 
Further/ by Theorem 2.3.1/ (a/3)-order P(a/3,g^) of g^Cz) is 
atmost u. Set 

00 

h (z) = f(z) - g ( 2 ) = S a z P. 

p=0 p 

Then/ by (2.5.2)/ for p = 0/1/2/.../ we have 

A 

, n 

( 2 . 5 . 3 ) log !a^ I R P > A /Fi^ ,1/u) . 

P ^P 

For p = 0/1/2/..., we set 



R exD 



where b is a constant, 1 < b < 00 . Then, for tp £ r < ^p+i*' iJ-sing 

( 2 . 5 . 3 ) and Cauchy's inequality, we get 


log M(r/f) > log la^ I + A log r 

P P 

^n 

> log I R ^ 

P P ^ 

> A^^ /F(A /1/u) + A log (r /R) 

P P p ^ 

= (b-1) log C^r ) 

p ^ 

= (b-1) /(b F(X^ a/u)). 
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The above relation/ on applying (2.1.3) ^ gives that 

a(^ log M(r/f)) 

1/log (R/r)) 


Since cx(x) £ A and i3(x) £ 
relation yields that 

“‘h > 

X(a,|3,£) > u lim inf ^ — y . 

p+1 

This proves the theorem. 

REMARKS . (i) Taking cc(x) = P 2. 3(x) = log x 

c3. 

or oc(x) = P ^ 0(x) = X/ 0< d<'»/ some results 

of Kapoor and Gopal [ 53 , Theorems 4 and 10 ] follow from the 
above theorem. 

(ii) For the case a,(x) = ^(x) = log X/ a result analogous 
to Theorem 2.5.2 was obtained by Sons [lio] i 


/F(\ /1/u)) 

E ^ 

3 (1/log (R/rp^i)) 

a(k^ ) 

P 

i3( 1/log (R/r 


p+1 


IT 


CC(X^ ) 




,3(b F(X , 1/u)) 
p+1 

a(X ) 3(P(X 

u P_ P-t-A 

oTXT) 


n 


p+1 


3(b F(X, 


n 


1/u)) 


p+1 


,1/u)) 


o 


L / using Lemma 2.2.1, the above 
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generalized orders of functions analytic in a finite disc II 

3.1j. Let fiz) t analytic in D^^, 0 < R < oo, be of slow growth, 
i.e., order P( f ) of f(z), given by (1.8.1), is zero. Then, for 
any choice of Oi(x) and 0(x) satisfying (2.1.3), the (cc., 3 ) -order 
P(a,,S/f) of f(z) satisfies P(a,3,f) = 0 if a ^ 3 and P(a,3,f) <1 
if a =3* Thus, for such functions, concepts introduced in 
Section 2.1 and investigated in Sections 2.2 to 2.5 do not give 
distinct (a, 3 ) -growth parameters for a 3» Further, when a = 3/ 
the results obtained in Sections 2.2 to 2.5 either fail to give 
any specific information or are not applicable to the functions 
of slow growth. This difficulty in measuring the growth of 
analytic functions is taken care of by the concepts of a- 
logarithmic order, lov/er a-logarithmic order, ( a, a^) -logarithmic 
type and lower ( a, a^) -logarithmic type introduced below. We have 

DEFINITION 3 . 1 . 1 . A function f(z), analytic in Dj^, 0 < R < <», is 
said to be of a- logarithmlc order P(a,f) and lower a- loqarithmic 
order \(a,f), 0 < X(a,f) < P(a,f) < «>, if 


sup a(logM(r,f)) 

= lim 

W(a,f) r -* R inf a(log (R/(R-r))) 




where a(x) s A and for all c, 1 < c < », G(x,c) = a (c a(log x) ) 
satisfies 
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(3-1-1) G(x/C)/x _is ultimately a nonincreasinq function of x an 

lim G(x,c)/x = 0- 

X -* oo 

DEFINITION 3 • 1 • 2 . A function f ( z ) / analytic in 0<R<ao, 

with a- loqarithraic order p(a,f) and lower ct- loqarithmic order 
is said to be of regular a- 1 o qa r i thm ic qrovJth if 
Xi'S,f) = p(ayf) . The function f ( z) _is said to ^ of irregular 
a- loqarithmic growth if it is not of regular a-^ logarithmic qrowtlr 

Taking, in particular, a(x) = log x, p(a, f) and X(a,f) 
reduce, respectively, to the logarithmic order and lower 
logarithmic order of an analytic function, introduced in Kapoor 
and Gopal [ 54 ] and [ 3 ?] . 

The following are some other choices of a(x) which also 
satisfy the hypotheses in Definition 3-1.1. 

( i) a(x) = log X, p > 1 

P “■ ~ 

( ii) a(x) = exp (log x)*',0<£<l 

( iii) a(x) = exp (log^ x)*',p>2, 0< £<<»« 

DEFINITION 3-1.3- Let f(z), analytic in D^, 0 < R < <», ^ of 
a- logarithjnic order P(a,f) with 1 < P(a,f) < 00. Then , f(z) is 
said to be of ( a, ~ logarithmic type T(a,a», f) and lower 
( a, a.j^) - logarithmic type t(a,a*,f) ^ 

T( f) sup dj^dog M(r, f) ) 

(3.1.2) = lim yy z- tt ' t 

t(a,a*,f) r ^ R inf (a^(log (R/(R-r) ) )r^ 

where CL^ix) £ L° and for 0 < c < 0 ° and 1 < d < 
a#^(c(a^(log x))^) satisfies 


00 


G(x,c,d) 
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(3*1.3) G(x/C,d)/x ultimately a non increasing function of 
and 

(3«1»4) log G(x/C/d)/log x 0 a_s x °°t 

Parther / if cx^(x) s A ^ assume that a weaker condition 

(3-1.5) G(x,C/d)/x -» 0 3.S X ^ 

holds in place of the condition (3-1.4) . 

Taking <x(x) = log x and ci^(x) = X/ T(cc,a*, f) and t(<X/a*,f) 
reduce, respectively, to the logarithmic type and lower 
logarithmic type of an analytic function, introduced in [54] 
and [ 37 ] . 

The following choices of <^*(x) also satisfy the hypotheses 
in Definition 3-1-3* 

(i) (i*(x) = X, p > 0. 

(ii) oc.#(x) = exp (log x)^', 0 < 2. < 1 . 

We observe that the concepts introduced in Definitions 3-1-1 
and 3-1-3 give a satisfactory measure for functions analytic in 
Dp^, 0 < R < 00 , having slow rates of growth- 

In Section 3-2, characterizations of lower (X-logarithmic 

order A.(ct,f) of a function f(z) = S ^ * analytic in D^^, 

n=0 

0 < R < 00 , have been found in terms of the coefficients a^- A 
decomposition theorem for functions of irregular a-logarithmic 
growth is also proved in this section- In Section 3-3, we first 
obtain a complete coefficient characterization of (a,a*)- 
logarithmic type. The coefficient characterizations of lower 



ICl 


(a, a*) -logarithmic t;^^e are also found. Finally^ in the same 
section/ a decomposition theorem is proved for an analytic 
function f(z) with cc-logarithmic order P(ci^f)/ 1 < PCoC/f) < co, 

(a, a*) -logarithmic type T(a/a*/f) and lower -logarithmic 

type t(a,a^,f) such that t(a/a*,f) < T(a,a^,f)„ Our results in 
this chapter offer wide generalizations of the results in [ 54 ] 
and [ 37 ]. 

00 X 

3 . 2 . For a function f(z) = D ^ analytic in D^^/ 0 < R < <= 

n=0 

having d-logarithmic order P(cX/f), set 

a(log ^ ^ 

{ 3 . 2 . 1 ) = lUn sup ■■ a ' doi ' O • 

Then/ the techniques of Seremata [ 92 ] can be adopted to obtain 


( 3 . 2 . 2 ) 0^ < P(a>f) < max (1/0 q^). 

However/ a relation analogous to (3.2.2) is not known for 
lower ct-logarithmic order. Thus# in Theorems 3.2.1 to 3*2.4 we 
investigate interrelations between the lower a-logarithmic 
order A.(a/f) and the Taylor coefficients of an analytic function 
f(z). Theorem 3*2.5 is a decomposition theorem for analytic 
functions of irregular a-logarithmic growth. 


OO 

THEOREM 3.2.1. Let f(z) = S a^ z ^ analytic in Dj,/0 < R < «>, 

n=0 


and let a(x) e A 

(3.2.3) lim inf 
r - R 


. Then 

a(log M(r/ f) ) 
d(log (R/(R-ri ) ') 


> lim inf 
k “ 


k 

a(log la 1 R 
^k 

dilog A_ 5 
^k+1 


/ 
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for any increasing seguence {n^} of positive integers * 

PROOF . Let the limit inferior on the right hand side of (3.2.3) 
be denoted by 6 ^^. Clearly 0 < 0 ^^ < <». Firstj let 0 < 8^ < <x>* 
Then, given e > 0 , 0 ^ > s, there exists such that/ for 


all k > k , we have 
o 




(3 .2 .4) 


n. 


lOG Is 1 R ^ G(A. I 

■ "k+i “ 


where G(k , 0 ) * “(log V )) and 6^^ = 0^ - e. For 


'"k+i “ 

k > we choose 


k+1 


^k = 


For < r < using (3.2.4) and Cauchy's inequality, we get 


logM(r,f) > log la 1 R ^ + \ log (r/R) 

’^k ”k 

^ V (rj/R) 


k +1 


= G( V(R-r^+j_) . log ’ 


k 


> G(R/(R-r), e„) + 0(1) 


Since a(x) e A , the above relation gives that 

1 • • £ (x (log M(r, f) ) ^ a _ ft -S' 

Ixm inf a(log^R/(R-r) ) ) - a d ' 
r R ^ ^ 

and so, letting e -* 0 , we obtain 


(3 .2.5) 


. ^ a(log M(r, f) ) ^ o 

a(log"'(VtR-ri TT - ®a- 
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Obviously/ (3-2.5) holds for 0^ = 0. For 6^ = the above 
analysis xirith an arbitrarily large number in place of 0^ gives 
that the limit inferior on the left hand side of (3i2.5) is also 
infinite. This proves the theorem. 

COROLL/^-RY . Let f ( z) = 3 a z ^ analytic in D-/ 0 < R < <»# 

n=0 

with cc- logarithmlc order P(cc, f) and lower cx- logarithmic order 
X(ci,f) . Further / assum.e that 

(i) lim a(log \^)/a(log = 1 

n -► oo 

and K 

a(log la^^l R ) 

( ii) lim = Sq exists with 1 < 

n -* CO a(log 

Then , f(z) of regular PC- logarithmic growth with PCcC/f) = \(a/f) 
= So- 

The corollary is immediate in view of (3.2.2) and Theorem 

3.2.1 and so the proof is omitted. 

REMARKS . (i) With (X(x) = log X/ a result of Gopal [3 7 / Theorem 

4.3.1 ] follows from the above theorem. 

( ii) We now give some examples which show that the 
concepts of d-logarithmic order and lower a-logarithmic order 
introduced here are more refined than the concepts of logarithmic 
order and lower logarithmic order introduced in [ 54 ] and [ 37 ] 

EXAI:4PLE . Let 

00 

F^ ( z) = S exp exp (log 2 n) ( z/R)^ , 1<K<'»/0<R< <» 
n=3 
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Then Fj^(z) is analytic in and the order P(F^) of F^Cz)/ givei 
by (1-8.1), is zero. From Theorem 3.2.1 it follows that 
Xdog, F^) = p(log, F^^) = co. Thus, the growth parameters in 
( [ 54 ] / [ 37 ] ) fail to give any specific information about the 
growth of F^(z). However, from the corollary of Theorem 3 •2.1, 
we have P(log 2 , F^) = ?^(log 2 / F^) = K and so the function F^{z) 
has nonzero finite growth parameters in our sense with the choic 
cc(x) = log2 X. 

EX^iJNlPLE » Let !X^(x) = exp (log x)^', 0<2<1. For a fixed 

I and a fixed R, 0 < R < 00 , we consider a family of functions 
defined by 

00 .. 

^ = {f|^ s fj^(z) = S expCttj^ (K aj,(log n)))(z/R)^, 1 < K < 00 } . 

n=3 

Then, each member of is analytic in and is of order zero. 

Further, for each . by (3-2.2) and Theorem 3.2.1 we have 

p(log, fj^) = Adog, fj^) =1. Thus, confining to the growth 
parameters in ( [ 54 ], [s?] ), we can not compare the growths of 
any two members of the family - However, with the choice 

oc(x) = cXj^(x), we see, from the corollary of Theorem 3.2.1, that 
P(ct , fj^) = ~ ^ every e Thus, our growth 

scheme assigns distinct growth parameters to every % ® "5* 

The following lemma is needed in the proof of our next 
theorem - 

°° X 

LEMMA. 3 . 2 . 1 . Let f(z) = S ^ ^ / analytic in Dj^, 0 < R < <», 

n=0 

be of a- logarithmic order P(ci,f) and lower cl- logarithmic order 
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A(cx, f) . Set 

#20 sup a.(log M(r)) 

_ ^ 
r -» R inf a(log (R/(R-r))) 

Then , if p(a,f) >1 , we have P(a, f) = ' 5 ^. Further/ if X(o£.,f) > 
then X(a/f) = ({)^ also holds * 

PROOF . The hypothesis P(c^/f) >1 implies that P-(r) is an 

^n 

unbounded function of r, since otherwise the sequence H I R’ } 
is bounded and so P(a/f) £ 1- Now, by (2.2.13), with b = 3, we 
have 

(3.2.6) log M(r/f) < log M(r)+21og + log 3+log ^ 

+ log log M(r+2^j^ 
< max {5 log M(r + 2^j^) , 5 log 

for all r sufficiently near to R. Hence, for all r sufficiently ; 
near to R, we get 

a(logM(r,f)) < max {a(5 log M(r+22^) ) , a(5 log ^^) } , 
and so, since a(x) e A, we obtain 

(3.2.7) P(a/f) < max (#q,/ 1)/ A(a,f) < max 

On the other hand, the well known inequality /J.Cr) < M(r/f) 
gives that 

(3.2.8) < P(a,f)/ (f,^ < X(a,f). 

The lemma now follows immediately from (3.2.7) and (3-2.8). 
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THEOREM 3*2.2. Let f(z) = 


a z / analytic in 0 < R < o® 

n — -K 


be of lower oc- logarithmic order h(cc., f) ^^/ith KicCif) ^ 1* Assum e 
that/ for all c, 1 < c < <»/ G(x/c) = a**^(c a(log x) ) satisfies 


(3.2.9) 


dG(x,c) 


< G(x/c)/x for X > Xq(c) 


(3 . 2 . 10 ) 


2 dG(x/c) 


Further / if f (n) = I 


♦ oo as X •* 


is a nondecreasinc 


function of n for n > n^/ then 


h(a/f) < lim inf 


n -♦ CO 


a(log la^l R ) 
a(logX _ ) 


PROOF . Clearly f(n) > wCn-l) for infinitely many values of n, 
since otherwise the sequence Cia^l R } is bounded and so 
P{cL,f) < It which is false because Xici,f) >1. Further/ ’?(n) -* R 
as n ■* CO. When ij/(n) > I'Cn-l)/ the term a^^ z becomes the 
maximum teim and we have 


M(r) = la^l r for 'l'(n-l) < r < f (n) . 


NOW/ by Lemma 3.2-1/ we have 


\(.CL,f) = lim inf 
r -• R 


ocCloq M(r) ) 
a( log (r/ (R- r) 


We first assume thatW(a/f) < oo. Then, given e > O, there exists 
r^ = r^Ce) such that, for r > r^, we have 


log it(r) > G(R/{R-r)/ X^) 
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- 1 . 


where G(R/(R-r) , A^) = a a(log (R/(R-r)))) and =A(a, f)-6 > 

An^ At 




1 “2 

Let a z and a z (n^ > n / ‘f (n. -1) > r ) be two 

X o j. o 


consecutive maximum teirms so that n^ < ^ 2 '*! • Then 


log la ! + X log r > G(R/(R“r) , ^ ) 
^2 ^2 


for every r satisfying W(n 2 ~l) £ ^ '?(n 2 ) • Let £ n < n 2 '’l • 

Then 'yCn^) = ^(n^+l) = ••• = ^?(n) = ... = 5’(n2“i) and 

A, 


^n ^^2 

air = 1 a I r for r = f ( n ) . 

^2 


Hence 


log la 1 + A logW(n) > G(R/(R-'?(n) ) , A ) 
n ri u* 


or 

A„ 

( 3 . 2 . 11 ) log la^l R > A^ log (R/^(n)) + G(R/(R-W (n) ) . A^) 

> Aj^(R-'?(n) )/R + G{R/(R-'?(n)) , A ^) . 
Nov 7 , consider the function 

H(x) = * 

Differentiating H(x) / we get 


^ dG(x/ A ) 

(3.2.12) H'(x) = . 

By the hypothesis of the theorem, we now have G(x, A^,) < x and 
dG(x/ Aj^)/dx £ G(x/ Aq^)/x for x > x° = x°(A^) • Thus 


H'(x°) = 




dG(x/ X^) 


< 0 


x=x 
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for n > n° = ■ On the other hand# since ( 3 .* 2 . 10 ) holds/ 

by (3.2.12)/ we have K'(x) > 0 for all sufficiently large value 
of X. We now define, for n > n°, x^(n) as 


H(x^,,(n) ) = min 


H(x) 


X < X < 00 


Then 


■"n 


(x (n) ) 
* 


dG(x/ 

dx 


x=x n ) 


and so 

(3.2.13) < x^(n) G(x^(n)/ X^) < (x^(n))^. 

From (3.2.11)/ (3.2.13) and the definition of x^(n) , for 
all sufficiently large values of n, we obtain 


log la^l > GQfX^, X^) 

or 

Xn 

a(log la I P ) 

1 > ^rr = - e- 

a(ilogV - 


Since ci(x) 
gives that 

( 3 . 2 . 14 ) 


s A and e > 0 is arbitrary, the above inequality 


lim inf 

n ~ 00 


cx(log la^^J R 
a(log X^) 


> X(a,f) . 


If X(a,f) = 00, the above arguments with an arbitrarily large 
number in place of X^ give that the limit inferior on the left 
hand side of ( 3 . 2 . 14 ) is also ». 


This proves the theorem 
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RSiyiARKS . (i) The condition (3-2.9) implies that G(x»c)/x is 

ultimately a nonincreasing function of x for every c, 1 < c < «>. 

(ii) In particular/ cc(x) = satisfies 

ir 

the ccnditicns (3-2,9) and (3-2.10). 

Combining Theorems 3-2.1 and 3-2-2 we obtain a coefficient 
characterization of lower (X-logarithmic order ^(cX/f) of a 

CO X 

function f(z) = S ^ analytic in D^/O < R < <». This is 

n=0 

our Theorem 3-2.3. 

o= 7\. 

THEOREM 3-2-3. Let f(z) = S a z , analytic in Dp,0 < R < », 

n=0 

be of lower cx-logarirhmic order Mo-rf) with \(a/f) >1. Assume 


that (3-2.9) and (3-2.10) are satisfied . Further / let ^(n) = 

1 ^n'^^n+1 ' — ^ nondecreasinq function of 


n 


and let cx(log /V^) a(log ^ n -* «». Then 

a(log 


a(log ia I R ) 

Mtt/f) = lim inf 

n oo 


Our next theorem gives a coefficient characterization of 


lower a-logarithmic order which does not require the non- 
decreasing nature of the function w(n) = l^n^^n+1* 

oo X 

THEOREM 3-2.4. Let f ( z) = S a z , analytic in Dp, 0 < R < <», 


n=0 


be of lower a- loqarithmic order X(a/f) with X(ci/f) >1- Assume 

that (3.2.9) and (3-2-10) are satis fied - Further / let a(log X ) 

”m 

a(loa X ) as m -* OO/ where {X_ } is the sequence of the 

""m+l ~ "^m 

principal indices of f ( z) - Then 
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(3 .2.15) 
where 

(3 .2 .16) 


X(a, f) = max (1/ 6 *) 


n. 


log la 1 R ) 


n- 


e* = max dim inf y 

in, } k -» oo ^ ^ n, ^ 




^k^ - “k +1 

and the maximum in (3.2.16) ^ taken over all increasing seguenc 
of positive integers . 


PROOF. 


First, let X(a,f) = l. Then 9 */ given by (3.2.16), is 


atmost one, by Theorem 3.2.1. Thus, (3.2.15) holds in this case 
Next, let X(ac,f) >1. We consider the function g(z) = 


CO 


K 


n 


Z z where } is the sequence of the principal indie 

m =0 m ^ m 

of f(z) . Then g(z) is analytic in and for any z, !z| < R, 
f(z) and g(z) have the same maximim term. Thus, by Lemma 3.2.1, 
lower cx- logarithmic order of g(z) is X(a,f). Also, wCn ) = 

l/(^ -X ) 

H i n 

is a strictly increasing function of m. 

m ^m +1 

Now, since g(z) satisfies the hypothesis of Theorem 3.2.3, we 

have ^n 

a(log la I R ^) 

(3-2.17) X(a,f) = lim inf f 3 • 

m C30 ^ ^ T-k 


m 00 


n 


m+l 


Further, by Theorem 3-2.1, we have 


X 


n. 


a(log la I R ) 

n, 

( 3 . 2. 18) X(oc.,f) > max [lim inf — r 1 }. 

{n^} k-*=o ^X+1 

Prom ( 3 . 2 . 17 ) and (3.2.18) we get (3.2.15) for the case 
X(a,f) > 1 also. 
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This completes the proof of the theorem. 

REMARK . With a(x) = log X/ a result of Gopal L3 7 , Theorem 4.1 
follows from the above theorem. 


We now -Drove a decomposition theorem for analytic functions 
of irregular a- logarithmic grov/th. 

CO ^ 

THEOREM 3 . 2 . 5 . Let fCz) = 2 ^ analytic in 0 < R< « 

n=0 

be of irregular a- logarithmic growth with a- logarithmic order 
P(a, f)f P(a, f) > 1 ^ and lower a- logarithmic order 7v(a, f) * If 
X(a,f) < u < P(a,f), then 


f( z) = g^( z) + h^( z) 

where a- logarithmic order of 5 ^( 2 ) a-tmost max ( 1 /u) and 


Xn 


h^j(2) = S 2 

p=0 p 


p 


satisfies 


a(log X ) 


n 


X(a,f) > u lim inf T * 


p+1 


X, 


PROOF . Let g^(z) = S' a^^ z where S' denotes the summation 
over n for which 


(3 .2.19) 


n 


X 

R 


n 


< exp (G( ^j^/u) ) 


—1 

where G(X^/u) = a (u a(log ) • Then 
and/ by (3.2.2)/ a-logarithmic order of 
Set 

h^(z) = f(z) - cr (z) = 2 

p=0 


g^(z) is analytic in 
g^(z) is atmost max (1/u) 



'n 


P 

i 


2 
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Then# by (3 •2.19), we get 

(2.2.20) la„ I R - > exp (G(X ,u) ) . 

n ^ n 

P P 

For p = 0,1,2,..., let = RCl-l/X^ ). For < r < 
using Cauchy's inequality and (3.2.20), we have 

log M(r,f) > log la I + \ log r 

^n 

> log la^ I R ^ lop (r /R) 

P P ^ 

> G(X^ ,u) + log (1-lA^ ) 

P P P 

> G(^^ ,u)/2, 

P 

for all sufficiently large values of p. Thus 

a(log X ) 

a(2 log M(r, f) ) . p 

a (log (R/(R-r))) - a( log ( R/ ( ^ 5 ^ 

0£.(log X ) 
n 

^ a(log X ^ ) ' 

^p+1 

for all r sufficiently near to R. Since ct(x) s A , the above 
relation, on passing to limits, gives that 


^(a,f) 


1 im in f 
r -» R 


cc( 2 loa M(r, f) ) 

aUog'(^(RlHTT 


> u lim inf 

~ P 


a(log X ) 

^p 

a(log K ) 

%+l 


This completes the proof of the theorem. 


REMARK . Taking, in particular, <l(x) = log x, the above theorem 
generalizes a result in [ 54 ] * 
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3.3. Coefficient characterization of ( a, -logarithmic type 
cCcC/a^/f) of a function f(z), analytic in D^, 0 < R < «>/ has 
been found in Theorem 3.3 •!> while the coefficient characteriza- 
tions of lower ( 'jt./ cc^) -logarithmic type t( cc; a f) of f(z) are to 
be found in Theorems 3.3.2 and 3.3.3. Finally/ in Theorem 3.3.4i 
we obtain a decomposition theorem. 

We need the following lemma. 

LEMl'IA 3.3.1. If a(x) e L®, then , for 0 < c < «> and 1 < d < «, 
we have 

(3 .3 .1) -» 0 as X -» so. 

a “^(cCttCx) ) ) 

PROOF . Suppose, on the contrary, that (3.3*1) does not hold* 
Then there exist some c, 0 < c < w, and d, 1 < d < oo, such that 
for a sequence {xj^}, x^ - 0 °, we have 

> M a ^(c (a(xj,) ) ^) , 
where M > 0. This gives 

a(xVM) 

( 3 . 3 . 2 ) ^ > c 

(a(x3^))"^ 

for the sequence Cxj,}. Now, since a(x) e L°, by Lemma 2.2.1, 
there exists z t 0 < H < 1 , such that 

lim .inf > 1/2 

and so there exists x.^ = x^Cil) such that, for x > x^ we have 


a(£x) ^ . /. 
> 1/4 
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or, eqxiivalcintly, 

a(xA) < 4 a(x) 

for 3C X . Since M > G and i!.< 1, we can choose a positive 

N 

integer N such that M > i . Thus, for x > x^ £, we have 

(3.3.3) a(x/M) < aCv'/"') < 4 iCx/a^^**^) < ... < 4^ a(x) . 

How, it is easily seen that, in view of (3.3.3), (3.3.2) is 
false. Thus, our supposition that (3.3.1) does not hold is not 
true- This proves the lerrima. 

oo ^ 

THEOREM 3-3.1. Let f{z) = S z analytic in Dr^, 0 < R < oo 

n=0 

2l ^- logarithmic order p(a,f), i < p(a,f) < co, and (a,a^)- 
logarithmic type T(a,a^,f) . Then 

, a^dog la^ 1 R ^) 

(3*3.4) T(a,a^,f) = lim sup - ^Trt • 

n -♦ oo (a^^(log h^) ) ^ ' 

PROOF . First, let T(a,a ,f) < Then, for r > r = r (e) , 

s > 0, by (3.1.2), we have 

logM(r,f) < (Tda*(log (R/(R-r) ) ) ) ^^‘^^ ^^ 

where T^ = T(a,a^,f) + e. we define a sequence by 

= R(l-l/?Vj^) . Using Cauchy's inequality and the above bound 
of log M(r,f), for all sufficiently large values of n, we have 

(T'(aj^(log > log la^l R log (r^/R) 

= log la^l R + log (l-l/X^) . 
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We observe that log (1 - :^) -*■ -1 as n -* 00 , Now# since 

n A. 

n 

cc^(x) s L° and e > 0 is arbitrary# the above relation gives that 

a^dog ia IR ) 

( 3 . 3 . 5 ) T(a#a , f) > lim sup * 

Obviously, (3 .3 45) holds for ■T(a,a^, f) = 00 . 

Now, let the limit superior on the right hand side of (3.3*4) 
be denoted by 6_^. Clearly O < 6_^ _< <». First, let 6^ < “* Then> 
for n > = n^(s), e > 0 , we have 

^n 

( 3 . 3 . 6 ) log la^l R < G(X^, 6 J , P(a,f)) 

where G(\ , ed P(a,f)) = cc"^(eda. (log \„) ) ^^'^' ^^ ) and 8' = e.+s. 
n* ^ ^ Ti 

Thus 

00 \ 

( 3 . 3 . 7 ) M(r,f) < S la 1 r “ 

n=0 

00 y 

< A(X ) + S exp(G(A ,©d P(a,f))) (r/R) , 

"^o n^n^+l "" 

where A(R ) , the sum of first n +1 terms, is bounded. For 
^o ° 

every r(< R) sufficiently near to R, we find a natural number 
n ( r) such that 

‘"•3 -3) Xn{r) ^ log dri 

Then, by (3.1.4) and (3.1.5), we get, for all r sufficiently 
near to R, 

(3.3.9) log 2/log (R/r) , 2 e/ , P(a,f))} 

2 log (2/loa (R/r)) if a (x) S A 
< * 

_ ( 1 + 0 ( 1 ) )log(2/log(R/r-) ) if e L° and Q:^(x) / A. 
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Now/ for n > n(r) / r sufficiently near to R/ by (3«1»3)» we have 
^n ^n(r)+l 

< ^ /9 j /P(a/ f. 

log~flVr) G( 2/log (R/r),2 6^', P(a,f)) 

< (log (R/r))/2, 

on using (3.3-9). 'Thus, for all r sufficiently near to R# we 
get 

°° X °° ^ /2 - 

(3.3.10) S ta„lr '^ < S (r/R) ^ . 

n=n(r)+l n=n(r)+l 1 - 'fr/R 

By ( 3 . 3 . 6 )/ ( 3 . 3 . 7 )/ ( 3 . 3 . 10 ) and the definition of n(r) / 
we now have 

( 3 . 3 . 11 ) M(r/f) < A(A.^ ) + exp (^(^^(r)" + 

> . 

1 - Y r/R 

Now/ if <^^Cx) s L° and Ct*(x) / A/ from (3.3-8)/ (3-3.9) and 
(3-3-11)/ we obtain 

log MCr.f) < log + (1 + o(l)) log'j- ^- - 

+ G((2/log (R/r))^"^®^^^ / 6^, P(a,f)). 

In view of Lemma 3-3.1/ the above relation gives that 

( 1 + 0 ( 1 )) log M(r/f) <G((2/log (R/r) ) ^'^'^^^ ^ / 8^, P(a/f)). 

Since cc.^(x) e l*^/ this gives that T(a/a^/f) < + e and 

so, letting £ -*0/ we have 



117 


(3.3.12) T(a,a^,f) < e^. 

Obviously/ (3.3.12) holds when 0 = «>. 

For the case oc.*(x) £ A, on using (3.3.8)/ (3*3.9) and 
( 3 . 3 . 11 )/ we get 

( 3 . 3 . 13 ) logM(r/f) <5 G((2/log (R/r))^i 6* i P(a>f)) 

for all r sufficiently near to R. Now, (3.3.12) follows easily 
from ( 3 . 3 . 13 ) for the case cc^(x) e A also. 

In view of (3.3.5) and (3.3.12) the proof of the theorem is 
complete . 


REMARK . V7ith ct(x) = log x and *^^(x) = X/ a result of Kapoor an' 
Gopal [ 54 ] follows from the above theorem. 

00 X 

LEMMA 3 . 3 . 2 . Let f(z) = S z analytic in D„/ 0 < R < «>/ 

n=0 

be of g- logarithmic order P (a, f) / 1 < P(a, f) < <», and let '^^(x) £ 
Then 


( 3 . 3 .14) 


lim inf 
r -♦ R 


o£._^(log M(r/ f) ) 


(a^Clog (R/(R^r))))^^^^^^ 
<X (log la I 

> lim inf 

k 00 (a (log K ) ) 

"^k+l 


^^k 

R n 


Pla, f) 


for any increasing sequence of positive integers . 


PROOF . Let the limit inferior on the right hand side of (3.3.14). 
be denoted by 6 ^ . Clearly 0 < 9^ < First/ let 0 < 9 ^ < <», 

Then/ given £> 0 / 0 ^ >£/ there exists k^ = such that/ for 

all k > k^/ we have 
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K 

( 3 . 3 . 15 ) log la i R > g(A. / 0#, p(a#f)) 

^}c ^k+1 

where G(X , q , P(a,f)) = a^-^Ce'^Ca^dog X 

■^k+l "^k+l 

d = 9 j«. - s. Set = R(l-1/X^ ) . Then, for £ r < 

using (3.3.15) and Cauchy's inequality, we obtain 

^n 

log M(r,f) > log la 1 R ^ + X log (r/R) 

’^k “^k 

^G(X , 8 , P(a, f)) +X log (r,/R) 

’^k+l * ""k ^ 

= G(R/(R-r^^^) , e^, P(a,f)) + X^ log (l-lA^ ) 

}c }c 

> G(R/(R-r), 6 / P(a,f)) + 0(1). 

MM ^ 

Since ct^(x) £ L° and e > 0 is arbitrary, (3.3.14) follows from 
the above Inequality for the case 0 < 0* < 0 °. 0bvious3.y, (3.3-1' 
holds for 9_^ = 0. For 9 ^ = ", the above arguments, with an 
arbitrarily large number in place of 9^ give that the limit 
inferior on the left hand side of (3.3.14) is also <». This 
proves the lemma. 

LEMMA 3 . 3 . 3 . Let the function f(z), analytic in 0 R < <», ' 
be of a- 1 o qa r i thmic order p(a,f), 1 < P(a, f) < <», (a,a^)- 
loqarithmic type T(a,a^,f) and lower (a,a^)- loqarithmic type 
t(a,a^,f). Then T(a,a^^f) = and t(ci,a^,f) = where 

$ sup a (log M(r)) 

= lim Z n77r-?r • 

d r -* R inf (a^dog (R/(R-r))))^^^'*^ 

PROOF . Since P(a,f) > 1, by the proof of Lemma 3.2.1, it follows 
that M(r) is an unbounded function of r. Mow, by (3-2.6), we hav 
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(3 •3.16) log M(r/f) £ log M(r)+log log M(r+2^~)+2 log — " + 0 

< (l+o(l)) log ju(r+2^~) + 2 log + 0(i; 

«— j K"“ir 

Now/let § < oo. Then, for r > = r^(e), e > 0, we have 

'A* o o 

log M(r + 2^^) < G(|§ 2 : . r P(a,f)) 
where ~ + e. Thus, by (3 .1. 16)# we obtain 

logM(r#f) < (Ito(l)) G(|^ , P(a,f)) + 2 log ^ + 0(1) 

= (l+o(l)) G(^ , PCa,f)), 

in view of Lemma 3-3.1. Since a^(x) s the above relation 

gives that T(a/a^,£) £ + s and so, letting e .» 0, we get 

(3.3.17) T(a,a^,f) < • 

Obviously, (3.3.17) holds for = «>. 

Similarly, it can be shown that 

(3.3.18) t(a,a^,f) < . 

The lemma now follows easily from (3.3.17) and (3.3.18) in 
view of the well known relation /j.(r) < M(r, f) . 

OO \ 1 

LEMMA 3.3.4. Let f(z) = S ^n ^ analytic in D^, 0 < R < oo, 

n=0 , 

be of g- logarithmic order P(g,,f), 1 < P(g,f) < <», and lower (d/d^ 
logarithmic type t(g,a^,f). Assume that for all c, O < c < «>, 
and all d, 1 < d < 0 °, 

< G(x,c,d)/x for X > x^(c,d) 


(3.3.19) 
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(3 .3.20) 


2 dG(x/C/d) 
^ dx 


0 ° as X ■* “> 


hold. Further/ if lyCn) = la /a 


1/i^ ) 

' ^ n +1 n' 


n' ^n+1 


is a nondecreasin 


function of n for n > n^z then 


(3.3.21) t(ot,/a ,f) < lim inf 


a (log ia^l R ) 


n -► 00 


(a^dog Xj^) ) 


P(a,f) * 


PROOF . Since 'y(n) is ultimately nondecreasing and oc-logarithmic 
order P(a./f) of f(z) satisfies P(ci,f) > 1, by the proof of 
Theorem 3.2.2/ we have '?(n) > ij(n-l) for infinitely many values 
of n. Further/ 'i'(n) -♦ R as n -» <». When 5 >(n) > ’i'(n--l) the term 
^n 

a^^ z becomes the maximum term and we have 

^n 

M(r) = la^^l r for 'p(n-l) < r < 'j'(n) . 

NOW/ first let 0 < t(a/a^/f) < <». Then; by Lemma 3.3.3/ given 
e > 0 there exists r^ = r-Q(®) such that, for r > r^, we have 

log M(r) > G(R/(R-r)/ t, P(a,f)) 

where G(R/(R-r),t/ p(a,f)) = a^^(t(a*(log CR/(R-r) ) ) )^ ^'^^ ^^ ) and 

^n ^n 

— 1 2 
t = t(a/a ,f)-B > 0. Let a z and a z (n. > n^ and 
* n^ XI2 o 

'p(n^-l) > r^) be two consecutive maximum terms so that n^ < n 2 ~l * 


log la I +■ A log r > G(R/(R-r)* t, p(a/f)) 
^2 ^2 


Then 
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for every r satisfying \x^(n2-l) < r < ^ (^ 2 ) • Let < n < ^ 2 “! • 
®(n^) =l'(n^+l) = ... = WCn) = ... ='i'(n2-l) and 

^n ^^^2 

lair = I a i r for r = 'p(n) i 
^2 

Hence 

(3.3.22) log la^lR > log (R/WCn) ) + G(R/(R-^^(n) ) , t, P(a# f) 

- ^n ~l '^’' G(R/(R-l'(n)) , t, P(cx,f) ) . 

By the hypothesis of the theorem/ we get G(x/'t/P(a/ f) ) < x 
and dG(x/ 1 / P(ci/ f) )/dx < G(x/ 1 / P(ci, f) )/x for x > x° = x°(t/P(a,f' 
NOW/ consider the function 


H^(x) = ^j^/x + G(x/t/P(a/ f) ) . 

For all sufficiently large values of n/ let x^(n) be the point 
such that 


H^(x^(n)) = min H^(x) . 

X < X < <» 

Using (3 •3.19)/ (3.3.20) and the techniques used in the proof 
of Theorem 3.2.2/ we get 


( 3 . 3 .23) 


Xy(x^(n))2 


dG(x/t/P(a/f) ) 

dx 


x=x^(n) 


< G(x^(n) /t/P(a/ f) )/x^ (n) . 


If a^(x) 6 A / since G(x/ 1/ PCot/ f)) < x for x > yP , by (3.3.23)/ 
we have 


( 3 . 3 .24) 
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If ^^(x) e L° and ^ A, then (3»3.23)>on using (3.1.4)/ 

gives that 

(3 .3 .25) log = (1 + o(l) ) log x^(n) . 

From ( 3 . 3 . 22 )/ ( 3 . 3 . 24 )/ ( 3 . 3 . 25 ) and the definition of x^(n) / 

we get (3.3.21) for the case 0 < t (cX/CC^/f) < ». Obviously/ 

( 3 . 3 . 21 ) holds for t(QC./a /f) = C. For t(a/CC /f) = «>, the above 

1^ ^ 

analysis with an arbitrarily large number in place of t gives 
that the limit inferior on the right hand side of (3*3*21) is 
also 00 . 


This completes the proof of the lemma* 

REMARK . In particular = log x, p > 0/ satisfies the 

conditions (3.3.19) and (3*3.20). 


Combining Lemmas 3.3.2 and 3.3.4 we obtain a coefficient 
characterization of lower (oc,a^) -logarithmic type t(cX/a^/f) for 
a subclass of functions f(z), analytic in This is our 

following theorem. 

00 ^ 

THEOREM 3 . 3 . 2 . f(z) = S z analytic in D^/ 0 < R < 00 , 


be of g- logarithmic order P (a/ f) / 1 < p(a/ f) < », and lower i<X,o.^) 
logarithmic type t(a,g_^/f) . Asstime that (3 .3 .19) and (3 .3 .20) 


i/Cx_ ..-X ) 

are satisfl ed . Further , let g(n) = *^n'^^n+l* ~ 


ultimately a non dec r ea sing function of n and let ct^dogx^^) 
g^(log ^ n -♦ 00 , Then 


a. (log la 1 R ”) 


t(g/gj./f) = lim inf 

■K 


n 


n 


00 (a^dog ) 


pTcTTfT * 



123 


Our next theorem gives a coefficient characterization of 


lower ( a, a^) -logarithmic type t(a,aj^,f) which does not require t 


nondecreasing nature of the function 'y(n) I 

X. 




THEOREM 3.3.3. f ( z) = S a_ z 

n=0 


"n 


_ , analytic in O < R < < 

il ■ ' """ ' ■ " ■" irt 


be of g- logarithmic order p(a,f)^ 1 < p(a/f) < and lower (a, a 
logarithmic type t(iX,a *f). Assume that (3*3.19) and (3.3.20) 


are satisfied. Further, let a j,. (log X ) 'v/ a^(log X_ ) as 

^m ’^m+l 


m 


-* oo, where {x^ } is the sequence of the principal indices of 


f ( z) . Then 


m 


X 


n. 


a (log la 1 R n 


t(cc,a , f ) = max Clim inf 

^ {n,^} oo (a^dog X 


n 


)) 


P(a,f) ^ " 


k+1 


where maximum is taken over all increasing sequences of 

positive integers . 


The theorem can be proved by using Lemma 3.3.2 and Theorem 
3 . 3.2 and adopting the lines of the proof of Theorem 3-2.4 and 
so we omit the proof. 

REMARK . Some results in [ 3 ?] follow from Theorems 3.3.2 and 
3 .3 .3 with the choice cx(x) = log x and d^Cx) = x. 

We finally prove a decomposition theorem for a function 
f(z), analytic in with ( a, a.^^) -logarithmic type T((l,a^,f) and 

lower ( cc., a^) -logarithmic type t(cx.,a^,f) such that t(cx,(l^f, f) < 

T(a,a^,f) . 
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'THEOREM 3.3.4. Let f(z) = S z , analytic in 0 < R < 

n=0 


be of a- 


ic order 1 < p(a,f) < oo, (a,a^)- 


loqarithmic type T(a,a„,f) and lower (a, a^) -logarithmic 


t(a,-a^,f) with t(a,a^,f) < T(a^a^,f). t(a^a*,f) < u < 


T(a,a,,,f). Then 


f(z) = 


where a-: 


Lthmic order of atmost p(a,f) and (a,a^)- 


logarithmic type of g^( z) atmost u its a- loqarithmic order 


is P(a,f). Further 


h (z) = S a z P 
P=0 


satisfies 


a^dog 

tCa,a ,f) > u lim inf iTrTTT^ 

- p-» 


PROOF . Let g^( 2 ) = 2' a^ z , where s' denotes the summation 


over n for which 


(3 .3 .26) 


log la I R < G(\ ,u,P(a,f)) 


where G(\„ /U, P( a, f ) ) = a,^^ (u (a#(log . Then/ g,,(z) 


analytic in Dp and is of a-logarithmic order atmost p (a, f) . If 


g^(z) is of a-logarithmic order P(a/f)/ it follows from Theorem 


3-3.1 that ( a, a^) -logarithmic type of g^(z) atmost u. We now 


h^(z) = f(z) - g^(z) =2 ^n ^ 

p=0 p 
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Then/ by (3-3.26)/ we get 


(3 .3 .27) 


K 

log la I R 
^ n 

P 


n 


> G(X^ / u/ P(a/f) ) , 
P 


for p = 0/1,2/ . . Let r = R(l-lA )• For r <r< 

P Hp p 

using Cauchy's inequality and (3-3.27), we have 


log M(r/f) = log la I + \ log r 


/\ 


n 

> log la I R ^ + \ log (r /R) 

n n ^ p' 

P P 

> G(X^ / u, P(a/f)) + X log (1-lA 1 

P P P 

= (1+0(1)) G(X^ /U/ P(a/f)) 

P 

for all sufficiently large values of p. Thus 

a^( (l+o(l) )log M(r/ f) ) ^ 

(a^(log(R/(R-r))))^^“'^^ “ (a*(log (R/(R-^^^) ) ) ) ^^°^' ^^ 


a^dog X^ ) 


n_ , ^ 


p +1 

for all r sufficiently near to R. Since a^(x) e L°/ the 
follows from the above relation. 


^p+1' 


theorem 


REMARK . With cc(x) = log x and o^^(x) = X/ a result of Kapoor 
and Gopal [54] follows from the above theorem. 



CHAPTER 4 


GENERALIZED ORDERS AND APPROXIMATION OF HARMONIC FUNCTIONS 
REGULAR IN A FINITE HYPERBALL IN R^"^^ 


4.1. The harmonic functions in R^ , p = 1,2/..., are 


solutions of Laplace's equation 


(4.1.1) 


2 9 9 

" 2" “T — *"'2 "T • « • T* ‘ 2 ' = U • 

9Xi 3X2 3Xp^2 


A polynomial of degree n in / • • • said to be a 

harmonic polynomial of degree n, if it satisfies (4.1.1). 

Let r, / 02 / • • • / ({) be the hyperspherical polar coordinates 
in (p+2) -dimensional Euclidean space Then, 


x^ = r cos 


X 2 = r sin 0 ^ cos 02 


<2 = r sin 6 ^ sin 62 cos 


X 

p 

2= 

r 

sin 

h 

sin 

CD 

• . • sin 


cos 

CD 


^+1 

= 

r 

sin 

CD 

sin 


• • • sin 

Y-i 

sin 

CD 

cos <t> 

^p+2 

= 

r 

sin 

CD 

sin 

®2 

• • • sin 

6 i 

p-1 

sin 

0 

P 

sin (|) 

where r 

> 

0. 

0 < 

*0 

CD 

< 

7r( j 

= 1 / 2 / • • 

• /p) 

and 

0 < 

, 1 
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In let H be a harmonic function with continuous seconc 

derivatives in some neighbourhood of the origin* Such a harmonic 
function H is said to be regular about origin and has the follow- 
ing hyperspherical harmonic expansion ([34. , p. 85 ]) 

(4.1.2) H = H(r,{e^} , (j>) 

m . 

oo n m. p-1 

= S S S ••• 2 r (A (n,{m, } ) Y(n,{m, i Q t,) / <l>) 

^ ^ ^ Jv A. JS. 

n=0 m. =0 mo=0 m_=0 

12 p 

+ A^(n/{m^})Y(n/Cm^} /{0^} , 
where A^(n/{m^})/ i = 1*2, are constants. 


(4.1.3) Y(n,{m^}, { e^} , ^ <f> ) = 


+ 1 rn„ (j, p 


^ ^ rn rn +(p+i-.h)/2 

e n (sin 0.) C (cos 9,), 

jc=i 

n = .^^2 — *** — ’^p — ^n Gegenbauer polynomials 

defined in Section 1.12. It is known [24 , pp* 237-240 ] that 

the functions r^ Y(n,{m^}, C 9^,} / - i}) ) 3-re homogeneous harmonic 
polynomials of degree n. Further, for a given n, the number 
h(n,p) of linearly independent harmonic polynomials r*^ Y(n,{mj^}, 

{ 0 , — <^ ) is 

(4.1.4) h(n,p) = (2n+p) . 

It is also known [24 , p* 239] that a homogeneous harmonic 
polynomial of degree n can be expressed as a linear combination 
of h(n,p) functions r^ Y(n,{m^}, { ^ ) where Y^s are defined 

by ( 4 . 1 . 3 ). Thus, a harmonic polynomial of degree j is given 
by (4.1.2) with A^(n, = 0 for n > j+1, i = 1,2. We shall 
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denote the class of all harmonic polynomials of degree atmost j 
by TT^. , j = O, L , 2 , . . . . 

Let = {(xi,X 2 ....,Xp^ 2 ^ : xj + x^ + ... + = r^}, 

0 < r < oo/ be the hypersphere of radius r centered at the origin 

and let dS„ = (sin ... (sin R)d 0 i ... de d4* denote 

^ 1 pi P 

surface area element on S^. It is known [34 , p. 85 J that the 
functions Y, given by (4.1.3)/ satisfy the following orthogonality 
property 


(4.1.5) //Y(mQ/{m^}/ ^ 9 ]^} / ^ <f>) Y(n^/{n^}/ ^ <?’ ) 

^1 

k=l k 


where the integration is taken over the unit hypersphere 7 

n. 


^k 

= 1 / if n-^ = m-. / 6 ■^ = 0 otherwise and 

m.,_ K K m- 


“k 


(4.1.6) E^^(m 3 ^_^/m 3 ^) = 


k 


k- 2 m. ~p 

n2 r(nij,_^+m^+p+l-k) 


‘"'k-h ' ' ’■^“k + ^ 


In let B^/ 0 < r < «>, denote the hyperball 




and let B / 0 < r < <»/ 
r 


K = [(xi,X2/.../Xp^2^ : xj + + ... + x^^2 - ' 

denote the closure of B^. We say that a harmonic function H is 

regular in the hyperball B^ if the series on the right hand *side 

of (4.1.2) converges uniformly on compact subsets of B . Let H , 

JT R 
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0 < R £ oo, denote the class of all harmonic functions H, regular 
in for every r < R but for no r > R. The functions H £ 
are called entire harmonic functions. 

To study the growth of regular harmonic functions H £ 

O < R < oo, we introduce the following growth parameters. 

DEFIMITICN 4.1.1. A harmonic function H £ 0 < R < <»/ is said 

to be of ( cc^ 0) - order P(a<.3,H) and lov/er ( o,, 0) - order R(oC//3<H)/ 

0 < \(a,0,H) < P(a,3,H) < ~, if 

P(cX, 3/H) sup a(logM(r/H)) 

= lim / 

?v(a/3/H) r -* R inf 3(R/(R-r)) 

where a(x) s A and 3(x) £ satisfy either of the conditions 
(2.1.2) and (2.1.3) and 

M(r,H) = max I H( r, Ce, }/<}>) 1 . 

REMARKS . ( i) I f (2.1.2) is satisfied/ i.e./ <x(x) = 3(x) = log X/ 
then p(a/3/H) and X(ct/ 3/ H) / denoted by p(H) and \(H)/ are called/ 
respectively/ order and lower order of H. A harmonic function 
H £ Hj^/ O < R < =o, is said to be of slow growth if p(H) =0. 

(ii) For the choices oc.(x) = log^^ X/ q ^ 2/ and 3(x) = log x> 
p(0C/3,H) and \(0C/3/H)/ denoted by p (H) and X (H) / are called/ 

q q 

respectively/ q- order and lower q- order of H. Clearly P 2 ^^) “ P(H) 
and X 2 (H) = X(H) . 

(iii) If q-order P„(H) of H satisfies 0 < P_(H) < <»/ then/ 

^ P (H) 

with the choices Qt(x) = log q 2 3/ 3(x) = x ^ / 

P(d/3/H) and X(cC/3/H) give/ respectively/ q- type and lower q~ type 
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c3. 

of H. We note that the choice cc(x) = x and 3(x) = x / 0 < d < 
is not permissible in Definition 4.1.1*’in view of the condition 
( 2 . 1 . 3 ). Thus/ if the order P(H) of H satisfies C < P (H) < 00 , 
then we define the type T(H) and lower t^^pe t(H) of H as 

T(H) sup log M(r/H) 

( 4 . 1 . 7 ) = lim A / * 

t(H) r - R inf (R/(R-r))^^ 

DEFINITION 4.1.2. A harmonic function H e 0 < R < 00 ^ having 

( h./ 0) - order P(cc,,8/H) and lower (cc, $) - order X(<2./8#H) said to 
be of regular (cc, B) - growth if p(a/8/H) = X(<l/8/H) and H ^ said 
to be of irregular (<X/ 0) - growth if \((X/8/H) < p(a,8,H) . 

To study precisely the growth of harmonic functions of slow 
growth we introduce the concepts of a-logarithmic order and lower 
a-logarithmic order in the following Definition 4.1.3. 

DEFINITION 4.1.3. A harmonic function H e 0 < R < », is 

said to be of (X- logarithmic order p(ci/H) and lower ct- logarithmic 
order X(a,H), 0 <X (a^H) < p(a,H) < °°/ if 

P(<x,h) sup a(logM(r/H)) 

= lim / 

X(a,H) r -* R inf a(log (R/(R-r))) 

where <i(x) s A and (3.1.1) i^ satisfied . 

In Section 4.2 we prove some lemmas that are used in the 
subsequent sections to study the growth and approximation of 
regular harmonic functions H e 0 < R < <». The characteriza- 

tions of the growth parameters introduced in Definitions 4.1.1 
and 4.1.3 and that of type and lower type, given by (4.1.7)/ 
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of a harmonic function H e 0 < R < <»/ are obtained in 

terras of the coefficients in its hyperspherical harmonic 
expansion (4.1.2)/ in Section 4.3. In Section 4.4, we have 
studied the influence of the growth of a harmonic function H s 
0 R < oo, on its degree of approximation in L^—norm/ 1 5 

In Section 4.5/ we obtain a necessary condition for a harmonic 
function H e h^, o ^ R < o°, to be of regular (a/ 0 )-grov 7 th. 

Throughout the present chapter/ to avoid some trivial cases 
we shall assume that/ for H e 0 < R < «»/ M(r/H) -* oo as r -* R. 

4.2. In this section/ we prove some lemmas that are needed in 
the sequel . 

LEMMA 4.2.1. Let the harm on ic function H e Hj^/ 0 R < p°/be 
given by (4.1.2) . Then , for any n > 0 and any r < R/ have 

max { 1 A^(n/ {m^} ) I ( H Ej,(m^_^/mj,) )^^^} < K(n+^)^'^^ 
i/Cm^} k=l r 

where K ^s a constant and 

k- 2 m-, -p 

2 r(m^_;l_+m 3 ^+P+l“h) 

(mk_i-m^) I ( ^ 


(4.2.1) 


PROOF . By the uniform convergence of the series (4.1.2) and the 
orthogonality property (4.1.5) of the functions Y*s, given by 
(4.1.3)/ we have/ for ^r < R/ ■ 


(4.2.2) 


2n A^(n/{m^}-) n 

k=l 

= SI H(r/ { 03 ^} / <}> ) Y(n/{m 3 ^}, ^ ) ) dS^. 

s ^ 
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Using Schwartz's inequality and (4.1.5)/ (4.2.2) gives 

n i P - 4. 

2nr lA (n/{m^})l n /m^,) 1 Y(n,{inj^} /{ 6 ^} /- 4i ) I dS^ 

< M(r/H)(/’/ lY(n/{m 3 ^},{e^}/ ± <j, ) i ^ (If 

®1 

P 1 /9 

= M(r/H) (2 h n t 

}c*l 

2 

wnere is the surface area of the unit hypersphere . Thus/ 
we get 

lA^(n/{m^})l (271 n* 1 S* M(r/H)/r^ 

h— 1 

or, using the definition of (4.2.1)/ 

(4.2.3) lA^(n/{m 3 ^}) 1 ( n 

k— 1 

1 — ^ ^ ^^k-l 2 ±|i]S))V 2 M(r/H)/r’^ 

VTtt (tt) h=l ^ ^ ^ 


f2^ ( n) p72 


(n + p/2)^'^^ M(r/H)/r^. 


Since the right hand side of (4.2.3) is independent of i,m^/.../ 
lUp/ the lemma follows from (4.2.3) with K = S^ /V^(7l)P/h 

LEMMA 4.2.2. ([94/ Theorem 2.2.1]) Let C ^ a Jordan arc in 

the complex plane such that arc and chord on C are infinitesimals 


of the same order . Then / for 
we have 


P^(z) of degree n. 


max IP (z)l < K n^''* (/ IP (z)l'^ Idzl)^'*^/ 6 > 0/ 

z E C C 

where K a constant depending on C and 5 only . 
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LEMMA 4.2.3* Let p,q,m/n and k ^ nonneqatlve integers such 
that p > 1/ k = 0_<g<m^n/ n>l. Then 


max I 

-1 < X < 1 '^7'^ 

< K (4n+2p)P"^ i- ^ ^tg+PlIS , } ) ^ 

(r(q+^ 2 ~)^ r(m-q+l) 


where is a constant . 


PROOF . Set Pg(x) = , s=l,2,... 

Then (P^(x))^ is a polynomial of degree 4m + 2(s~l). Applying 

Lemma 4.2.2, with 6= 1/4, to (P (x))"^/ we obtain 

s 

1 

max IP (x) 1^ < K. (4n+2(s-l) (/ IP (x) I dx)^/ 

-l<x<l® -1® 


,p-k. 


since m £ n. Here is a constant. Using Schwartz^ s inequality, 
the above relation gives that 

1 1 

max iP^(x) 1^ < K, (4n+2(s-l))^(/ 1P_. (x) 1^ dx / — ^ 

-1< X < 1 ® ^ -1 s+1 j 

— — / l-x 

and so 

(4.2.4) max iP^(x) I < (47T^K. ) (4n+2p) max IP (x) 1 , 

’*1 ^ X 1 ^ ^ ^ 1 

since s-l < p-k-1 < p. Writing (4.2.4) for s = 1 , 2 , . . . ,p-k-l 
and multiplying the p-k-l relations thus obtained/ we have 


(4.2.5) max IPa(x)l 
-1< X < 1 


< (4hV ) ^P"^“^^/‘^(4n+2p)P”^"^ max IP ' * 

-l<x<l 
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- 4 

Now, applying Lemma 4.2.2 to * '”'® obtain 

1 

(4.2.6) max IP -.(x)!"^ < K^(4n+2p)^(/ IP -.(x)!^ dx) ^ 
- 1 < X < 1 ’ -1 P ^ 


= K2(4n+2p) 


■(/ 

-1 


(i.^2)q+(p' 


•k-l )/2 ,j 2 g+(p "^)/2 
m-q 


(x)) 


2dx)2 


= K2(4n+2p)^ 


^ Tt rCmtg+p-k) ^ 2 ^ 

( r(q + ^ r(m-q+l) (m + 


on using the following orthogonality property of Genenbauer 
polynomials (see [34 , p. 173]) 


^n 


, - ^ },. 2,u-l/2 ^ , 2^“^^ 71 r(n+2u) 

(4.2.7) / (1-x ) C^(x) C (x)dx = 5 ^ 

-1 n m (r(u))^ r(n+l)(n+u) 


where K 2 is a constant. Prom (4.2.5) and (4.2.6), we get 

^ 2 )^/^^ (4n t 2p)P-^ 

22“2q-p+k ]r(m+g+p_3^) 


max lP-(x)l < ( 4 T[^K^ ) 
- 1 < x< 1 


7T 


(r(q + E^) ) ^ p(jn-q+l) (m + 


1/2 


The leirama now follows easily from the above inequality since 
m + (p-k)/2 > 1/2. 

LEMMA 4 . 2 . 4 . The functions Y's, given by (4.1.3), satisfy 


max lY(n,{m,}, { 8 ,}, ± <(> ) I £ 

K.^(4n + 2p)P^P'^^^/^ ( n 


where a constant ; i® given by (4.2.1) . 
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PROOF . By (4.1.3) and Lemma 4.2.3/ we get 

max lY(n/{m,}/ {6,1/ ~ (f) ) I 

P m m,+(p+l-k)/2 

< n (max I (sin G,) C (cos Gv) I ) 

k=l 0, ^ ^k-l“"^]< ^ 


p „ m,+(p+l-k)/2 

= n ( max I (1-x^) C ^ ^ (x) 1) 

k=l -1< x< 1 ^k-1 k 


k-2mk-p 


P 2 r(m^+m^_^+p-k+l) ^^2 


< n K (4n+2p)P'^^~^ ( 


k=l 


(r(mk + 2 Z|±i ))2 rCm^^^^-m^^+l) 


< (K„)^ (4n+2p)^ -(l+2+...+(p-'l)) ^ P i^(m 3 ^_^/m^) 


- '-'O' 


k=l 


= (K^)P (4n+2p)P “•p(p-l)/2 ( n 

k“l 


The lemma now follows from the above inequality. 

4.3. For a harmonic function H e Hj^/ 0 < R < «>/ the inter- 
relations between the growth parameters, introduced in Section 
4.1, and the coefficients in the hyperspherical harmonic 
expansion (4.1.2) of H have been investigated in this section. 


We first obtadr a characterization of the harmonic 
functions in the class 0 < R < oo^ in terms of their 
hyperspherical harmonic coefficients. 


THEOREM 4.3.1. Let H, given by (4.1.2) , ^ a harmonic 
function in Then H e Hj^, 0 < R < «>, if only if, 

(4.3.1) lim sup ( max { t A^(n/ {m^} ) 1 ( n E, (nr /m. ) ) ^'^^} ) ^^^ = 1/R' 

n -♦ oo i/{mj^} k=l 
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PROOF * First, let H s 0 < R < «>, and denote the limit 

suoerior on the left hand side of (4.3.1) by Z(h) . By Lemma 
4.2.1, for any r < R, v;e have 

Z(H) < 1/r. 


Since r < R is arbitrary, the above relation gives that 


(4.3 .2) Z(H) < 1/R. 


For the case R = ■», the necessity part of the theorem follows 
from (4.3.2) . For the case R < oo, if possible, let 

(4.3.3) Z(H) = 1/Rq < 1/R, Rq > R. 


Set 

(4.3 .4) 


A^{H) = 


max { I A' 
i/ {m^} 


P - 

■(n, {m, } ) 1 ( n E 
^ k=l 






Now, using (4.1.4) and Lemma 4.2.4, we obtain 

m. m ^ 

n 1 p-1 . 

(4.3.5) IS S ... 2 (A-^(n,{m, }) Y(n,{m, } ,{6, } , <J> ) + 

m =0 m 2=0 m =0 


A^(n,{m^}) Y(n, {m^} , { 6^} , - (J)) ) 1 
^ m^ -1 

< K^(4n+2p)P^^'^^^^^ S S ... ^2 ( I A^ (n, {m. } ) I 

m. =0 m^^O m =0 

12 p 

+ iA^(n,{m^}) I) 

< K*(4n+2p)P*'^‘‘'^^^^ (2n+p) 

< 2K*(4n+2p)P^P'''^^'^^ (n+p)P A^(H) , 


since, for p > 1, 

(4.3.6) (2n+p) — <■ (2n+p)(n+l) ...(n4p-l) < 2(n+p)^. 

nip# 
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Now/ given any compact set in B„ we can choose R' < R such 

Rq _ o 

that the compact set is contained in B . Set R" = (R‘'+R ) /2 . 

R' o 

Then/ by (4.3»3)/ for n > n(R")/ we have 

(4.3.7) A^(H) < 1/(R")" . 

From ( 4 . 3 . 5 ) we see that/ in B^, , the hyperspherical harmonic 
expansion (4.1.2) of H is dominated by the series 

( 4 . 3 . 8 ) 2 2K*(4n+2p)^^P'‘'^^^^ (n+p)^ A (h) (R')^» 

n=0 ^ 

In view of (4.3.7)/ the series (4.3.8) is convergent. Hence the 

series (4.1.2) converges uniformly on compact subsets of B and 

^o 

so H is regular in . But this is impossible/ since H e 

o 

and R > R. Thus (4.3.3) can not hold and so, in view of (4.3.2) 
o 

we get 

Z(H) = 1/R 

for the case 0 < R < <» also. This proves the necessity part 
of the theorem. 

Conversely, if (4.3.1) holds, then it follows from the 
proof of the necessity part of the theorem that the series 
( 4 . 1 . 2 ) converges uniformly on compact subsets of Bj^ and so H 
is regular in Bj^^. This proves the sufficiency part of the 
theorem and the proof of the theorem is complete. 

We now obtain coefficient characterizations of (cC//3) -order 
and lower (oc, 3) -order of a harmonic function H s H^, 0 < R < <». 
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THEOREM 4 . 3 • 2 . Let: the harmonic function H S H , 0 < R < <» , 
given by (4.1.2) , ^ of (a, g) - order p(a,gyH) . Then / if ci( x) = 
g(x) = log X or a ^ g, ^ have 


(4.3.9) p(a/g,H) + X(a/g) = p(ej^) 

where X(a/g) = 1 if cc(x) = g(x) = log X/ X(ct/g) = 0 otherwise 
and 

lim sup ^ 

^ g(n/log‘^( max { I A^(n, {m^} ) I ( n /m^) ) ^/^} R^) ) 

i/{m^} k=l 

The equation (4.3.9) continues to hold for a = g(a(x) ^ log x) 
provided p(a/a/H) > 1. 


PROOF . We define a function h^^Cz) as 


(4.3 .10) 


ho(2) 


2 

n=0 




n 

z /■ 


where A^(H) are given by (4.3.4). By Theorem 4.3.1/ h^Cz) is 
analytic in Fora given b/ 0 < b < 1/ using Lemma 4.2.1/ 

we have 

CO A (H) 

(4.3.11) M(r/h^)= 2 TT r 

° n=0 (n+p/2)P/2 

< K M(r+b(R-r),H) E 


= „(r+b(R-r) ,H) 

< M(r+b(R-r) ,H) . 


From (4.3.11)/ for all r sufficiently near to R/ we have 
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(4.3*12) log M(r/h^) < log ^ + log + log M(r+b(R-r) /H) . 

< max {3 log M(r+b(R-r) /H) ,3 log • 

Thus/ for a(x) & h , we obtain 

(4.3.13) a(log M(r/ h ) ) < max {a(3 log M(r+b(R-r) /H) ) ,a(3 l 0 (^^) } 

o ““ K.*** dr 

for all r sufficiently near to R. Hence^ for i3(x) e L° and all 

r sufficiently near to R, we get 


a(log M(r,h.)) . ^ / / s 

( y, > Q ^ ra(3 log M(r+b(R-r) /H) ) 

(4.3.14) ^7XRipj'y<max{ 


X 3(R/( (1-b) (R-r) ) ) a(3 log (R/(R-r) ) ) , 

3(R/(R-r) ) ' 3(R/(R-r) ) ^ 

If <x(x) and jS(x) satisfy (2.1.3)/ cc / 3/ then a(x)/3(x) -► 0 as 
X -* 00 / and so (4.3.14)/ on applying Lemma 2.2.1/ gives that 


(4.3.15) p(a/0/hQ) <p(a/3/H). 

From (4.3.14) /it follows that (4.3*15) holds for the case cc(x) = 
3(x) = log X also/ since log x/x -* 0 as x -♦ °o. Finally, for 
0!.(x) £ A/ we have 

lim sup a(log x)/o.{x.) £ 1/ 

X -* oo 

and SO/ since we have assumed that P(cC/a/H) > 1 for the case 
a = 3 ((^(x) 7 ^ log x) , it follows from (4.3.14) that (4.3.15) holds 
in this case also. 


Now, it follows, from Theorem 4.3.1, that the function 
h°(z)/ defined as below, is analytic in Dj^, 

(4.3.16) h°(z) = S (4n+2p)P^P'‘'^^/^ (n+p)^ 

n=0 
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From ( 4 . 3 . 5 ) and (4.3.16) we now get 

(4.3.17) M(r,H) < 2 K* S (4n+2p)^^P'^^^^^(n+D)^ 

n=0 

= 2 M(r,h°) , 


A^(H)r 


n 


which gives 

log M(r,H) 
and so for a(x) e A, 


- log 2 Kjj. ^ log M(r,h*^) 

since M(r/H) -» <» as r -* R/ we have 


( 4 . 3 . 18) <x((l+o(l)) log M(r/H)) < a(log M(r,h°))/ 

as r -* R. Dividing (4.3.18) by 8(R/(R-r)) and passing to limits 
we get 

(4.3.19) p(a,jS,H) <p(a,8,h°). 

00 

Now, let f(z) = s z be a function analytic in Dq, 

n K 

n=0 

0 < R < 00, with (a, 3) -order p(cc,8,f). Then ( [l23 , p. 265]), 
for any b, 0 < b < 1 and r < R, we have 


,, ^ M(r,f) - If (0)1 . . M(r+b(R-r) ,f) 

(4.3.20) < M(r,f ) < , 

where f ' ( z) is the derivative of f(z). Adopting the method used 
in deducing (4.3.15) from (4.3.11), we get, from (4.3.20), that 


(4.3 .21) 


a 


p(a,3,f) = p(a,3,f') , 


if ct(x) = 3(x) = log X or a ^ 3* Further, for the case 
a = 13 (dCx) log x) we have 


( 4.3 . 21 ). 


P(a,3,f) < p(a,3,f') < max (1 , P(a, 3 , f) ) . 
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'4e define 


(4.3.22) f|% -l(z) = E , k = 1 , 2 ,,.. . 

L^J n=l 


Since fj-^jCz) 
We also have/ 
(4 .3 .21) _ and 

a. 


- z f'(z), 
= 

(4.3 -21)^, 


we obviously have P(cx, 0/ f ' ) = P(a/ 0/ f j) 
z k = 2,3/.4. • Thus/ from 

we obtain 


(4.3.23)^ p(a,3/f) = P(a,0/fj-^j) / k = 1,2/3/... 

if a,(x) = 0(x) = log X or a ^ 0? and if a = 0(a(x) ^ log x) , we 
have 


(4.3.23)j^ 


p(a/0/f) < P(a/0/fj-^j) < max ( 1 , P(a, 0 , f) ) /k = 1 , 2,3 * 


We now define a function h( 2 ) as 


(4.3.24) h(z) = S A (H) z’^. 

n=0 

By Theorem 4.3.1, h( 2 ) is analytic in D^,. On using (4.3.23)^ 

rC a. 

and (4.3.23)^/ we get 


(4.3.25) p(a/0/hQ) < p(a/0/h) < p(a/0,h°) < P(p(a/ 0/h^) ) . 

From (4.3.15)/ (4.3.19) and (4.3.25), since by the hypothesis 
of the theorem P(oc,a/H) >1, if oc = 0(a(x) ^ log x) , we have 

(4.3.26) P(a/0/H) = p(p(a,0/h) ) . 

Theorem now follows from (4.3.26), on applying (1.9.4) and 
Theorem 2.3.1 to the function h(z) given by (4.3.24). 


THEOREM 4 . 3 . 3 . Let the harmonic function H e 0 < R < <», 

given by (4.1.2), ^ of lower ((X/0) - order X(!i/0/H). Then , if 
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cc ^ we have 

(4.3.27) \(a,j3,H) + X{a,l^) = max [p(6„({n.})) ]. 

{n^.} ^ 

Here X((X,P) = 1, oi.(x) = 0(x) = log X/ X((X,,8) = 0 otherwise/ 
ej^( [n^ } ) = 

a(n . > ) 

lim inf ^ 

^ °° 8(n ./log"^( max { I A^(n . / {m^} ) I ( II E (m, ^,m^))^^^}R -^ ) ) 

k=l 

and the maximum in (4.3.27) taken over all increasing sequences 
{nj} of positive integers . For the case a = p(a(x) log x) / 

equation (4.3.27) continues to hold provided X(cx,a,H) > 1. For 
the case oc(x) = 8(x) = log x, (4.3.27) holds provided the principal 

indices Cn^} of the function 

h(z) = 2 ( max { I A^(n, [m^} ) I ( n } ) z^/ 

n=0 i/[m^} k=l 

analytic in satisfy the condition log log n^j^ as £-*<». 

PROOF . Let 1 ^q(z) be the function defined by (4.3.10). If a(x) 
and 8(x) satisfy (2.1.3)/ g(, 8/ then cc(x)/8(x) -► 0 as x ■♦ <»/ and 

so, on applying Lemma 2.2.1, (4.3.14) gives 

(4.3.28) k(a,8/hQ) < P(\(a,8,H) ) . 

By (4.3.14), it follows that (4.3.28) holds for the cases cc = 0 
also. 


On the other hand, (4.3.18) gives that 
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(4.3.29) \(a,3,H) < A.(a;,8>h°) 

where the function h°(z); given by (4.3.16)^ is analytic in D^. 

CO 

NOW/ let f(z) = S analytic in D-,/ 0 < R < ooj with 

n=0 

00 

loxA7er (a,;8)-order X(a/8, f) . Set fr, -|(z) =» S a n z^; k = 1,2,... 

n=l 

Adopting the method used in deducing (4,3.28) from (4.3.11)/ we 
get, from (4.3.20) that 


(4.3.30) \(a,8,f) <A(a,^,f*) < p(\ (a, 3, f) ) . 

where f*(z) is the derivative of f(z). In view of fj-^j(z) = 
z f'(z)/ we get k(a,8,f') = k(a/8/f^^j). Thus, since 
f[}.j(z) = z ^ ” 2,3/.../ from (4.3.30), we get 

(4.3.31) X(a,8/f) < X(a,8,fj-^j) < p(\{a,8, f) ) , k = 1,2,3,... . 

oo 

We now consider the function h(z) = S A (h) z”^, A (H) are 

n=0 

given by (4.3.4), analytic in D^. On using (4.3.31) we get 


(4.3.32) x(a,8,h ) < X(a/8/h) < X(a,8,h°) < P(X(a,8/h )). 


Since, by the hypothesis of the theorem, x(cx,a,H) > 1 if 

O’ - 0(oc.(x) log x) , from (4.3.28), (4.3.29) and (4.3.32), we 

get 

(4.3.33) X(a,8,H) = P(X(a,8,h) ) . 

Theorem now follows on applying (1.9.6) and Theorem 2.4.5 

OO 

= S Aj^(h) 2 ’^ and using (4.3.33). 
n=0 


to the function h(z) 
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REI^riRX . Let the harmonic function H s 0 < R < <», given by 

(4.1.2)/be of lower ( a., (3) -order \(a/jS/H), where (x(x) and 3(x) 
satisfy (2.1.3). Assume that if a = 0, we have KCcc^a^H) > !• 
Then, using (4.3.33) and applying (2.4.34) to the function 

OO 

h(z) = E where A (H) is defined by (4.3.4), we obtaii 

n=0 

another characterization, analogous to (4.3*27), of lower (a,3)- 
order X((X,,8 ,h) of the harmonic function H, in terms of the 
coefficients in the hyper spherical harmonic expansion (4.1.2) of 

H. 

Since the choice cc(x) = x and 3(x) = x^, O < d < <», is not 
permissible in Definition 4.1.1, due to the condition (2.1.3), 
the coefficient characterizations obtained in Theorems 4.3.2 and 
4.3.3 for a harmonic function H s 0 < R < «>, are not applicat 
to the growth parameters given by (4. 1.7). We now separately obta; 
coefficient characterizations of type and lower type, given by 
(4.1.7), of a harmonic function. We first need the following 
1 emma . 


LEMMA 4.3.1. Let the harmonic function H e 0 < R < oo, given 


by (4.1.2), ^ order p(H) (O < P(H) < «») , 


T(H) and lower 


t(H) . Then ^ the function h(z) = S Aj^(H)z , are gr 

n=0 


by (4 .3 .4) , analytic in Dp and is of order P(H) , 


T(H) 


and lower 


t(H) . 


PROOF . Let ^^(z) 3.nd h°(z) be given by (4.3.10) and (4.3.16), 
respectively- It follows from Theorem 4.3.1 that the functions 
hQ(z), h°(z) and h(z) are analytic in Dj^. Further, by (4.3.15), 
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(4.3.19) and (4.3.25)/ it follows that each of the functions 

, h'^( z) and h(z) is of order P(H) . From (4.3.11)/ for any 


b/ C < b < 1/ we have 
log M(r/hQ) log ^ + log 
(R/(R-r) ) “ (R/(R-r) 



If T(h^) and t(h^) are/ respectively/ type and lower type of the 
function hQ(z)/ then/ passing to limits/ the above relation gives 
that 

T(ho) < T(H)/(l-b) ^^^^ / t(hQ) < t(H)/(l-b) 
and since b > 0 is arbitrary/ we have 

(4.3.34) Kh^) < T(H)/ < t(H) . 

On the other hand/ by (4.3.17)/ we get 

(4.3.35) T(H) < ^(h®) / t(H) < t(h°) 

where T(h°) and t(h°) are/ respectively/ type and lower type of 
the function h°(z). 

CO 

Let f(z) = S analytic in Dj^/ 0 < R < with order 

n=0 

p(f) (0 < Pif) < <x>) , type T( f ) and lower type t(f). If f'(z) is 
the derivative of f(z)/ then/ by (4.3.21)^^/ f'’(z) is of order 
p(f). From (4.3.20)/ we now get T(f) = T(f^) and t( f ) = t(fM/ 
T(f') and t(f') being/ respectively/ the type and lower type of 

oo 

f'(z). Let = E n ^ = 1/2,... . Then, by 

n=l "" 

(4.3.23)^/ each fj-^j(z) is of order p(f). Let T(f|-^j) and 



146 


k = 1/2/3/. denote/ respectively; the type and lower 
type of Since f^^j(z) = z f'(z); we get T(f£^-j) = T(f') 

and t(fj-^j) = t(f') and so 


(4.3.36) 


T(f) = T(fro)/ t(f) = tCfr^n). 


From (4.3.36)/ in view of the relation ~ ^ 

k = 2/3/.../ we get 

(4.3.37) T(f) = T(fj-^j)/ t(f) = tCfrvl). ^ = 1/2/... 




Applying (4.3.37) to the functions h^Cz)/ h‘^(z) and h(z)/ 


we get 
(4.3.38) 


T(h) = Kh^) = T(h^) / t(h) = t(hQ) = t(h°) / 


where T(h) and t(h) are/ respectively/ type and lower type of 


the function h(z) = S A„(H) z^. 


n=0 


n 


The lemma now follows from (4.3.34)/ (4.3.35) and (4.3.38). 
We now have 

THEOREM 4.3.4. Let the harmonic function H e h^/ 0 < R < <», given 

by (4.1.2) ^ of order p(H) (0 < P(H) < <») and type T(H) . Then 

P(H) +1 


(P(H)+1) 

"pThT 


T(h) = V, 


P(H)' 


H 


where 




llm sup 

n ■* «» 


(log'**( max { I A^(n/ {m, } ) I ( H ii.(m, . /nv ) ) ^'^^IR^) ) 

JS c ■> jL ^ "** ^ 


i # { ^ 


n 


pThT 
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PROOF * The theorem follows from Lemm.a 4.3*1 on applying (1.9.7) 

OO 

to the function h(z) = S A (H) where A (K) are given by 

_ n n 

n=0 


(4i3 *4) i 

THEOREM 4i3.5. Let the harmonic function H 5 0 < R < <», 

given by (4.1.2), ^ of order p(H) (0 < P(H) < <») and lower type 
t(H) . Assume that the principal indices {n j of the function 

t n— rni ' - ' ^ irtpliTii... ri-ir' 

h(z)= S ( max { I A^(n, {m^,} ) I ( n E^(m^_^ #m^) ) ^'^^} ) , analytic 

n=0 i / { m^ } k=l 

in Dn, satisfy the condition that n 'u n , ^ as £ -* <». Then 

, — i< £ £+i — 


( Pf +1 '1^ 

^ pThI dim inf(n. .) 

{n^} j - OO J” 

,1/2, 


P(H) 


+ i P - 1 /9 ^ • 

log ( max CIA (n./{mj^})!( n Ej^(m^_^,m^) )'^' '^}R -1) 


(. 


i, ivciy.} 


k=l 


n 


j 


p{H)+l ^ 


where maximum is taken over all increasing sequences { n j } of 
positive integers . 


PROOF . The theorem follows frotn Lemma 4.3.1 on applying 

OO 

(1.9.10) to the function h(z) = S given by 

n=0 

(4.3 .4) . 


Since the (ac,j3) -order P{CL,^,H) of a harmonic function 
H e H|^, 0 < R < OO, of slow growth satisfies p(a,j8,H) = 0, if 
cc(x) = 0(x) = log X or a ^ 0 and p((i/0/H) <1 if a = 0(a(x) ^ 
log x) f the coefficient characterizations obtained in Theorems 
4.3.2 to 4.3.5 do not give any specific information about the 
influence of the growth of such harmonic functions on 
their hyper spherical harmonic coefficients. Thus, to study 
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pracisely the influence of the growth of harmonic functions of 
zero order on their hyperspherical harmonic coefficients/ we 
obtain coefficient characterizations of growth parameters 
introduced in Definition 4.1.3. We first need the following 
lemma . 


LEMMA 4.3.2. Let the harmonic function H s 0 < R < oo^ given 

by (4.1.2), ^ of q- loqarithmlc order P(a,H) and lower a- 
logarithmic order \(a/H) . Assume that the function h(z) = 

OO 

S A^(H) z , A^(h) given by (4*3.4), analytic in of a- 

logarithmic order p(q,h) and lower q- logarithmic order A(a,h) . 
Then, if p(q/H) > 1 , we have 


p(a,H) = max (l,p(a,h)) 
and, if \(q,H) >1, we also have 


X(a,H) = max (1, \(q,h)) . 

PROOF . Let h|^(z), analytic in be the function defined by 
(4.3.10). Then, from (4.3.13), with b = 1/2, for a(x) e A and 
all r sufficiently near to R, we have 


(4.3.39) 


a(log M(r,hQ) ) 
a (log (R/(R-r))) 


< max { 


a(3 


log iyi(r+(R-r)/2,H) ) 
a(log (i7(R-i^)) 


/ 


a(3 log (R/(R-r))), 

aClbg WfR-r'n'T*- 

Since a(x) e A , we have a(3 log (R/(R-r))) a(log(R/(R-r) ) ) 
as r -* R. Thus, passing to limits in (4.3.39), we get 
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(4.3.40) pCa.h^) < max (l/P(a,K)), < max (1/ ^(a,H)). 

Now^let h°(z); analytic in D^, be given by (4.3.16). From 
(4.3 .18) ^ for Cl(x) £ A/ we get 

a((lto(l)) loqM(r/H)) . a(loq.M(r/h'^) ) 
ot(log (R/(R-r))) — a (log (i^tR-r))) ’ 

The above relation/ since o:.(x) £ A ; on passing to limits# gives 
that 

(4.3.41) P(a/H) < P(a,h°)# X(a/H) < ACa/h*^) . 

CO 

Now, let f ( z) = S analytic in with cx-logarithmic 

n=0 

order P(<X/f) and lower a- logarithmic order A(cX/f) and let 

OO 

s 

n=l 

and lower cc-logarithmic order A.(a, f . From (4.3.20), on 
adopting the lines of arguments used in deducing (4.3.40) from 
(4 .3 .11 ) , we get 


^n ^ 


n 


,k = 1,2,..., be of Gt-logarithmic order 


p(a,f) < p(a,f') < max (l,P(a,f)), A(a,f) < A(a,f^) < max(l,X(a,f)), 

where p(ac,f^) and A(ct,f') are, respectively, d-logarithmic order 
and lower a-logarithmic order of f^(z), the derivative of f(z) . 
Hence 


P(a,f) < PCd/fj-^j) < max (l,P(a,f)), 

(4.3.42) 

A(a,f) < A(Gt',fr^j) < max (l,X{a,f)) 


since, in view of fj-^jCz) 
and x(a-,f') =X(a,f|-^j). 

- = 



= z f^Cz), we have P(cc,£') = 
From (4.3.42), since f(-^j(z) = ' 


we get 
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PicL,f) < PCa.fr^-j) 

(4.3.43) ^ 

A(cc^f) ^ 

For the function h(z) 

(4.3.43) we now have 


< max (1 , p(<i/f) ) / 


^ max ( 1 » A.{ ot^f)), Ic — 1,2,3/*.. . 

CO 

= S in D^^/from 

n=0 


(4.3.44) p(a,h_) < p(a,h) < p(cx,h‘^) < max (1 , P(oC/h^) ) , 
and 

(4.3.44) j^ X(oc,h^) < \(a,h) < \(a,h°) < max (l,X(a,h^)). 

The lemma now follows easily from (4.3.40), (4*3.41), 

(4.3.44) _^ and (4.3.44)^^. 

We now have 


THEOREM 4.3.6. Let the harmonic function H S 0 < R < given I 

by (4.1.2) , ^ of g- logarithmlc order p(g,H) . ^ p(a,H) > 1, 

then 


p(a,H) = max (l,eQ.(H)) 


where 


e^{H) 


1 im sup 

n -» CO 


P - 


a(log( max { I A^( n, £m^} ) 1 ( n ) 

i,{m^} k=l 

a(log n) 


PROOF . In viex^r of Lemma 4.3.2, the theorem now follows on 

00 

applying (3.2.2) to the function h(z) = S A^(H)z^, Aj^(H) given 

n=0 

by (4 .3 .4 ) . 

THEOREM 4.3.7. Let the harmonic function H e Hj^, 0 < R < 00, 
given by (4.1.2) , ^ of lower a~ logarithmic order X(ci/H) with 
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XCtt/H) _> 1. Assiome that (3.2.9) and (3;2,10) are 

satisfied and that the principal indices ( ^ ^ ) ££ the 

“ i P - 1/9 n 

function h(z) = S ( max { I A (n, {m^} ) I ( H E, (m, . /m, ) ) ■^'' } ) z / 

n=0 i,{m^} k=l 

analytic in D^/ satisfy ci(log n^) 'v a(log ^ £ -* o°» Then 


A(a,H) = max (1,9^(H)) 


where 


(4.3.45) 8(j(H) = 


a(log( max f I A'^(n . /{m^} ) I ( H E^(im ,m^) ) R ^* ) 
i/{m^} k=l 

a(iog' nj^^) ' 


max {lim inf 
{ n j } j - ‘ 

and the maximum . in (4.3.45) taken over all increasing sequences 
{Uj} of positive integers . 

PROOF . The theorem follows from Lemma 4.3.2 on applying Theorem 

OO 

3.2.4 to the function h(z) = S ' where are given 

n=0 

by (4.3.4) . 

4.4. A harmonic function H, given by (4.1.2)/ is said to be 
regular on the closed hyperball » 0 < R < = 0 / if it is regular 

X\ 

in some open hyperball B ^ / r' > R. Let Hp / 0 < R < <», denote 


R 


the class of all harmonic functions H/ regular on B_ . Let w. 

_ p 

and W 2 be two positive functions defined on B^^ / 0 < R^ < ° 0 / such 

o 


that 1/w^ / 1 = 1/2/ are bounded on B, 
and W 2 is integrable on B^^ . For H s / set 


■„ . Further/ w. is continuous 
^o 


( 4 . 4 . 1 ) MHli = max _ [ w. (x. /X» , . . . /X„ , p) 

o Cx 3^/X2/ •••/Xp_^ 2 > ® 


X |H(xj_/X2/ ***'^+2^ 
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and 


(4.4.2) = (j'j'f W2^riiQy.}i<i')\Hiri{Q^}i^)\^6V)^^^,l<S< 


B 


R, 


where dV = r^*^^(sin e-i (sin 6 ) dr d0. i..d 9 dij) is the 

i- p -L p 


volime element in R' 


p+2 


Then H . I 1 _ and M • I 1 n ;; 


are called 


respectively ; uniform norm and L'^ -'norm on » In particular, 


when = 1 on , we shall denote I 1 ♦ ! I by 1 I ♦ I 1 ^ . 


For HSH , Q < R < CO f we set 
^o ° 

(4.4.3) ^(H,R.) = inf ) IH-h 

n,oo o h S TT '' 

and ^ 

(4.4.4) ;fCH,R^) = inf lIH-hll- , 1 < 6 < co, 

° h e 71 
n 

v/here xr^ consists of all harmonic polynomials of degree atmost 

n. Then A^ (H,R^) and A (H,R_) (1 < 6 < co) are called errors 
n,co o n,i 5 o — 

in approximating the harmonic function H e by harmonic 

polynomials of d'3gree atmost n, respectively, in uniform norm 
and L^-norm. 




In this section we have studied the influence of the growth 
of a harmonic function H e 0 < R < =», as measured by the 

growth parameters introduced in Section 4.1, on the rates of 
decay of the aoproximation errors A (H,R^) and A ^(H,R^), 

0 < Rq < R, given by (4.4.3) and (4.4.4), respectively. 

We need the following lemmas. 
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LEMMA 4.4.1. Let the harmonic function H e and let 

0 < Rq < R. Then , for every q/ q = there exist 

A 

harmonic oolynomlals h £ K such that 

g Q 1 ,r " 

(4.4.5) llH-hgi 1* ^ < K* M(r,ri) (4(q+l)+2p)P‘^P'^^^/^(q+p+l)P X 

X (q+p/2+l)P^^ (R^r)^"^^ 
for all r sufficiently near to R. Here K*" a constant 
Independent of q and r. 


PROOF . Let the harmonic function H e be given by (4.1.2) and 
let hg denote the qth partial sum. of the series (4.1.2) of H, l.e., 
hg Is given by (4.1.2) with A^(n,{mj^}) = 0 for n > q+1 i Clearly 
h £ H . From. (4.1.2) and (4.3.5)/ we now get 

OO - . 

>'^“^^'•5 < 2 K„ S (4n+2p)P^P'^^^^^(n+p)P A^(H) R^, 

“ n=q+l ■ ° 

where A.j^(H) Is given by (4.3.4). The above relation. In view of 

Lemma 4.2.1, gives that 


(4.4.6) I 1* < 2K. K M{r,H) S (4n+2p)^^P'^^^'^^(n-l-p)P 

^o'°^ “ * n=^4-l 


X (n+p/2)^'^^ (R^/r)^ 

= 2K*KM(r,H) (4(q+l)+2p)P^P'^^^'^^(q+l+p)^(q+l+p/2)^'^^ 


K (R ^ (1 + - , - )P(p^l)/2/. . n vp X 

n=0^ 4(q+l)+2p^ ^ q+l+P^ 


■Xi + 5515571’^'''' vat 

Now, for q > 0 and r > r'^ , where r* = (R|^+R)/2 If R < <» and 
r* = 21^, If R = <», the last series In (4.4.6) Is dominated by 


the series 
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(1 + (RVr*)”. 


Since the above series is convergent, the lemma follows from 

(4.4.6) . 

Lg^iMii 4.4.2. Let the harmonic function H 6 H , 0 < R < «5^ be 

Rq o 

givsn by (4.1.2). Then , for n > 1, we have 

(4.4.7) - K^(n+p/2)^'^^ '^n-l 


(4.4.8) A (H)R^ < K (4n+2p)^^P^^^'^^(n+p/2)P(n+p+2) - r(H,R ), 

^ n**x / 6 o 


1 < 6 < oo, 

where ( H ) given by (4.3.4) and and K ^ are constants 

independent of n. 

PROOF • From (4.2.2), for any h s 7T . , n > 1 , and r < R , we have 

n —1 — o 

(4.4.9) 27Tr^^''’^'^^ A^(n,{m^}) n 


= ff (R(r, (6 ,<!>)) (r^Y(n7Tn^J7Te^J7^)) 


where Ej,'s are defined by (4.1.6). Thus, using (4.4.9), with 
t = Rq# (4.1.5) and Schwartz's inequality, we obtain 


2nR^|A^n,{m^})l n E3^(m^^,,m^) 

K^l 


< IlH-hll* _// lY(n,{m3^},fe3^}, ±(f.) 


R fOO 
o' S 


< I iH-hl lY(n,{m3^},{03^} ,±((») |2ds^)^/^(// dS^)^/2 


I IH-hl ^oo ^ * 

o k~l 
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where is the surface area of the unit hypersphere . The above 

relation easily gives that (see the proof of Lemma 4.2 ♦!) 


s 

(4.4.10) A (H)R^ < (n+p/2)^'^^ IIH-hll* . . 

By the definition of the error A„ (H,R ) , for every positive 

integer n, there exists a harmonic oolynomial h . e t . such 

^ n-l/oo n-1 


that 


(4.4.11) 2 JH,E^) > I I l_, . 

o 


Prom the definition (4.4.1) of the norm I I .||_ , we now have 

Ro/“ 


(4.4.12) 


I H-h^ T 1 I „ ^ 'P- 

n-1 ,<x> R^/Oo — 


IH-h 


h-l/<» 


where < <= is such that 1/wj^ £ on . Talcing, in particular, 

o 

h = ^ in (4.4.10) and using (4.4.11) and (4.4.12) we obtain 

2 S vT 

A (H)R^ < (n+p/2)P^^ A , (H,R^) . 

"" °"f 2 ^(jT)P /2 n-1 ,00 o 

This gives (4.4.7) with K = ( 2S*J. )/( Y21 t (tt)^'^^). 

Now, from (4.4.9) and Lemma 4.2.4, for r < R_ and any h £ n ^ , 

_ o -r ^ 


n > 1 , we have 


2Trr’^+P+llA^(n,{m^n I n 1 K*(4n+2p)P^P'^^^'^^ 

k=l 


(^n^E^(mj^_l/in^))^/^ //lH(r,{9^},<J)-h(r,{0^},<i>)l dS^ 
where are given by (4.2.1). The above inequality gives that 

r”^P'^^IA^(n,£m^.»l ( n 'T\) ) x 


k=l 


2K 71^ 


p 

K ( n (m. 
k=i 


p+l-k 


k-1 


|-^)) // lH(r,{e,^},<^)-h(r,{e^} ,4.) I dS, 


4* 
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or 




2n^ S ^ 


- h(r, { t (p) 1 dS^. 

Multiplying both sides of the above inequality by dr and integra- 
ting from 0 to Rq/ for any h s n > 1 , we get 

r! 


j^n+p+2 R 


n+p+l 


dr 


< K 


♦ — ^(n+p/2)P fJ'flH(r^{dj^} , 


- h(r,{ 83 ^} 

By the definition (4.4.4) of the error A .(h,R^) ,1 < 5 < oo^ 
for every positive integer n there exists a harmonic polynomial 

^n-1,6 ® 


(4.4.14) 


2 A (H,R^) > I IH-h^ 1 J Id ^ * 
n- 1,6 o — n*^lr 6 


From the definition (4.4.2) of the norm II.H„ , 1 < 6 < », 

Rq' — 

we now get 


(4.4.15) i iH-h^ n' .1 Id > 
n- 1, 6 Rq , 5 - 


u _ 


2 B 


R, 


where J 2 < °° is such that I/W 2 < J 2 on B, 


R 


o 
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For £=1/ (4-4.8) now follows from (4.4.13)/ (4.4.14) 
and (4.4.15) with = J 2 K^/(hP'*‘^ * Now;if 1 < we 

choose 77 > 0 such that 1/6+1/77 =1. Then/ by Holder's inequality 
we have 


(4.4.16) JJ'S lH(r/{9^}/9)-h(r/{a^}/<>) (dV 

^O 

1 ij'J'j lH(r/{ej^} /<^) - h(r/{ 6^} /4') 1^ dV) ^/^ ( j jj dV) 

O O 

Prom (4.4.13)/ (4.4.14)/ (4.4.15) and (4.4.16)/ for 1 < 5 < c», 
we obtain 

2 jl/ <5^ 

^ (V(R^))^/^(4n+2p)P^P^^^/^(n+p/2)P(n+p+2) ^ 

2 TT R~ 

O 

where V(R^) is the volume of . This proves (4.4.8) for the 
case 1 < 6 < 00 also, with = J^/'^K^(V(R^) ) ^/'V( 

proof of the lemma is thus complete. 


We now prove 

THEOREM 4.4.1. Let the harmonic function HeHj^/ 0 <R^<oo, 

o 

Then / H e Hj^/ R^ < R, i^ and only if / 

(4.4.17) lim sup (a„ ,(H,R_))^/^ = RVR/ 1 < 6 < ~/ 

where the errors Aj^ ^ ^ ^t-e given by (4.4.3) 

and (4.4 .4) . 

PROOF. First/ let H e H„/ R > R_. We now choose the polynomials 

'■■“I.'"-" K O 

e 7T^/ n = 0/1,2/..., of Lemma 4.4.1 satisfying (4.4.5). Then, 
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using the definitions (4.4.3) and {4.4<4) of the approximation 

errors A . (H/R ) / 1 < 5 < <»/ we have 

n f 5 o — — 

(4.4.13) A .(H,R ) < 1 iH-h^l ! il<(5<«in = 0,l,2,... . 

ij. / Q KJ ii ^ ^ **** *** 

From the definitions (4,4.1) and (4.4,2) of the norms / 


(4.4.19) !<{<-, 


where K* - 

OO 


max w., ( Xh »x- , ♦ . . »x , „) and . 

(-l'-2 V2>"®R 


K* = 


(Jjj W 2 ( r/ { e^j^} / ^) dV) 1 < 6 < oo^ are finite 


since Wj^ IS 


B 


K 


continuous and W 2 is integrable on B . By Lemma 4.4.1^ we also 


have 


( 4 . 4 . 20 ) IlH-l^llJ ^ < K*M(r,H) ( 4 (n+l)+ 2 p)P^P‘*‘^^'^^(n+p+l)P 

X ( n+p/2 +1 ) ( Ry r ) 

for all r sufficiently near to R. Combining ( 4 . 4 . 18 )# ( 4 . 4 . 19 ) 
and (4.4.20)# for 1 £ 6 <00^ we obtain 

( 4 . 4 . 21 ) < KjK*M(r#H) ( 4 (n+l)+ 2 p)P^P'^^^^^(n+p+l)P 

X (n+p/2-M)P/^ (R^r)’^'*'^ 

for all r sufficiently near to R. The inequality ( 4 . 4 . 21 )# for 
^ es-sily gives that 

lim sup (A (H,R_))^/’^ 

^ ^ 


£ V 
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for all r sufficiently near to R and so 

(4.4.22) lim sup (A 

On the other hand# using Lemma 4.4.2/ we get 

(4.4.23) R (lim sup (A (h))^^’^) < lim sup (A (H/R^) ) 

^n-^ “n-co ° 

where A^(h) is given by (4.3.4), In view of Theorem 4.3.1/ 
H s Hj^/ the above reJ ation gives that 

(4.4.24) R^R < lim sup (A^ ^ (H/R^) ) 1 < 6 < «>. 

Combining (4.4.22) and (4.4.24), we obtain 

lim sup {h ,(H,R_))^/'^ = 

n 1 0 ^ ^ 

n oo 

This proves the necessity part of the theorem. 

Conversely, let (4.4.17) hold for H e . Then, by 


R 

o 

(4.4.23), we have 

« 

(4.4.25) lim sup (A^(H))^^’^ < 1/R. 

n -* 03 

Now, if possible, let 

(4.4.26) lim sup (A^(H))^^’^ = 1 /r' < l/R, R" > R. 

n -* oo 

Then, by Theorem 4,3.1, H is regular in B ^ . Thus, (4.4,22) 
R replaced by R' , gives 

lim sup (a ,(H,R^))^^’^ < R^R' < R^R, 

n •* oo * ^ 


< 5 < «> , 

since 


, with 


for 1 < 6 < o®. 


which contradicts the supposition that (4,4.17) 
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holds for H e . Hence (4*4.26) does not hold« The relation 
^o 

(4.4.25)/ now gives 

lim sup (A^(H))^'^^ t= 1/R/ 

n -* oo 

and so by Theorem 4.3.1/ H e This proves the sufficiency 

part of the theorem. 

The theorem is thus proved. 

We now obtain characterizations of (ct, 8) -order and lower 
(cCf p) -order of a harmonic function H e 0 < R < <»/ in terms 

of its degree of approximation. We need the following lemma. 

LEMI4A 4.4.3. Let the harmonic function H B 0 < R < =°/ be 

of (g/ 8) - order p(g/,8/H) and lower ( a. 0) - order A(a/8,H) . Assume 
that 0 Rq < R and 1 < 6 < w. Then the function h^Cz) = 

OO 

S A (H,R ) (z/R )^/ where the approximation errors , 

n=0 ^ ' 

1 < S < <x>, are given by (4.4.3) and (4.4.4)/ is analytic in Dj^. 

For / a(x) = 8(x) = log x or a / 0, (a/0) - order P(a.,p,h^) and 

lower (a/0) - order X(a,0,h^) of h 5 (z) satisfy 

(4.4.27) ^ P(a/0/H) = P(P(a,B,h.)) r 

(4.4.27) j^ A(a,0,H) = P(X(a/0/h^) ) . 

For the case a = 0(a(x) log x) / (4.4.27)^^ continues to hold 
provided P(a/a/H) > 1/ while (4.4.27)^^ continues to hold provided 
X(a/a,H) > 1 . 

PROOF . We define a function h°(z)/ l < 6 < «>/ as 
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(4=4.28) 


h^(z) = 


S 

n=0 




/ V» . - ^ , --f.- _ 

(4(n+l)+2p)^^^'^^^'^^ (n+p+1)^ (n+p/2+l)P'^^ 


l.z/R^) 


n-i^i 


By Theorem 4.4.1/ h'^( z) is analytic in Dj^i Using (4.4.21), for 
a given b, C < b < 1, and all r sufficiently near to R, we get 

(4.4.29) M(r,h°) < K^^K*M( r+b(R-r) ,H) (R-^r)" ^ 

< K?K* r-r§ — t M(r+b(R-r) ,H) . 

— 0 b(,R-r] 

NOW, with (4.4.29) in place of (4.3.11) and proceeding as in the 
deduction of (4.3.14) from (4.3.11), we get 


(4.4.30) 


a(log M(r,h 5 ) ) ra(3 log M(r+b(R-r) ,H) ) 

-i3TR7 T R =m — - ' 


a(3 log (R/(R-r) ) ) , 

gfR/(R-r) 5 ’ 


for all r sufficiently near to R. If oc(x) and 0(x) satisfy 
(2.1.3) and a / g, then a(x)/^(x) - 0 as x - and so, on using 
Lemma 2.2.1, (4.4.30) gives 


(4.4.31) P(a,0,h?) < P(P(a,3,H)), X(a,0,h°) <P(X(a,0,H)) 


where p(a, 3 ,h 5 ) and \(a;,3,h‘^) are, respectively/ (a,3)-order and 
lower ( oo, 3) -order of the function h^(z). Prom (4.4.30), it 
follows that (4.4.31) holds for the cases a = 3 also. 

We now define a function h*(z) , 1 < 5 < «>, as 


(4.4.32) h|(z) = S (4n+2p)^^^'^^^ (n+p)^(n+p/2)^(n+p+2) X 

n=l 
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By Theorem 4.4.1, h|(z) is analytic in From (4.3.17) and 

Lemma 4 .4 *2 we nov/ get 

(4.4.33) M(r,H) < 2K*(A^+K^ S ( 4n+2p) ^ ^ (n+p) P(n+p/2 ) ^ >< 

’ n=l 

X (n+p+2) A^^j^^(f5,ft^)(r/R^)’^) 

= 2K.^(A^ + M(r,hp) 

and so 

(4.4.34) P(a^0,H) < P(a,^,hp, X(a,3,H) £X(a,3,hp, 

where P(cL, ^ ,h*) and X(cc,3,h*) are* respectively, (ci,0)-order and 
0 0 

lower ( a, /3) -order of h*(z). 

0 

oo 

Now, consider the function h^(z) = T, ^ (H,R^) ( z/R^) 

1 < 6 < CO, By Theorem 4.4.1, h^Cz) is analytic in D^. In view 
of ( 4 . 3 . 23 ) 2 ^ and (4.3.23)j^ v/e get 

(4.4.35) p(a,0,hp < p(a,|3,h^) < P(a,3,hp < P(P(a,3,hp), 
while on using (4.3.31) we get 

(4.4.36) Xia,^,h°) < \(a,3,h^) < X(a,3,hp < P(A(a,3,hp). 

The lemma now follows from (4.4.31), (4.4.34), (4.4.35) 
and (4.4.36) . 

We now have 

THEOREM 4.4.2. Let the harmonic function H £ O < R < «>, ^ 

of (q, 0) - order p(q,0,H) . Assume that 0 < R^ < R and 1 < 6 < <». 
Then , if q(x) = 0(x) = log x or q ^ 0, ^ have 
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(4.4.37) P(a,3,H) + X(a,0) = p(0„ ) 

HiC 

where X(a>3) = i a(x) = 0(x) = log x# XCa^|3) = 0 otherwise and 


©H 6 =1^1^ S'^P 4^-"^ ;r i 1 £ 6 < o°/ 

n -♦ oo 3(n/log A .(K,R )(R/R_) ) 

n / c ^ 

where the approximation errors A_ .(K,R„)# 1 < 6 < «>/ are given 

' ' ■ n -r ir.rT-T», 11/(5 O "" 

by (4.4.3) and (4.4.4) . The equation (4.4.37) continues to hold 
for a H 3(a(x)/i: log x) piovided P(a,a,H) > 1. 


PROOF . The theorem follows from Lemma 4.4.3 /On applying (1.9.4) 

OO 

and Theorem 2.3-1 to the function h-Cz) = E A, (H,R^) ( z/R^) 

« n=0 ° ° 

1 < 6 < oo. 


THEOREM 4.4.3. Let the harmonic function H £ < R < ■»/ ^ 

of lovjer jet, g) - order \(a,|3,H) . Assume that 0 < R^ < R and 
1 £ 5 < oo. Then , if a / 0, have 


(4.4.38) x(a,0,H) + X(a,0) = max [ P(e ( {n^} ) ) ] 


(np 


where x(a,0) = 1 if a(x) = 0(x) = log x, X(a,3) = 0 otherwise, 
({n, }) = lim inf 


6 




H,6 


n. 


^ ~ 3(n3/log^ .(H,R^)(R/R^) ^) 


the approximation errors Aj^ 1 < <5 < o®, are given by 

(4.4.3) and (4.4.4) and the maximum in (4.4.38) is, taken over all 
increasing sequences of positive integers . For the case 

a H 0(a(x) log x) (4.4.38) holds provided \(a,a,H) >1. For 
a(x) = 0(x) = log X, (4.4.38) holds provided the principal indices 
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"the fionction h z) = s ^ (H,R^) ( z/R^)^# analytic in 

satisfy the condition that log n^_]_ 'u log -* oo. 

PROOF . The theorem follows from Lemma 4.4.3 on applying (1.9.6) 

OO 

and Theorem 2.4.5 to the function h^(z) = h ^ (H/R^) ( z/R^) 

1 < 6 < oo. 

Since the choice g(x) = x and 0(x) = 0 < d < <»» is not 

permissible in Definition 4.1.1, the results obtained in Theorems 
4.4.2 and 4.4.3 for a harmonic function H s 0 R < oo, are 

not apolicable to the growth parameters given by (4.1.7). We 
thus separately obtain the interrelations between the type and 
lower type, given by (4. 1.7), of a harmonic function and its degree 
of approximation. We need the following lemma. 

LEMMA 4.4.4. Let the harmonic function H 8 0 < R < oo, ^ of 

order p(K) (0 < P(H) < oo) , type T(H) and lower type t(H) . Assume 
that 0 < R^ < R and 1 < 5 _< oo. Then the function h| 5 (z) = 

OO 

2 A„ . (H,R^) ( z/R^) A„ .(H,R_) being given by (4.4.3) and 

n =0 ^ ^ H/c o ^ ~ 

(4.4.4) , analytic in and is of order p(H) , type T(H) and 
lower type t(H) . 

PROOF. For 1 < 6 < oo, let the functions h°( z) and h*(z) be 

™ """" "" 0 5 

given by (4.4.28) and (4.4.32). By Theorem 4.4.1, the functions 
h^(z), h^(z) Sind hg(z) are analytic in Dj^. It follows from 
(4.4.31), (4.4.34) and (4.4.35) that each of the functions h,j(z), 
h°(z) and l^^Cz) is of order p(H) . From (4.4.29), for any b, 

0 < b < 1, and all r sufficiently near to R, we get 
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log M(r^h?) ^ log (K|KVb)+log log M(r+b(R~r) /H) 

(R/(R-r))^^^^ ” (R/(R-r))^*^^^ (R/(R-r) ’ 

The above relation easily gives that 

T(h°) < T(H)/(l-b)^*‘^^ , t(h°) < t(H)/(l-b)^^^\ 

where T(h°) and tChg) are, respectively, type and lower type of 
h°(z). Thus, since b > 0 is arbitrary, we obtain 

(4-4.39) T(h°) < T(H) , t(hg) < t(H) . 

Now, by (4.4.33), we get 

(4.4.40) T(H) < T(h*), t(H) < t(hp , 

where T(h*) and t(h*) are, respectively, type and lower type of 

0 

h* ( z) . 

oo 

We now consider the function h2(2) = S ^(H,R^) (z/R^)” 

Using (4.3.37), we get 

(4.4.41) T(h°) = T(h5)= T(hp, t(h°) = t(h^) = t(h*) . 

The lemma now follows from (4 .4 .39) , (4.4.40) and (4.4.41). 
We now have 


THEOREM 4.4.4. Let the harmonic function H £ 0 < R < », of 

order P(H) , O < P(H) < oo, and type T(H) . Assume that 0 < R^ < R 
and 1 < 5 < Then 


(P(H)-fl) 


T(H) =lim 
n - 


(log"*" 


sup 

► oo 




n 


pThT 
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where the approximation errors A_ t (H,R_) i 1 < 6 < «>/ are given 

' " '■ (J 

by (4.4.3) and (4.4.4). 

PROOF . The theorem follows from Lemma 4.4 .4 on applying- (1.9.7) 


to the function h^-Cz) = S A , (H jR_) C z/R_) 1 < 6 < <». 

n=0 n/? o o - - 

THEOREM 4.4.5. Let the harmonic function H 6 0 <• R < o°/ ^ 

of order p(fi) . 0 < P(H) < <x>f and lower type t(H) « Assume that 
0 < Rq < R/ 1 £ ^ and that the principal indices £f 

oo ^ 

the function h,(z) = 2 A_ ,(K/R_) (z/R^) t the approximation 

c o o 


errors A . (H/R_) being given by (4.4.3) and (4.4.4), patisfy 
n#o ^ — i- ' ■ 

^m ^m-1 ^ m -* oo. Then 


(P(H)+1) 


P(H)+1 


P(H) 


pThT 


max 

(n^i 


t(H) 


dim 

k - 


n 


inf n 


A 5 (H,R^) (R/R^) 

' K 


k 


k-1 


n 


p(h) +1 j 


k 


where the maximum is taken over all increasing seguences of 

positive integers . 

PROOF . The theorem follows from Lemma 4.4.4 on applying (1.9.10) 

OO 

to the function h,(z) = S A„ .(H,R ) ( z/R ) ^, 1 < 6 < », 

0 ^n/O o o — — 

n=0 

Since the (cx, j3)-order P (cc,3,h) of a harmonic function 
H e Hp, O < R < oo^ of slow growth satisfies p(ot,0,H) = 0 if 
a(x) = j3(x) = log x or C6 3 and p(a,a,H) <1 if a = i3(a,(x) /^logj^, 
the results obtained in Theorems 4.4.2 to 4.4.5 do not give any 
specific information about the rate of decay of the approximation 
errors of such harmonic functions. Thus, to study the influence 
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of the growth of harrp.onic functions of zero order on their degree 
of approximation # we obtain characterizations of the growth 
parameters* given by Definition 4.1 *3/ of a harmonic function 
H £ 0 < R < in terms of the approximation errors ^ (H,R^ 

0 < Rq < R* 1 < 6 < oo^ given by (4.4.3) and (4.4»4). We first 
need the following lerrfna. 

LSIMA 4.4.5. Let the harmonic function H e h ^, 0 < R < <»* ^ of 
^.- logarithmic order P(ci,H) and lower (X- logarithmic order A.(cc^H) . 
Let 0<Rq<R* 1< 5 < oo and let the approximation errors 

. (H/Rq) ^ defined by (4.4i3) and (4*4.4). Assume that the 

CO 

function h„(z) = S A (H, R^) ( z/R„) analytic in D„, is of 

5 n*6 o o R 

a.- logarithmic order P(oc,hg) and lower a- logarithmic order Mcc.*hg) . 

Then * if P(a,H) > l^ have 

p(a,H) = max (l,P(a,h^)) 
and* if ?v(ci*H) > 1* we also have 


\(cx*H) — max ( 1 » A-(ot*h^) ) . 

PROOF . Let the function h°(z),l £ 6 < », analytic in Dj^* be 
given by (4.4.28). Now* with (4.4.29) in place of (4.3.11) we 
proceed* as in the deduction of (4.3.39) from (4.3.11)* to get 

M 1 I"! log M(r+(R-r)/2,H)) 

a(log (V(R-r))> - ' adog (R/(R-rVH ' 

a(3 log (K/(R-r)) ) , 

"m'og Cmk-r')))' ’ 


for all r sufficiently near to R and a(x) s A 


Since a( x) e A ^ 
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we have a(3 log iR/{R-r))) a(log (R/(R-r))) as r *♦ R. Thus/ 
on passing to limits in (4.4.42) we get 

(4.4.43) p(a,h^) < max (l/P(a,H))/ Ma,h°) < max (!/>(«#«))# 

Noil?, for the function h^(z)/ analytic in and given by 
(4.4.32)/ using (4.4.33)/ we have 

(4.4.44) p{a,h.) < P(a,h|)/ \(a^H) < A(a,hp . 

oo 

We now consider the function h.(z) = S A . (H/ R^) ( z/R_) , 

n=0 ° ° 

1 £ <5 < oo, where ^ (H/R^) are given by (4.4.3) and (4.4.4). 
Applying (4.3.43) to h^(z)/ h*(z) and we obtain 

P(a.h?) < P(a,h.) < P(a,h*) < max (l/P(a,hQ)), 

0 — 0 — 0 0 

(4.4.45) 

\(a/hj) <W(a,h^) < \(a,hp < max (l/\(a,h°)). 

The lemma now follows easily from (4.4.43)/ (4.4.44) and 

(4.4.45) . 

We now have 

THEOREM 4.4.6. Let the harmonic function H e 0 < R < «>/ ^ 

of (X- loqarithmic order p(a^H) with P(a,H) > 1. Assiime that 
0 < Rq < R and 1 < 6 < w. Then 

a(log A '^(H/Rq) (R/R^)^) 

P(a,H) = max {1/ lim sup ariog ' nl 

where the app r oxima t ion errors A^ ^(H/R^) , 1 £ 6 £ <»/ are given 
by (4.4.3) and (4.4.4). 
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PROOF * In view of Lemma 4.4.5# the theorem follows on applying 

OO 

(3.2.2) to the function h.(z) = S A (H; R_ ) ( z/R^) 1 < <5 < oo, 

n=0 nz 5 o o _ _ 

THEOREM 4.4.7 i Let the harmonic function H S 0 < R < oo# he 

of lower cx- logarithmic order X(oCzH) with \(a#H) > 1 and let 
(3 .2.9) and (3.2.10) ^ satisfied • Assume that 0 < R^ < R # 

1 < 6 < °°# and iS. ^If ^ non- 

decreasing function of n# V7here the app r ox ima t i on errors 
Aj^^^(HzRo)# 1 < 6 £"/ are given by (4.4.3) and (4.4.4) . Then 


a(log (H,R )(R/R )'^) 

A(a#H) = max { 1 , lim inf ^4^ y- 

n - CO a(log n) 


} 


PROOF . The theorem follows from Lemma 4.4.5 on applying Theorem 


3.2.3 to the function hr(z) = S A (H# R_) ( z/R_) 1 < 5 < <». 

^ n =0 n #6 o o - - 

THEOREM 4.4.8. Let the harmonic function H e 0 < R < <», be 

of lower cc- logarlthmic order \(a#H) with ?\(a,H) > 1 and let 

(3.2.9) and (3.2.10) ^ satisfied . Let 0<R^<R, l£i5£°° and 

let the approximation errors Aj^ ■' ^ ^ ^ given 

by (4 .4 .3 ) and (4. 4. 4) . Assume that the principal indices {n } 

OO 

of the function h^(z) = S A . (H/R_) ( z/R„) analytic in 

o nz (5 o o K 


satisfy a(log n^^) 'v a(log n^__^) ^ m -* oo. Then 


where 


(4.4.46) 


\(a#H) = max (l/ 6 g ;^5 (H)) 

a(log A 


n. 


e_ .(H) = max {lim inf 

0^/ 0 f ■> 3 

{n^} k -► OO 


aUog 


} 


and the maximum in (4.4.46) taken over all increasing seguences 
{Uk} of positive integers . 
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PROOF . In view of Lemma 4.4.5# the theorem follows on applying 

CO 

Theorem 3.2.4 to the function h.(z) = S (H,R )(z/R ) > 

^ n=0 ° ° 

1 < 6 oo, 

4.5. It follows from the definitions (4»4»3) and (4.4 »4) of the 
approximation errors A .(H/R.) # 1 < 5 < =“# that# for a harmonic 
function Hen , 0 < R < ° 0 / and for any 5 # 1 < 5 < “# A_ .(H#R 

O CO 

is a nonincreasing function of n. Let {n (6)} _q# 1 £ 5 

g go 

n^C^) = 0, be the seguence of those values of n for which 

Vx,«‘H-V i-®-' 

(4.5.1) A^,j(H,R^) =A„ , for n (8) < n < n (6), 

g-1 

g * 1/2/3/.*. • 

We now obtain a theorem X'/hich shows the influence of this 
seguence on the growth of a harmonic function H s R^ < R < oo. 

THEOREM 4.5 .li Let the harmonic function H e 0 < R < °°/ be 

of (<X/ 3) - order P(oc^ 3/H) and lower (cX/3)-order X((X/.3/H) # where 
g( x) and 3 ( x) satisfy (2.1.3) . Assuime that 0<R^<R/ 1£ S^^/ 
and that / for the case a = 3# \(a,a/H) > 1. Then the sequence 
{ng(6)}~_Q/ given by (4.5.1)/ satisfies 

A(oC/ 3/H) < P(a/3/H) lim inf 

q -♦ oo 
OO 

PROOF. Let h,(z) = S A_ (H/R^) ( z/R^) Then, by Theorem 
^ n=0 ° 

4.4.1, h^(z) is analytic in and, since for the case a = 3, 




171 


A(cc,a,H) > li it follows/ by Lemma 4.4.3/ that (cii0)-order and 
lower (ai3)-order of hg(z) are; respectively, P(a^0>H) and 
K{Ci,^,H)i Wa now define a function h^(z) as 


(4.b.2) ^6^^^ "" 43;(5 

Then 

oo 

h,(z) = S .(K/R) - A fH/R ) ) (z/R 


n=l 

OO 

= E (A 


n-1/6 


n/ 5 


n (6) 


q=i q-*l q 


= S a z 


nq( 5 ) 


q=l 


where 5 = (A„ ( 5 ) ,6<«' V 


n (S) 

^ . By ( 4 . 5 . 2 : 

^q-1" ''' “q' ■■ ■ 

it is easily seen that h^(z) is analytic in and that ((X,3)~ord« 
and lower ((X/3)~order of hg(z) are the same as those of h^Cz). 
Hence h^ ( z) is of (oc, 0) -order P(a.,3,H) and lower (ci,3)-order 
A(a,0,H). Now applying Theorem 2.5.1 to the function h^Cz)/ we 


get 


a(n . ( 6) ) 

X(a,(3,H) < P(a,0,H) lim inf — 7 ^ 7 1 TT- • 


This proves the theorem. 


COROLLARY . Let the harmonic function H 8 0 < R < co^ ^ of 

recfular ((X,g) - growth / where a(x) and 0(x) satisfy (2.1.3)/ with 
(a,g) - order P(a/3,H) satisfying P(0) < P(ot./|3,H) < oo. Assume that 
0 < Rq < R and 1 < 6 < “*« Then / the sequence {:ng(6)}/ given by 
(4.5.1)/ satisfies 

a ( n C <5 ) ) a( n^ , ^ ( 5 ) ) as q .* oo , 

q q+i — 
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— seen from the above corollary that for a 
harmonic function H s 0 < r < of regular ( a, /3 )- growth 
the gaps in the sequence {n^( 6 )}^ defined by (445^!)' 
the same order for any 5, 1 < 5 < «,, 

(11) If for a harmonic function H e O < 
sequence {ng( 6 )}, 1 < 6 < 00, given by ( 4 , 5 . 1 ), has wid® gaps# 
i.e., lim infg^^(a(ng(d))/a(ng_^^( 6 )) < 1 then/ by Theorem 4 . 5 . 1 , 
H is of irregular (a, 3) -growth. 



CHAPTER 5 


GENERALIZED ORDERS AND APPROXIMATION OF GaSP AND GBSP REGULAR 

IN A FINITE DISC. 


5.1. Generalized axisymnetric potentials (GASP^s) are the 
solutions of the elliptic partial differential equation 


(5 .1 .1) 


^ + u>0. 


A polynomial of degree n in x and y is said to be a GaSP 
polynomial of degree n if it satisfies (5.1.1). A GASP 
G = G^/ regular about the origin has the following ultra- 
spherical harmonic expansion ( [34 , p. 174])/ 


(5.1.2) G(x,y) = G(r/0) = S C^(gos 0 ) / 

n=0 


where x = r cos e / y = r sin 6 and C^ are Gegenbauer polynomials 

Let Dj^/ as in the previous chapter®/ denote the open disc 
of radius R centered at the origin and let D^ denote the closure 
of Djpj^. A GASP G is said to be regular in the disc Dj^ if the 
series on the right hand side of (5.1.2) converges uniformly on 
compact subsets of Dp^. In particular/ a GASP G regular in D^ 
is called an entire GASP. 


To study the growth of a GASP G, regular in a finite disc 
Dj^/ 0 < R < oo/ we introduce the following growth parameters. 

DEFINITION 5.1.1. A GASP G/ regular in a finite disc Dj^/ 

0 < R < «>/ is said to be of ((X/ 3) -order P(oc./0/G) and lower 
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(cc, 3) - order \(a,3,G) ^ 0 < \(a,3,G) < P(a^3,G) < <«/ if 

p(ci/3/G) sup ci(log M(r/G) ) 

= lim 

X(a,j3rG) r - R inf 3(R/(R-r) ) 

where a(x) s a and 3(x) s satisfy either of the conditions 

(2.1.2) and (2.1.3) and 

M(r/G) = max lG(r,9)l. 

0 < 9 < 27T 

REMARK . If (2.1.2) is satisfied/ i.e., ct.(x) = 3(x) = log X/ then 
P(o^/3/G) and MoC'/3/-G), denoted by p(G) and \(G) / are called/ 
respectively, order and lower order of G. A GASP G/ regular in 
Dr/ 0 < R < oo, is said to be of slow growth / if P(G) = G. 

To study precisely the growth of a GASP G, regular in 
0 < R < oo, of slow gro'^vth/ we introduce some new growth parameters 
in the following Definition 5.1.2. 

DEFINITION 5.1.2. A GASP G, regular in a finite disc Dj^/C < R < «>/ is 
said to be g- loqarithmic order P(a/G) and lower a- loqarithmic 
order \(a/G) / 0 < K(a^G) < Pia^G) < °°/ if 

P(oi/G) sup a(logM(r,G)) 

= 1 im / 

X{a,G) r -* R inf a(log (R/(R-r))) 

where a(x) e A and (3.1.1) is satisfied . 

A GASP G/ given by (5.1.2), is said to be regular on the 

closed disc D^, 0 < R < oo, if it is regular in some open disc d , 

r' 

R' > R. Let Gj^ / 0 < R^ < oo, be the class of all GASP's G regular 

o 

on Dj^ / 0 <R < 00 . Let and be two positive functions defined 

O ± z 

on Dp / 0<R < 00 , such that 1/w . , 1=1/2, are bounded on D„ . 

n ^ 
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Further, w. is continuous and is integrable on D . For 
^ ^ o 


G s Gj^ / set 
■^o 


(5.1.3) 


(5.1.4) 


Gilo «J = '^'1 

^O'^ 2 2 2 ^ 

X +y < R 


Gl 


'Ro'5 


max V7-, (x/y) I G(x/y) 1 , 

2 
o 

= (// W2(x,y) lG(x,y)l^ dxdy)^^^l<5< 


CO, 


D 


R 


are, respectively, uniform norm and 
L*5-norm on G . In particular, when w^ = 1 on we shall denote 

■tv. _ O 


Then I t . i 1 o ^nd I I . ! I 

R ,oo 


.11^ by 11.11* 

Ro,co ^ R^,co 


For G e G„ / 0 < R < os, we set 
R O 

O 


(5.1.5) 


A (G,R-) = inf ItG-gllp / 

° a e n* ^o'“ 

^ n 


(5.1.6) ^ *R ,<5 " ^ ^ 

^'<5 ° Q e H* o^ 

^ n 

where n* consists of all GASP polynomials of degree atmost n. 

Then A (G,R ) and A -(G,R^) are called errors in approximating 


n,co 


the GASP G £ G by GASP polynomials of degree atmost n, 
respectively, in uniform norm and L^-norm, 1 < 6 < oo. 


In Section 5.2, we have studied the influence of the growth 
of a a-^SP G, regular in the disc D^, 0 < R < as measured by 
the growth parameters given in Definitions 5.1.1 and 5. 1.2, on 
the rates of decay of the approximation errors ^n,6 ^*^'^0^ ' 

0 < Rq < R and 1 < 5 <00, given by (5.1.5) and (5.1.6). To this 
end, in this section, we have obtained the characterizations of 
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uniform convergence of the series (5 •1*2) on compact subsets of 
and the orthogonality property (4.2.7) of the Gegenbauer 
polynomials/ for any r < R, we have 


> 2u-l 


i<z n o') n 2'^'^ r(n+2u) ,r(u+l/2)>^2 

(5.2.2) o^r (-ffJuV ^ 


H 2 

= f sin ^ec’^(cos e) G(r/ e) d0 / 
o ^ 

v/here k>^*s are the coefficients in the expansion (5.1.2) of G. 

On using Schwartz's inequality and (4.2.7)/ from (5.2.2)/ we get 

^ 1.-“ i ^'^n+zuj , rKu+i/2) , A ^ ^ 

n ' 

_ .'cos fl n 
n 


,„n 2 ^ r(n+2u) ,r(u+l/2)x2 ^ “ . 2u . _n/ 

' Hn+i) ' ( -r( - 2u) ^ l^^(r/G) j sin e I C^(cos 6 ) I de 

o 


< M(r,g) ( / sin^'^ e i C^( cos 9 ) I ^d9) sin^^ 9 de) 


X pN r(n+2u)^l/2 r(u+l/2) 

^^mT~TTHTT7“^ "TT2u7~" * 

This easily gives that 


(5.2.3) lb 1 r'^lfKr/G) . 

2^"^"^ r(n+2u) r(u+l/2) 

It is Known [l22 / p.97 ] that 

C^(cos 9 ) = ^ j (cos 9 +i sin 9 cos i}))^ sin^^ ^ ^d<l>. 


n 


(r(u))^ o 


Thus/ for 0 < 0 < 2TT/ we get 

,l-2u 


(5.2.4) icJJ (cos 9 ) 1 < — 


n 


r(n+2u) r . 2u-l , 

2 — ;n 'I ^ 

(r(u))^ o 


r(n+2u) 
r (2u) r ( n+i ) 
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Now, let gj, denote the kth partial Siam of the expansion 
(5.1.2) of the GASP G, i.a, is given by (5.1.2) with = 0 
for n > k+1. Then, g^ s jtJ. Using (5.1.2), (5.2.3) and (5.2.4), 
we get 


(5 .2.5) 


iG-g- 


K 


O 


- r(u+l/2) 


CO 

i: rJ! lc^(cos e ) I 

n=k+l non 

^ sl/S “ /(n+u) r(n+2u) ^ 1/2, „ ,._^n 

n=kti ^ ' 


Since r(x+a)/r(x) 'i- x^ as x -» o®, it follows that 
(n+u) r (n+2u)/r(n+l) 'v n^^ as n -» «>. Thus 

(5.2.6) ((n+u) r (n+2u)/r(n+l) )^'^^ < 2n^ 


for n > n^. Now, for k > n^ and r > r^ , where r* = (R+R^)/2 if 
R < oo and r. = 2R if R = <= 0 , from (5.2.5) and (5.2.6), we obtain 


tP_ir II* ^ 2M(r,G) / n .1/2 

'G g^k' ‘r ,0= 1 H ( 1 + 1 / 2 J 


n=k+l 


r. / \ n 
n (Ryr) 


2 n=0 o 


00 

Since the series S ( l+n/( n^+l ) ) (R^r^) ^ is convergent, the 

n=0 

lemma follows from, the above inequality. 

LEMMA 5.2.2. Let the GASP G £ Gp , 0 < R < <», ^ given by 

■^o 

( 5 . 1 . 2 ) . Assume that 1 < 6 < <». Then, for n > 1 , we have 


(5.2.7) l^n'^o - ^oo^^n+u) r (n+l)/r(n+2u) ) ^'^^ ^^( G,Rq) , 

(5.2.8) lb IR^ < K (n+2)(n+u) A 1 ^ 6 < 00 , 

n 0—0 n-l/C o — 
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where are the coefficients in the expansion (5.1.2) of G, 

6 ^ the app roxima t ion errors given by 

(5.1.5) and (5.1.6), u the positive number occuring in the 
eguation (5.1.1) and , 1 < ^ < ““z is a constant independent 
of n. 


PROOF . For the GASP G£ G^^ , 0<R^<«>, given by (5.1.2) , from 


o 


(5.2.2), for any g s tt* . and r < R^, we have 

^ n~l -- o 


(5.2.9) b^r' 


h 2 


2u-l 


r(ii+2u) /•r(u+i/2)^2 

t 7~T r ' S ) 


n (n+u) iTn+Tl r( 2u) 


n 


= / ( G( r,e ) -g( r, 9 ) ) c'^(cos 6) sin^^ 9 dS . 
o 

Taking, in particular, r = R^ in (5.2.9) and then using Schwartz's 
inequality and (4.2.7), we obtain 

^(n+2u),^(u+l/2)^2, 

-r7 n :; :T T~^ -fT^7i l — ) < llG-gll 

o' o 


^ ,„n 2^^'^ r(n+2u) , r(u+l/2) X 2 , r^,^u,__ 2u„,„ 

^n’^o (n+u) r(n+l) ^'r(2u) ^ ,oo I C^(cos 6 ) 1 sin edc 


. ,iP r(n+2u)vl/2 r(u+l/2) 


and this gives 
(5 .2,10) ib„ iRi < 1 IG-ol I 


n o - 


, 71 (n+u) r(n+l) '.l/2 r(2u) 

h'“ r(n+2u) Tiu+1/2) 


By the definition (5.1,5) of the approximation error 

A (GfR ) , for every positive integer n, there exists a GASP 
n /oo o - 

polynomial g , s rr* such that 
^n-l,<» n -1 

2 , (G,R^) > 1 iG-g^ , I !„ 

n-1,00 o' — ^n-1,00 Rq/°° 

and so, from the definition ( 5 . 1 . 3) of uniform norm, we get 
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where < <» is such that l/w^^ < on . From (5.2.10) and 

■^o 

the above inequality/ for n > 1 , we now get 

lb |R° < 2J . , ( 2 (n±u)_rin+il, 1/2 (G,Ej . 

no- 1 r(u+l/ 2 ) 2 ^"'^ r(n+ 2 u) ° 

This proves (5.2.7) with ■= 2q r(2u) (u+i/2) 2 “*^ 2 ' 2 ) _ 

NOW/ from (5.2.9)/ in view of (5.2.4)/ for any r < and 

g s 7T* / we have 

^ n~l 


■u I ^ r (n+2u) / r(u+l/2) ^ 2 ^ r(n+2u) r,', / oN.ioo 

bnir (n+u) r(n+l) ^ r(2u) ^ - r(2u) rtn+l) 1 G(r/e )-g(r/e )ld0 


Since the Ghsp' s G(x/y) and g(x/y) are even in y, the above 
relation gives that 

11 - I ^ (n+u)F( 2 u) , ^/ -1 / s, 1 

lb Ir < - 75 — 7 / I G(r, e) -g(r, 0 ) I de • 

“ 2 ^^ (r(u+l/ 2 ) )"^ o 


Multiplying both the sides of the above inequality by r dr and 
integrating from 0 to R^/ for any g e ^*- 1 ' 5 ®'*- 


( 5 . 2 . 11 ) lb„l 


R- 


n+2 


= Ib^l / dr 


n n+2 


n 


(n+u) r(2u) 


“ 2 2'^(r(u+l/2))" 


2 // I G(x/y)-g(x/y) I dx dy. 


o 


Now/ by the definition (5.1.6) of the approximation error 

A -(G/R )/ 1 < 6 < 0 =/ and the definition (5.1.4) of L^-norm/ 

n # 0 o “ 

for every positive integer n there exists a GASP polynomial 
3n-l,5 "n-1 

(5.2.12) 2A„.j_^(G,R„) > ,, 


> -ITj-G/ IS(x,y)-g^_j_j(x,y) I* dx dy) 

'^2 5 


1/6 



181 


where J 2 < is such that I/W 2 < J 2 (5.2.8) 

o 

2J2 r(2u) 

follows from (5.2.11) and (5.2.12) with K. = — ^ 5 — x 5 - 

2 ^( r(u+l/ 2 ) ) 

Now/ if 1 < 5 < 00 , we choose V > 0 such that 1/r) +1/5=1. By 

Holder's inequality, we now have 
ff lG(x,y)-g ^_^^5 (x,y) !dx dy 


R, 


1 i G(x,y) ^ ^(x,y) r dx dy) iff dx dy) 


°R ^R 

o o 

From ( 5 . 2 . 11 ), (5.2.12) and the above inequality, for 1 < 5 < 00 , 
we get 


‘'n' rS i tJun 


2 r( 2u) ( TTR^) 

■5 — (n+2)(n+u) A »(G/R ) 
+ n- 1,0 o 


r; 2"^(r(u+l/2)) 


This proves(5 .2 . 8 ) for the case 1 < 6 < 00 also, with K 5 = 

( 2 J 2 '^'^ r( 2u) ( TIR^) ^^'^)/(r^ 2^^( r(u+l/2) ) ^) . The proof of the lemma 
is thus complete. 


We now prove 

THEOREM 5.2.1. O-^SP G S ,0 < R^ < °o, and let 

o 

i £ 5 < <»• Then R, R^ < R , i^ the largest value of r such that 
G ^ regular in D^, and only if , 

( 5 . 2 . 13 ) lim sup (A ,(G,R^))^'^^ = RVR, 1 < 5 < «>, 

n ■* oo' ° ° ~ - 

where the approximation errors A„ . (G,R„) , 1 < <5 < 00 , are given 

" ‘ — — — ri/o o — — '"■■■■’ "" 

^ (5 . 1 . 5 ) agd (5 .1.6) . 

PROOF . First, let R be the largest value of r such that G is 


regular in D^. We now choose the GASP polynomials ^ ^n 
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Lemma 5 •2.1 satisfying (5.2.1). Using the definitions (5.1.5) 

and (5.1.6) of the a-ooroximation errors I' ,(G/R ), 1 < i £ °°/ 

n / 0 “ 

we get 

(5 .2.14) ^G.Rq) < i iG-g^l I ^ ^ , 1 1 <5 < oo. 

Thus/ by the definitions of the norms 11*1 given 

o ' " 

by ( 5 . 1 . 3 ) and (5.1.4) /we have 


(5 .2.15) 
where K° = 


1 < 6 < 00 , 


< K IIOg„li_ 

o o 


^ 1 
n ‘ ‘ /oo ' 


max _ W|^(x/y) and = iff 


(x/y) £ D 


R, 


D 


R. 


are constants. From (5.2.14) ^ 


< 5 < 00 , 

W2(x/y)dx dy)^'^'^/ 
( 5 . 2 . 15 ) and Lemma 


5.2.1/ we now have 

(5.2.16) ^^^^(G/Rq) < K° K M(r,G) (n+l)^(Ryr)’^^^ 

for all r sufficiently near to R and all sufficiently large values 
of n. The above relation gives that lim sup^ ^(A^ g(G,R^)) < 

Rq/u/ for all r sufficiently near to R, and so 

(5.2.17) lim sup (^n/ 5 ^ ^ 

n -* 00 ■ 


For R = oo, (5.2.17) gives that 


(5 .2.18) 


lim (A^ . ^ 

n/O o 

n -► 00 


1/n _ 


= 0 . 


For Rq < R < oo/ if possible/ let 


(5.2.19) lim sup / 6 ^ ^ ^ ^ 


n 
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From (5.1.2), (b.2.4) and Lemma 5.2.2, since (n+u) r(n+l)/ r(n+2u) 
^1 2u ^ ^ 5 < CO, we now have 

(5.2.20) 


oo oo , . 

Jo i vkr J^o 


i '’=0'+ ^ A^.^_j(G,R^)(r/R„)^ 

where K* is a constant. From (5.2.20) it follows that if (5.2.19) 
holds, then the series (5-1.2) converges uniformly on compact 
subsets of and so the GASP G is regular in « But this is 

impossible, since is the largest disc centered at the origin 
in which G is regular and R' > R. Thus/ the supposition (5.2.19) 
is false and, in view of (5.2.17), we get 

lim sup (A„ , (G,R^) ) ^'^’^ = RVR/ R_ < R < «>. 

n - oo" ^'<5 ° 

The necessity part of the theorem follows from (5.2.18) and the 
above relation. 


Conversely, let (5.2.13) hold for G© G„ / 0<R <o°. Then, 

irv O 

o 

it follows from (5.2.20), that the series expansion (5.1.2) of 

G £ Gj^ converges uniformly on compact subsets of Dj^ and so G is 
o 

regular in Dj^, R > R^. That R is the largest value of r such 
that G is regular in now follows from the necessity part of 
the theorem. This proves the sufficiency part of the theorem. 

The theorem is thus proved. 

VJe now obtain characterizations of (a, 3) -order and lower 
(a, |3) -order of a GASP G, regular in Dj^, 0 < R < w, in terms of 
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the aporoximation errors A _(G/R ), 0 < R < R and 1 < 1 < <», 

n^co o — — 

given by (5.1.5) and (5.1.6). We first need the following 
lemma . 


LEMJ4A 5.2.3. Let a GASP G, regular in 0 < R < «, ^ of 

(ct/3)“Order p(a,3,G) and lov/er (cX/3)- order A(cc, 3,G). Assume 
that 0 < R^ < R and 1 £ <5 £ Then the function g’j( 2 ) = 

00 

S f ( G/R^) ( z/R^) , where the approximation errors A .(G/R_)/ 

n=0 ° 

1 < 6 < 00 , are defined by (5.1.5) and (5.1.6), _is analytic in 

^R* *2.(x) = ,8(x) = log X or a ^ 8# the (a, 8) - order P(cc, j3, g^) 

and lower (cl, 0) - order X (cl, p, g^) of g^(z) satisfy 


(5.2.21) ^ P(CL,I3,G) = P(P(a,!3,gg)) , 

(5.2.21) j^ X(a,8/G) = p (x(a,8/g£) ) . 

For the case a = 8 (a(x) / log x) , (5.2.21)^ continues to hold 
provided P(a.,a,G) > 1 while (5.2.21)^ continues to hold provided 
X(oL,a,G) > 1. 

PROOF . We define a function g°(z), 1 < 5 < o®, as 

00 A (G,R ) 

(5.2.22) g?(z) = S ^ (z/R^)’^'^^ 

® n=0 (n+l)"^ ° 

where u is the positive constant occuring in (5.1.1). By 
Theorem 5.2.1, the function g°(z) is analytic in Dj^. For a 
given b, 0 < b < 1, from (5.2.16), for all r sufficiently near 
to R, we have 

M(r,g^) = S (r/R 

n=0 (n+l)'^ ° 

< Q(r) + K°K M(r+b(R-r) ,G) 2 ^ r+ R R -H'^^'^^ 
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kJ K R 

< Q(r) + M(r+b(R-r) ^G) t 


where Q(r) is a polynomial. The ebove relation# for all r 
sufficiently near to R, gives that 

(5.2.23) log M(r/g*^) < log ( (K°K)/b) +log + log"^ Q(r)+log 2 

+log M(r+b(R-r) ,G) 

< max (3 log (R/(R-r)),3 log M( r+b(R-r) # G) } # 

since Q(r) is bounded in Thus# for a(x) e A and all r 

sufficiently near to R, we have 


(5.2.24) oc(log M(r/g^)) 

From (5.2.24) , for a(x) 

near to R# we obtain 

oedog M(r,ar) ) 

:a(V(R-r)) 


< max{<i(3 log (R/(R-r)))/ 
a(3 log M(r+b(R-r) /G) ) } . 
e A/ 8(x) s and all r sufficiently 


ra(3 log (R/(R-r))) 


g(3 log M( r-fb(R'~r) /G) ) > 

3(r/( r- 2^) ) i • 

If oc(x) and /3(x) satisfy (2.1.3) and 0 . f' then <x(x)/0(x) ■* O 
3.S X -* o°, and so (5.2.25)# on proceeding to limits and using 
Lemma 2.2.1# gives that 


(5.2.26) P(a,8,g°) < P(P(a,8,G) ) # \(a#0,g°) < p(X(a#p#G) ) . 

It follows from (5.2.25) that (5.2.26) holds for the cases cl - ^ 


We now consider the function g*( z) # defined as 


also 
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(5.2.27) g*(z} = ^ (n+2)(n4-u) 1,6 ^ ‘ 

n=l 

By Theorem 5.2.1, g*(z) is analytic in D^. Further, by (5.2.20), 
we have 


(5 .2.28) 


M(r,G) < I’OqI 


= !b. 


K^K- 

^ TtlTIT 


S 

n=l 


r(n+ 2 u) 

r(n+ry 


K 

+ rhsT 


(n+ 2 ) (n4-u)A^_^ (G,Rq) » 

>‘(r/R^)'' 


This easily gives that 

(5.2.29) P(a,3,G) < P(a, 8 ,gp , A(a,3,G) < \(a,3,gj) . 

Now, by Theorem 5.2.1, the function g^(z) , defined as 

g,( 2 ) = S ^(G,R^)(z/R^)'', 1 < 6 < ~/ 

n =0 

where the approximation errors r 1 < 6 < «>, are given 

by (5.1.5) and (5.1.6), is analytic in Dj^. Since 
r(n+2u) (n-f2) (n+u)/r(n+l) as n - °o, on applying (4.3.21)^ 

and ( 4 . 3 . 21 )^ to the functions g°( 2 )/ 95 ( 2 ) and g^(z)/ we get 

(5.2.30) ^ P(cc, 8 ,g°) 1 * 


while on applying (4.3.31) to the functions gj(z)/ gj^z) 
g^( z) , we get 

(5.2.30)j^ A(a,3,g°) < X(a,3,g^) < A(a,3,gp < ) . 

The lemma now follows from (5.2.26), (3.2.29), (5.2.30)^ 
and (5.2.30)j^. 


We now have 
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THEOREM 5.2.2. Let a G«.SP G , regular in , 0 < R < «= / ^ of 
( 0^/ 3) - order p(<x,3/G) . Assume that 0 < < R and 1 < 6 £ «>. 

Ihen , if <x(x) = ;3(x) = log x or cc ^ j3, we have 


(5.2.31) P(a,,8,G) + x(a,0) = p(e^ ) 

G/ 5 

where X(a,,8) = 1 if cxCx) = ,8(x) = log X/ X(a,8) = 0 otherwise / 

6 ^ ^ = lim sup 

^ n - CO 3(n/log 6 (G/R )(R/R ) ) 

n / 0 ^ 

^nd the approximation errors ^^CG/R^) / 1 < 5 <_ ■», are given by 
(5 .1 .5) and (5.1.6) . The eguation (5 .2 .31) continues to hold for 
the case a = /3(a(x) log x) provided P(oc./a,G) _> 1. 

PROOF . The theorem follows from Lemma 5.2.3/ on applying (1.9.4) 

CO 

and Theorem 2.3.1 to the function g^(z) = S ^n 5^ G/R^) ( z/R^) 

1 < (5 < CO, 

THEOREfi 5.2.3. Let a GA.SP G, regular in Dj^/ 0 < R < co, he of 
lower ( PC / 8) - order A(a/8/G) . Assume that O < R^ < R and 1 < 5 <_ <». 
Then / if oc. / 8/ we have 


(5.2.32) X(a/8/G) + x(a/0) = max [p(0^ .({n,})) ]/ 

where x(cx,8) = 1 if oC'(x) = 3(x) = log x, X(cC/8) = 0 otherwise / 


Oq n — ' 

P'Vlog-^ A (G,R„)(R/Ro) 

jC 

the approximation errors A. (G/R ) / 1 < 6 < ■»/ are given by 

n I o — ' 

(5.1.5) and (5.1.6) and the maximum in (5.2.32) is taken over 
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all incj 


sequences of -oosltlve integers > For the case 


(X = 3(a.(x) log x) t the relation (5 .2 .3 2) continues to hold 
provided \(a#a,G) > 1. For rhe case a(x) = 8(x) = log X/ (5.2.32) 
holds provided the principal indices 2J^ the function 

oo 

g^( 2 ) = S c ( G,R„) ( z/R„) 1 < 6 < <»/ analytic in D^/ satisfy 

^ _-n ^ / 0 ^ O — — ■.fai ** « * ■— " - — K — 

n —L/ 

the condition that log n , v log n„ as m -» oo, 

— I — ^ •=) m 


PROOF . The theorem follows from Lemma 5-2.3 on applying (1.9.6) 

OO 

and Theorem 2.4.5 to the function g^ ( z) = S d ( G/R^) ( z/R^) 

'' n=0 

1 < 6 < oo. 


For a GASP G/ regular in 0 < R < «»/ and having slow rate 

of growth, the (a,8)-order P(a,3,G) satisfies P(a,3,G) = 0 if 
a(x) = 0(x) = log X or a ^ p and P(a,0,G) <1 if a = ^{<iix) logx) 
and so the results obtained in Theorems 5.2.2 and 5.2.3 fail to 
give any specific information about the rate of decay of the degree 
of approximation of such GASP^s. Thus, to study the interrelations 
between the growth and the degree of approximation of GASP's of 
zero order, we now obtain characterizations of ct-logarithmic order 
and lower ci~logarithmic order of a GASP in terms of the approxima- 
tion errors given by (5-1.5) and (5.1.6). The following lemma is 
a key result in the proofs of Theorems 5.2.4 to 5.2.6. 

LEMMA 5.2.4. Let a GASP G, regular in 0 < R < oo, he of 

g- logarithmic order P(a,G) and lower a- logarithmic order k(a,G) . 
Assume that O < R^ < R and 1 < 5 < <». Further , let the function 

OO 

g,(z) = S A_ „(G,R^) (z/R^)^, analytic in D.^, be of 
« n=0 ° ° ^ 
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a-loqarithmic order PicC/qJ and lower <i-10Qarithinic order X{cc,qJ. 
" ^ . --------------- ' 0 

Then / if p(a/G) > 1, ^ have 

P(a,G) = max (1/P(a,g )) 

O 

and if X(oc./G) > 1, we also have 

X(a,G) = max (1/ \(oc./g^))« 

PROOF . Let the function g^{z) , 1 < & < co, analytic in be 

given by (5.2.22). Froia (5.2.24), with b = 1/2/we have 

a(log M(r,g°)) . a(3 log (R/(R-r) ) ) 

a(log (R/(R-r))) - *a(log’ (R/(R-r) ) ) ^ 

a(3 log M(r+(R-r)/2/G) ) , 
a(log (R/(R-r))) ^ 

for oc.(x) £ A and all r sufficiently near to R. Since cc.(x) s A , 
on proceeding to limits, the above relation gives that 

(5.2.33) p(a,g°) < max (1/P((X,G)), ^((X,g'^) < max (1/ ^(ot,G)), 

where P(a,g°) and X(ot.,g°) are, respectively, a-logarithmic order 
and lower ct- logarithmic order of g'^(z). 

Now, let the function g^( 2 )/ 1 £ <5 < «>, analytic in Dj^, be 
given by (5.2.27). Then, from (5.2.28); since (X(x) £ A, we have 

(5.2.34) P(a,G) < P(a,gp, X(a,G) <X(a,gp. 

C30 

We now consider the function g^Cz) ~ ^ * 

1 < 6 < analytic in Dj^. Applying (4.3.43) to the functions 
g°(z), g^(z) 3Lnd g^(z), we get 



190 


p(cc,g°) < p(a,g„) < P(a,gp < max (l,P(cc,g^)) 

(5.2.35) '' 0 - 6 - e 

X(Q./g°) < ^(oc.^g^) < \(a,g*) < max (1 / A.(<^/ o'p ) - 
The lemma now follows easily from (5.2.33)/ (5.2.34) and 

( 5 . 2 . 35 ) • 

We now have 


THEOREM 5 . 2 . 4 . Let a GASP G/ regular in D|^/0 < R < 00 , ^ of 
cx- loqarithmic order P(<x,G} with P(cc.,G) >1. Assume that 
0 < Rg < R and 1 < { < 00. Then 


a(log A (G,R )(R/R )”) 

p (a,G) = max {1/lim sud _ ■ > \ 

- a (log n) 


}/ 


n 


where the approximation errors A_ /(O/R^)/ 1 < 6 < co^ are given 

--------- ■ "T —.nr r- ■■ ( " 11 # 0 O " '' 

^ (5 .1.5) and (5.1.6) . 

PROOF . The theorem follows from Lemma 5.2.4 on applying (3.2.2) 

OO 

to the function ~ ^ ^n ^ ^ ^ ^ 

THEOREM 5.2.5. Let a GASP G/ regular in Dp^/ 0 < R < oo, be of 

lower cc- logaritlimlc order \(cx,G) with X(cx,G) >1. Assiim.e that 
0 < Rg < R/ 1 < 6 ^ and that (3.2.9) and (3.2.10) are satisfied . 
Further / let ^ (G,Rg)//?^^_j_^ ^(G/Rg)/ where the approximation 
errors Aj^ ^ ( are given by (5 .1 -5 ) and (5.1.6) , he ultimately 
a non decreasing function of n. Then 


a(log A^ ;; (G/R-) (R/Rg)”) 

XCtt/G) = max {1/lim inf ^aTi ' oa" n) 

n OO y ^ 

PROOF . In view of Lemma 5.2.4/ the theorem follows on applying 

OO 

Theorem 3.2.3 to the function g^Cz) “ ^ ^ ' 


1 < a < OO 
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Using Lemma 5.2.4 and applying Theorem 3.2.4 to the function 

OO 

g. (z) = S A ( G,R ) ( z/R ) 1 < ^ < OO, we obtain the folloxi/’ing 
° n=0 nz6 o o - _ 

characterization of lo'-zer Ou-logarithmic order of a GASP G/ regular 
in Dj^, Rj^ < R < OO. 

THEOREM 5.2.6. Let a GASP G, regula r in 0 < R < ~/ be of 
lower GC,- logarithmic order /v.(tt/G) with A(a,G) >1* Assume that 
0 < Rq < R/ 1 <_ i 5 < OO and that (3.2.9) and (3.2.10) are satisfied . 
Further , if the principal indices of the function g^(z) = 

OO 

2 A .(G,R )(z/R ) , 1 < (^ < OO/ where the approximation errors 

n=0 ° - - 

An^^(G,Ro) are given by (5.1.5) and (5.1.6), satisfy the condition 
that ccdog cc(log n^^) ap m •♦ <», then 

A(a,G) = max (l,9Q^^g(G)) 

where 

a(log A^ ^G,Rq) (R/Rq) ) 

(5.2.36) 6„ .(G) = max {lim inf r } 

k - ~ a(log 

and the maximum _^(5.2.36) taken over all Increasing sequences 
^'^k^ — Positive integers . 

REMARK . Let a GASP G be regular in the finite disc Dj^/0 < R < «>. 

Then, for the choices <x(x) = log^^j^ x, q > 2, and 0(x) = log x, the 

(a,3)-order P(a,3,G) of G, denoted by P (G), will be called 

g-order of G. Clearly Po(G) = P(G) . If the g-order P„(G),g > 3, 

z q 

satisfies 0 < P„(G) < oo, then, for the choices a-(x) = log^ x, 

P (G) ^ ^ 

3(x) = X ^ , P(<x,3,G) and \(oc, 3,G) will be called, respectively, 

g- type and lower g- type of G. However, the choice a(x) = x and 
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(3. 

0(x) = x» 0 <d<oo, is not permissible in Definition 5.1.1* Thu 
if the order P(G) of a GASP G satisfies C < P(G) < «>/ we define 
the type T(G) and lov/er type t(G) of the GASP G as 


T(G) sup log M(r/G) 

t(G) r - R inf (R/(R-r) ) 

Using the inequalities (5.2.23) and (5.2.28) and the relations 
(1.9.7) and (1.9.10), characterizations of type T(G) and lower 
type t(G) of a GASP G, regular in Dj^, 0 < R < <», can be obtained 
in terms of the approximation errors A ^(G,R^), 0 < R_ < R, 

1 < < oo. However, we will not enter into the details. 


5.3. The characterizations of the growth parameters, given by 
Definitions 5.1.1 and 5.1.2, of a GASP G, regular in Dj^, 0 < R < oo, 
in terms of the coefficients b^^ occuring in the ultra- spherical 
harmonic expansion (5.1.2) of G have been obtained in this section. 

It is known [34 , pp. 165-169 3 that Gilberts A^-operator maps 
an analytic function g(^)of a complex variable | onto a GASP G: 

( 5 . 3 . 1 ) G(x,y) = A^(g(|)) = / g(g) ($-$ ^) ^^ 2 ^ 

c 

where t = x+iy( S+S ^)/2, C = {e^*^ - 0 < 4 , < ttJ and 

Tc- - 4r(2u) 

(u) 


The function g(^) is said to be the A^-associate of the C^SP G. 
The A^-associate g(|) of a GASP G, with ultra- spherical harmonic 
expansion ( 5 . 1 . 2 ), is given by 


(5.3 .2) 


g(^) = S 
n =0 


r(n+2u) 


r(2u) r(n+l) 


.n 
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The inverse operator maps a GASP G(x/y) back onto its 


A -associate g(l) [34 / p» 174 ] and is given by 


( 5 . 3 . 3 ) 

where 
(5.3 .4) 


-1 


71 


g(^) = A (g) = j Gir,e) K(S/r,0) d0 / 1^1 < r, 


K(§/r,0) = 


f , *^271/. fc^ / 

(sin 8 ) ( 1- f /r ) 

(n) 0/7^/ N ^ ^tl 

(l-2(s/r) cos 0 + s /r ) 


and 

(5 .3 .5) 


K 


(u) 


u r(2u) 

22u- 1 (r(u+i/2))^ 


We need the following lemma. 


LEMMA 5 . 3 .1 .A ( [34 /p.lSOj) . Let a GASP G/ regular about the 
origin / has the ultra - spherical harmonic expansion ( 5 . 1 . 2 ) . Then 
R the largest value of r such that G regular in D^, Q-nd 
only if / 

lim supib^l^^^ = 1 /R. 
n -* 00 

The following lemma is a key result in the proofs of 
Theorems 5 . 3.1 and 5 . 3 * 2 . 

00 

LEt^'lIiA 5 . 3 . 1 . Let a GASP G(r/ 0 ) = 2 b r^c’^(cos 6 ) / regular 

n =0 

in D|^/ O < R < 00 , ^ of ((X/ 3 ) - order P(oc./ 0 /G) and lower (cC/ 3 )- 

00 

order k(ot/ 3 /G). Then / the function g*(z) = 2 lb I is 

n =0 

analytic in Dj^. Further / for ct(x) = 3 (x) = log x or CG / 3 / 
the ( OG/ B) - order P (cc.f g*) and lower ( 1 , g) - order X(cG/ 3 /g^) of 
g*(z) satisfy / 


(5 .3 .6)^ 


P(CG/3/G) = P(P(a/3/g*) ) / 
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(5.3.6)j^ \(a,,8,G) = P(\(a,8,g^) ) . 

For the case a = 8((l(x) log x)/ (5.3*6)^ continues to hold 
provided Pieced, G) > 1 while (5.3»6)j^ continues to hold provided 
X(a,a,G) > 1. 


PROOF. Since the Gh-SP G(r/9) 


n ui 

E bj^r C^Ccos e) is regular in 
n=0 


it follows from Lemma 5 .3 *1 .A that the A^-associate git) = 


r(n+2u) 


b of G is analytic in Dp. For any r < R/ 


n=0 


r(2u) r(n+l^ n 


by the A^- integral operator (5.3.1)/ we have 


(5.3.7) M(r/G) < M(r/g). 

This gives 


(5.3.8) P(a,8^G) < P(a,8,g), KicL,!B,G) < X(a,8,g), 


where P(ci,8,g) and Xici.,0,q) are, respectively/ (ct/3)“Order andlower, 
(tt,8)-order of g(^). 


On the other hand/ the inverse integral operator A 
by ( 5 . 3 . 3 )/ can be written as 


-1 

u ■ 


given 


g(i) = a^Rg) = 


-N 2u 


o _( ( z-^) ( z-f ) 
I zl =z 


d6 


for Igl < r < R < R/ where V(z/z) = G( ( z+z)/2/ ( z-z)/(2i)) and 

is given by (5.3.5) . Taking R = r+b(R“r) / 0 < b < 1 / the 
above relation gives that 

i\)^^ TIK^ s 2R^(2R)^^ 

M(r/g) < — ^ p -T- rrm M(r+b(R-r) ,G) 

(b(R-r))^^'^'^^^ 
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and so 

2n^, . 

(5.3.9) log M(r/g) < log ' ' ^ 2(u+l) log^ 3 ;-^+ log M(r+b(R-r) / 

< max { (2u+3)log^^, (2u+3)log M(r+b(R-r) ,G)} t 


for all r sufficiently near to R. With (5.3.9) in place of 

(5.2.23) and proceeding as in the deduction of (5.2.26) from 

(5.2.23) / we obtain 


(5.3.10) P(a,3,g) < P(P(a,0,G))/ X(a,^,g) < p(X(a/3, g) ) . 

oo 

'We now consider the function g*(z) = E lb„t 2 . In view 

r\ ^ 

n=0 

of Lemma 5.3.1.A^ g*( 2 ) is analytic in Dj^. Since r(n+2u)/r(n+l) 

^ as n -» <»/ on applying (4.3 .23)^^ and (4.3.23)^^ to the 
functions g*'(z) and gii) , we have 

(5.3.11) p(a,3,g*) < p(p(a,0,g)) and P(a^;3,g) < P(P(cc, 3 , g*) ) , | 

while on applying (4.3.31) to the functions g*(z) and git), we 
have 

( 5 . 3 . 12 ) K(a,i3,g^} < P(x(a,p,g)) andX(a,3,g) < P(X(a, 3 , g*) ) . 

The lemma now follows from (5.3.8), (5.3.10), (5.3.11) and 
(5 .3 . 12 ) . 

Using Lemma 5.3.1, we now obtain coefficient characterizations 
of (<x, 3)—order and lower (a.,3)-order of a GASP. 

00 

THEOREM 5 . 3 . 1 . Let a GASP G(r,e) = S b r’^C^ (cos 6 ) , regular in 

n=0 ^ 

Dj^, 0 < R < 00 ^ ^ of (g, 3) " Order P(a,3/G) . Then , if a(x) = jS(x) = 
log X or g ^ 3 » we have 
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(5.3.13) P(CC,0,G) + X(a,0) = P(e^) 

where X(CC/P) = 1 a(x) = ,8(x) = log x, X(cc,j3) = 0 otherwise ar 


Up — sup «. .. ^ 

n -* «= 8(n/log Ib^i 

Ihs eguation (5.3.13) continues to hold for the case cc. = 8(ci(x) 
log x) provided p(a,(X,c) >1* 


PROOF . The theorem follows from Lemma 5.3*1 on applying (1.9.4) 

OO 

and Theorem 2.3.1 to the function g*( 2 ) = S lb Iz^. 

n=0 

OO 

TKEOREM 5.3.2. Let a GASP G(r/e ) = S b^r^C^(cos 6 ) / regular 

n=0 ^ 

in O < R < CO, be of lower (ct/ g) - order X(ct,^,G)» Then / if 

cc ^ 3/ we have 


(5.3.14) X(a/8/G) + xCtt/.e) = max [ P( eQ( {n^} ) ) 1 

where X(ct/8) = l (X(x) = 8(x) = log X/ X(<X/8) = 0 otherwise , 

a(n, ^) 

Scdn^}) = lim inf — 

^ °° 8(nv/log'^ lb 1 R ^) 

k 

and mtaximum in (5.3.14) is taken over all increasing seguences 
{n^} of positive integers . For the case a = 0(a(x) log x) , 
the relation (5.3.14) continues to hold provided X(cC/a/G) > 1. 
For the case a(x) = 8(x) = log x, (5.3.14) holds provided the 

OO 

princ ipal indices of the function g*( z) = S Ib^l z’^ 

n=0 

satisfy the condition that log log n^ as m -* <». 

PROOF . The theorem follows from Lemma 5.3.1 on applying (1.9.6) 

OO 

and Theorem 2.4.5 to the function g*(z) = S lb Iz^. 

n=0 
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'We now obtain coefficient characterizations of cc-logarithmi 
order and lO'irer a-logarithmic order of a GASP* Vife first need tb 
following key lemma. 

L£?#1A 5.3.2. Let a G-^SP G(r/0) = S b^^r’^cJ^C cos e) / recpalar in 

n=0 

D^/ C < R < oo, of ct- loc:arithmic order P(cc^G) and lov/er 
ct- locarithmic order \(c£.,G) . Ass''jme that the function g^Cz) = 

OO 

£ lb Iz^/ analytic in Dp, is of a- logarithmic order P(a,g*) and 
n=0 

lower g- loqar j thmic order xCa^g*) . P(a,G) >1/ then we have 

p(a,G) = max (1/P(a,g^)), 
and if k(a,G) >1/ we also have 

X(a,G) = max (1/A(a,g*)), 

PROOF . Let the function g( I) = S K 2^ fl ' n+I T analytic 

n=0 

in Dr^/ be the A^-associate of the given GASP G. Then, by (5.3.7), 
we have 

(5.3.15) P(a,G) < P(a,g), \(a,G) < A(a,g) 

where p(a,g)and x(a,g)are respectively, a-logarithmic order and 
lower a-iogari thmic order o£ the function g(^). 

Now, with (5.3.9) in place of (5.2.23) we proceed as in the 
deduction of (5.2.33) from (5.2.23), to obtain 

(5.3.16) P(a,g) < max (l,P(a,G)), X(a,g) < max (l,Ma,G)): 

OO 

We now consider the function g*( z) = S ^ ^ ' analytic 

n=0 

in Dp^. Since r(n+2u)/r(n+l) -v n^^ ^ as n -* oo, it follows from 



198 


(4.3 »43) that 

(5.3.17) P(a,g^) < max (1/P(a,g)), P(a,g) < max (l,P(a,g^)) 

(5.3.18) \{CL,g*) < max (l/?v(a,g)), \(a,g) < max (1 , X( oc, g"') ) . 

The lemma follov's easily from (5.3*15)# (5.3 ♦16)# (5.3.17) 
and (5 .3 .18) . 


We now have 


TliEOREM 5 . 3 . 3 . Let a GASP G(r#6) = S b^r”c^(cos 0 ) # regular 

n=0 

in O < R < <», ^ of cc- logarithmic order P(cc.,G) with P(ot./G) >1 

Then 


a(log Ib^l R^) 
p(a,G) = max (1# lim sup a( log "~ nl 

n 00 ^ 


PROOF . The theorem follows easily from Lemma 5.3.2 on applying 

CO 

( 3 . 2 . 2 ) to the function g*iz) = S ib^^l analytic in D|^. 

n=0 

00 

THEOREM 5 . 3 . 4 . Let a GASP G(r/0) = S b^r^C^(cos 0)/ regular 
n=0 

in 0 < R < °=/ ^ of lower a~ logarithmic order \(cc,G) with 

\(a,G) > 1. Assume that (3.2.9) and (3*2.10) axe satisfied 

that !b /b ..I is ultimately a nondec reasing function of n. Then 
— ' *" ■— n n+x 

a(log Ib^l R^) 

X(a,G) = max {1# lim inf a(log ~ n l 

n ^ 00 ^ 


PROOF . In view of Lemma 5.3.2# the theorem follows on applying 

00 

Theorem 3.2.3 to the function g*(z) = S Ib I z , analytic in 

n=0 
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remark » Another coefficient characterization of the lower 
a-logarithmic order of a GASP G# regular in 0 < R < «■/ can 

be obtained on using Lemina 5»3i2 and applying Theorem 3^2.4 to 

OO 

the function g'^(z) = s lb I z^. 

n=0 


5 •4. The generalized biaxisymmetric potentials (GBSP^s) are 
the solutions of the elliptic partial differential equation 


(5.4.1) ^ = 0, u^v > -1/2/ 

^ y iy X ex 

which are even in x and y. A polynomial of degree n# which is 
even in x and y* is said to be a GBSP polynomial of degree n, if 
it satisfies (5.4.1). A GBSP F = F^^^z regular about the origin, 
can be expanded as 


(5.4.2) F(x/y) = F(r/8) = S c r^^ 2 6), 

n=0 

where x = r cos 9 / y = r sin e and Pj^^'^^(t) are Jacobi polynomial 

A GBSP F is said to be regular in the disc D|^, 0 < R < ‘=°, 
if the series on the right hand side of (5.4.2) converges 
uniformly on compact subsets of In particular a GBSP F 

regular in is called an entire GBSP. 

To study the growth of GBSP^s F, regular in a finite disc 
Dj^/ 0 < R < <»/ we introduce the following growth parameters. 

DEFINITION 5.4.1. A GBSP F, regular in a finite d^sc 
0 < R < CO, said to be of (ex, 6) - order P(cc,0,F} and lower 
(U/g) - order Mct/g,F)/ 0 < X(a,g,F) < Pia,^,F) < ~» i| 
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P(cc,,p,F) sup a(log M{r/F)) 

= lim / 

X(a,/3,F) r ■* R inf /3(R/(R-r)) 

where a(x) e A and 3(x) ? l'^ satisfy either of the conditions 
(2.1 .2) 3^ (2.1 .3) and 

M(r/F) = max lF(r,0)l. 

C < S < 271 

REMARK . If (2.1.2) is satisfied^ i.e., a.(x) = /3(x) = log X/ 
then P(a,p,F) and X(a.^i?,F)/ denoted by P(F) and X(F) # are called, 
respectively, order and lower order of the GBSP F, regular in D^, 
0 < R < oo. A GBSP F, regular in < R < = 0 , is said to be of 

slow growth if P(F) = 0. 

To measure precisely the growth of a GBSP of slow gro'wth 
we now introduce the concepts of oc-logarithmic order and lower 
a- logarithmic order. 

DEFINITION 5 . 4 . 2 . A GBSP F, regular in D^, 0 < R < «, is said 
to be of g- logarithmic order P(a,F) and lower g- logarithmic order 
X(g,F), O < X(a,F) < P(a,F) < «>/ if 

P(g,F) sup a(logM(r,P)) 

_ 2im 

X(a,F) r -» R inf a(log (R/(R-r))) 

where a(x) e A and (3.1.1) satisfied . 

To avoid some trivial cases we shall asstjme throughout that 
M(r,F) -*■ <» as r -♦ R. 

A GBSP F, given by (5.4.2), is said to be regular on the 
closed disc D^^, 0 < R < <», if it is regular in some open disc 
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, R' > R. Let F„ , 0 < R^ < <», be the class of all GBSP' 


'o 


regular on , 0 < R^ < ao. Let and W 2 be two positive 

functions defined on , C < R^ < 00^ such that 1/w . , i = 1;2, 

Rq o 1 ' 

are bounded on * Further/ let be continuous and W 2 be 

integrable on D . For F s f_ / set 

H. _ 

o o 


(5.4.3) 


■R ,00 w^^Cx/y) lF(x/y)l/ 

X + y < R 
^ — O 


(5.4.4) 1 !F 1 = ijj W2(x/y) lF(x/y) I"' dx dy)^^^/l < ^ ‘ 


Then, 1 1 . i I and I * *1 ^5 are/ respectively/ uniform norm 


and L^-norm on F^^ . In particular/ when w^ ^ 1 on we shall 


o 


denote I 1 . I I _ by 
Rq/oo 




For F s Fj^ / 0 < Rq < 00 , we define the approximation errors 
^n,co(^’^Ro^ ^n/ 6 ^^'^ 0 )' 1 < <5 < = 0 , as 


(5.4.5) 


A (F/R^) = inf 


n#<» 




F^f! 1 


f e 7 T" 


n 


Rq.-' 


(5.4.6) A .(F,R„) = inf ^ liF-fll„ ^ z 1 < f < «,, 

n,5 o f e 7T° ^o' 

n 

where consists of all GBSP polynomials of degree utmost 2n- 

5.5. The influence of the growth of a GBSP F/ regular in a 
finite disc D^^/ 0 < R < 00, as measured by the growth parameters 
introduced in Section 5.4, on the rates of decay of the 



202 


approximation errors given by (5.4.5) and (5.4.6)/ 

has been investigated in this section. 

We first have the following lemmas. 


LElvlMA 5 .5 .1 
0 < Rq < R, 

(5.5.1) i 


Let F ^ a GBSP reqnlar in Dr^/ O < R < »/ and let 

^ O T 

Then , there exist GBSP polynomial s f-^ £ such tnc 


F-f. I 


^k' 'r 


- , ^ ,^7'+l/2 / v2(ktl) 

^ < K M(r/F) (k+1) ' (R^/r) 


for all r sufficiently near to R and all sufficiently large valu 


of k. Here K a constant independent of n and r and 
r = max (u/v) . 

PROOF . Let the GBSP F, regular in 0 < R < », be given by 

(5.4.2) and let denote the kth partial siam of the expansion 

(5.4.2) of F, i.e., is given by (5.4.2) with with c^ = 0 for 
n > k+1 . Then fj, s Tr° and 


(5-5.2) IIF-f^^l 


R 


S 

n=k+l 


n 


2 n 2 U) 


. 1 1 . D2n r(n+r+i) 

- rCr+1 y ' ^o r(n+l) ■ " 


:ince/ it is known [l22/ p* 168] that 


(5.5.3) ^ ^max^ < r(y+iryrn+ lT ' 


r(n+y +1) 


For a GBSP F, given by (5.4.2) and regular in 1^/ 0<R<a’/ 
we have ( [29 , (8)]) 

(5.5.4) ICj^l < [(2n+u+v+l) A(n/U,v) A(u/V)]^^^/ 
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for every positive integer n and every r < R/ where 

(-c: :: ,, _ r(n+i) r(n+u+v+i) _ r(u+i)r(v+i) 

U.3.5) ^(n,u.v) - 7X^+u+iyT(n+v+lT ' " fru^v+23 

Combining (5 *5 #2) and (5-5*4)/ we obtain 


( 5 . 5 . 6 ) 1 1 ^- 4 ' 'r ,co 1 ^ 

i\r-rx) n=k+l 


r(n+r+l) 

r(n+l) 


>: [( 2n+u+v+l) A(n,u,v) (R^r) 


2n 


Since r(x+a)/r(x) x as x -* «=/ we have 


Kn+l y ^ [(Sn+u+v-l-l) A(n,U/v) -v V 2 


as n -» 00 . Thus/ for n ^ n^/ we have 


^fn+ry" [(2n+u+v+l) A(n,U/v) . 


For k > n and r > r. , where ic = (R+R^)/2 if R < «> and ii. = 2R 
O ■«* o o 

if R = 00 , using (5.5.6) and the above relation, we get 

'r 1 2 S n’'+l/2(Ryr)^" 

o n=k+l 

- Tm+ff 2 Y A(u,v) (k+l)’^'^^/’^ (Ro/r)^^^'*'^^ 


n=0 " 0 +^ 


The lemma follows from the above inequality since the series 

S (1 + — "T ' f ) (R^r„) ^ is convergent. 
n=0 ^ 

LEMMA 5 . 5 . 2 . Let the GBSP F e , O < R^ < <», he given by 
( 5 . 4 . 2 ) . Assume that 1 < 6 < «> . Then , for n > 1 , we have 



204 


n o — 


where K i 
<5 

(5 . 5 . 5 ) . 


7^ (n+1) (2nTU+v+l) r(n47'+l)A(n#u,v) * / „ r^ ^ 

1 < 5 < oo, ^ a constant and A(n#u^v) ^ given by 


PROOF . It is known ( [122 /P* 68 1 ) that the Jacobi polynomials 
satisfy the following orthogonality property, 


( 5 . 5 . 7 ) 2 


f 

o 


n/2 


. 2 u+l 
sin e 


2v+l ^ _(u,v) , 
cos ® (cos 


2 e) 




20) d 


6 " 

m 

( 2n+u+v+l ) A(n , u, v) * 

where 6^ = 1 if m = n, 5 ^ =• O otherwise. From the uniform 
m m 

convergence of the series expansion ( 5 . 4 . 2 ) of the GBSP F. and 
(5.5.7) / we have 


( 2 n+u+v+l ) A(n,u, v) " ^ ( F(r/8 ) -f (r, 6 ) )P^ (cos 2 9) x 


2n 


JT/2 


. 2u+l „ 2v+l , - 
X sin 0 cos 8 d 6 


for 0 < r < Rq/ n > 1 and any f e Using ( 5 . 5 . 3 ), the above ■ 

relation gives that 

Ic^t r^^ 2r(n+y+l) jr/2 

( 2n+u+v+l ) A(n ,u, v) - r(y+l) r(n+l) ^ I F(r, e)-f(r, 6) I d8 . 

for 0 < r < Rq, n > 1 and any f s . In particular, for 

r = Rq, (5.5.8) gives that 

(5 S 9 ^ Ir < -^(?n+u+v+l)A(n,u,v) r(n-fy-M) ,* 

^5.5.9} Ic^lR^ < H7+lTf(n+i) 

for n > 1 and any f e ^ 

— n-l 


By the definition of the approximation 
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error for every positive integer n; there exists 

a GBSP pol^momial ^ t i / such that 
-j n-l,co n-1 

Thus/ from the definition (5.4.3) of the norm l!.||„ / we have 

Ro>~ 

2L . (F,R^) > ^ 1 I F-f , 11^ 

n-l,oo o' -- n-l#oo' R^#" 

where < o® is such that 1/w^ < on • For n > 1/ the abov? 

o 

inequality/ in view of (5.5.9)/ gives that 

„ 2 71 ( 2n+u+v+l)A(n,U/v) r(n+')'+l) 

ICnl Rq < r(')'+l) r(n+l) ^n-l/oo^^'^o^ * 

For ^ = <x>, the lemma follows from the above relation with K = 

OO 

2 71 j^/ r(r +1 ) . 

Since the GBSP^s F(x/y) and f(x/y) are both even in x and 

Yt from (5.5.8)/ for 0 < r < R_ and any f e 71° ^ we have 

— o n— 1 

i_ 1 _2n ^ (2n+u+v+l)A(n/U/v) r(n+'>'+l) r.\ r,r 

Ic^l r < 2 ' r(r+iyr(mi j 1 F(r/e)-f(r/0) I d9 . 

Multiplying both sides of the above inequality by rdr and 
integrating from. 0 to R^/for any f s we have 


/■c c 1_ ,T,2n+2 ^ (n+1) (2n+u+v+l)A(n,U/v) r(n+7+l) 

(5.5.10) tc^lR^ < FlfTiTiTn;!! 


// I F(x/y)-f(x/y) I dx dy. 


By the definition (5.4.6) of the approximation error ^(F/R^)/ 
1 £ 6 < OO, for every positive integer n/ there exists a GBSP 
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o 


polynomial £ , s ^ / such that 

n*-x / 0 n— 1 


,, (F/R^) > IIF-f, 


"n-1 , '5 


o' — 


n-l^a Rq/ <S 


and SO/ by the definition (5.4.4) of the norm I 
we have 


■Rq/S 


/I < 6 < 


(5.5.11) 2A^_^ ^^ ( F,Rq) > -jyj iff I F(x,y) -f^_^ ^ ^ ( X/y) I dx dy 

z 

o 

where J2 < «> is such that I/W2 < J2 on 


D„ . For 6=1/ the 
o 


lemma follows from (5.5.10) and (5.5.11) with = 2 J 2 / i ^i'^ +1) 

NOW/ if 1 < 6 < 00 , we choose Tl > 0 such that 1/T] + 1 / 6 = 1. 
Using Holder's inequality/ we now have 


( 


5 . 5 . 12 ) fj I F(x/y)-f^_^ (x/y) 1 dx dy 


< iff I P(x,y) Cx/y) 1 '^ ax dy)^^^iff dx dy) 


l/U 


D. 


R, 


D. 


R 


o - O 

From ( 5 . 5 . 10 )/ ( 5 . 5 . 11 ) and (5.5.12)/ for 1 < ^ < <»/ We got 

2 -yl/ 6 

I „2n ^ ^2 (n+1) (2n+u+v+l)A(n/U/v) r(n+7'+l) „ 

"^n'^o 1 r(r+l) r(n+l) 

^o 

X (TTR^)^/’^ A . / <F,R ) . 

o n-1 / o o 

This proves the lemma for 1 < < 00 alsO/ with Kg = 

5 . The lemma is thus proved. 

Rq r(r+i) 


We now have 
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THEOREM 5.5.1. Let the GBSP F £ F„ / 0 < < «> and let 

1 < 6 < 03. Then , R, R^ < R/ the largest value of r such that 
F regular in i^ and only if . 


( 5 . 5 . 13 ) lim sup (A .(F,R = RVR/ 1 < 6 < <», 

^vhere the approximation errors A_ ^(F,R„), 1 < 5 < <», are given 
< _ — ’ riiO o 

by ( 5 . 4 . 5 ) and (5.4.6). 

PROOF . First, let R ba the largest value of r such that the 
GBSP F is regular in D^. We now choose the GBSP polynomials 

A Q 

fj^ £ of Lemma 5.5.1 satisfying (5.5.1). From the definitions 
( 5 . 4 . 5 ) and (5.4.6) of the approximation errors A .(F,R ), 

1 < 6 < 00 , we obtain 


and so, by the definitions (5.4.3) and (5.4.4) of the norms 
l<6<oo, we have 


C5.5.14) i„,5(F,Rp < ic^ 

where = max_ w. (x,y) and '= ( // W 2 (x,y)dx dy) , 

°° (x,y)£D - 

° ^o 

1 < £ < 00 , are constants. From (5.5.14) and Lemma 5.5.1, for all 
r sufficiently near to R and all sufficiently large values of n, 
we have 


(5.5.15) < K K° M(r,F) (n+l)'^'^^^^(RQ/r)^^^‘^^^ . 

This easily gives that lim sup (A (F,R^))^^^^ < R^/r, for 

n 0 ° n ,5 o — o 

all r sufficiently near to R, and so 
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(5.5.16) lim sup (A ( F/R^^) ) < R^/R. 

n -♦ oo ' ° 

For R = oo, the necessity part of the theorem follows from the 
above inequality. For R^ < R < oo^ if possible# let 

(5.5.17) lim sup (A^ ^(F,Rq))^^^^ = ^ 

n -* oo * 

From (5.4.2)/ (5-5.3) and Lemma 5.5.2# for 1 5. ^ now get 

I ~ _ „2n „(u#v)/__ ^ ^ 1 ” r(n+7+l) , 2 

I 2 c^r Pj^ ( cos 2 0) I < r(n+i ) ' ‘^n ' ^ 

n=u n=0 


(5 .5.18) 


- '^o'"*' TTTny ^ (n+l) (2n+u+v+l) (^Yji— ^)^’< 
n=l 

x A(n,u#v) ^n-l#6 

where K|S# 1 < 5 < oo, is a constant. If (5.5.17) holds# then it 
follows# from (5.5.18), that the series (5.4.2) of F converges 
uniformly on compact subsets of Dj^# and so F is regular in Dj^, . 
But this is impossible# since Dj^ is the largest disc centered at 
the origin in which F is regular and R' > R. Thus (5.5.17) can 
not hold and# from (5.5.16)# we get 

lim sup ( (F,Rq) )^^^’^ = Rq/R# Rq < R < oo. 

n -» oo 

For R^ < R < oo, the necessity part of the theorem follows from 


the above relation. 


Conversely# let (5.5.13) hold for a GBSP F s F„ # 

^o 

0 < Rq < oo. Then# from (5.5.18)# it follows that the series 
(5.4.2) of F converges uniformly on compact subsets of and 
so F is regular in Dj^. Prom the necessity part of the theorem# 
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it now follov 7 s that R is the largest value of r such that F is 
regular in D^. The sufficiency part of the theorem is thus prov 

This proves the theorem# 

We nov 7 obtain the interrelations between the ( OC/ j3) -order 
and lov/er (cx, 3) -order of a GBSP F# regular in 0 < R < and 

the approximation errors given by (5-4.5) and (5-4.6). We first 
prove the following key lemma- 

LEIiMA 5-5.3- Let a GBSP F, regular in 0 < R < be of 

(g, 3) - order p(a,3,F) and lower (a, 3) - order \(oc#3,F)- Assume that 

0 < Rq < R and 1 £ 5 < oo. Then the function f^iz) - 
^ 2 n 

T A „(-F.R^) (z/R_) / where A.. .(F/R^), 1 < 5 < are 

^ n / 0 ^ n f 0 ^ 

n 

approximation errors given by (5-4-5) and (5.4.6)» is analytic 
in Dj^- For a(x) = 3(x) = log x or a ^ 3, the (a, 3) - order P(a,3,f^^ 
and lower (d/ 3) - order \(<x, f^) of f^(z) satisfy 


(5.5.19)^ p(a,3,F) = P(P(cc,p,f^)} , 

(5.5.19)^ k(a,3,F) = P(k(a,3,f5)) . 

For the case a = 3(a(x) log x) , (5-5-19)^ continues to hold if 
p(a,a,F) > 1 while (5-5-19)^^ continues to hold if \(a/a/F) > 1. 


PROOF. 


Let the function f-(z)/ 1 < ($<«>/ be defined as 


(5 .5 .20) 


f,(2) = S 




n=0 ( n+1 ) 


7TI72 


2 (n+1 ) 


where y = max (u,v) , u and v being the constants occuring in the 
equation (5-4.1). By Theorem 5-5-1^ f°(z) is analytic in Dj^- 
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For a given b, 0 < b < 1, using (5.5.15)# for all r sufficiently 
near to -R# we get 


M(r#f°) 


S 

n=0 


n# 6 o' 


(n+1) 


7+1/2 




= Q(r) H- K K° M(r+b(R-r),F) 

< S(r) + K M(r+b(R-r) ,P) 

where Q(r) is a polynomial. Since Q(r) is bounded in Dj^# the 
above relation# for all r sufficiently near to R# gives that 


(5.5.21) log M(r#f 5 ) < log (k k°/b) + log (R/(R-r) ) tlog'*’ 0(r) 


+ log 2+log M(r+b(R-r) #F) 

< max {3 log #3 log M(r+b(R-r) #F) } » 

With (5.5.21) in place of (5.2.23) we proceed as in the deduction 
of (5.2.26) from (5.2.23)# to obtain 

(5.5.22) p(a,0,f°) < P(P(a,^,F) ) # \(a#i3#f°) < P(\(a#3#F) ) . 

We now define a function f^(z), 1 £ 6 £ <», as 

(5.5.23) f*(2) = S (n+l)(2n+u+v+l)(-^^j~^)^x 

X A(n#u#v) ^.. 1 ^ 5 (F#R^) (z/Rq)^’^. 

The function f*(z)# by Theorem 5.5*1# is analytic in D^,. Further# 
from (5.5.18)# we have 

* 

(5*5.24) M(r#F) £ Ic^I + M(r#fg). 
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The above relation gives that 

(5.5.25) P(oi,l3,F) <P(a,P;f*), <K{oLi^,f*). 


NOW/ consider the function f^{z), 1 <iS given as 

f (z) = S A ^(F.Rq) (z/R„)^". 

Then f^Cz) is analytic in Dj^/ by Theorem 5.5*1. Since* as n -*■ °°/ 
we have (n+1) (2n+u+v+l) ( ^ A(n/U,v) 2n^'**^'^/ on applying 
( 4 . 3 . 23 )^, (4i3.23)j^ and (4.3*31) to the functions f 5 (z)/ f*(z) 
and fj(z)/ it follows that 

(5*5.26)_^ P(a,3,f°) < p(a,j3,fg) < Pia,^,f^) < P(P(a,3, f°) ) , 

(5.5.26)^ \(a,0,f°) <X(a,3/f^) <Xia,$,f*) < P(X(a/^/f°) ) * 

The lemma now follows easily from (5 .5.22), (5 .5.25), 

(5.5.26)^ and (5.5.26)^^. 

We now have 


THE0P.EI4 5 . 5 . 2 . Let a GBSP F, regular in Dj^* 0 < R < 0 °, ^ of 
((X,. 6) - order p(<l,|3/F) . Assume that 0 < < R and 1 £ 5 < «’•■ 

Then , if a(x) = 0(x) = log x or a / 3, have 


(5.5.27) 


P(a,3/F) + X(a,3) = P(e„ J, 

r / 0 


where X(a^3) = 1 if a(x) = 3(x) = log x* X(<X/3) = 0 otherwise. 


<x(n) 


e„ . = lim sup ^ 

n ■* 00 3(2n/log^ 
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and the 


ion errors A .(P/R.)# 1 < 6 < <»/ are 
■ n/c o — — — — 


(5 i4 .5) and (5.4.6) . The equation (5.5*27) continues to hold 
for the case a = 3(a(x) / log x) provided p(a^a^F) > 1. 

PROOF. The theorem follows from Lemma 5»5.3; on applying (1.9.4 

and Theorem 2.3.1 to the function f.(z) = S A ,(f,R^)(z/R ) 

^ n=0 ° ° 

1 < (5 < CO , 


THEOREM 5.5.3. Let a GBSP F, 


in D|^/ 0<R<<»/ ^ of 


lower (cx, 3) -order ?v.(a/3/F) . Assime that 0 < R^ < R and 1 £ <5 < 
Then, if a ^ 3, we have 


(5.5.28) 


X(a,3,F) + X(a,3) = max [ P(8^ x({n, })) ] , 






where x(a#3) = 1 if a(x) = 3(x) = log x, X(ci.,3) = 0 otherwise , 

a(2n, i) 

®F,s”"k*> = : 2rr ’ 

“ p{2n^lc.g'^A {(F.RoKR/^o) ’'> 

the app r oxima t i on errors Aj^ ^(F,R^) , 1 £ 'S < “/ are given by 
(5.4.5) and (5.4.6), and the maximiim in (5.5.28) is taken over 


all increasing sequences Cn^} of positive h 


!. For the 


case a = p(a(x) ^ log x) , the relation (5.5.28) continues to 

hold provided X(ci,a,F) > For the case cc(x) = 3(x) = log x, 

(5 .5 .28) hold3 provided the principal indices C 2n^} of the 

“ 2n 

function f;^( 2 ) = S A.. ,'( F,R^) ( z/R^) , analytic in D„, satis: 

n»0 ° ° 

the condition that log n_ ^ 'u log n„ as m -» «>. 

— — - — - = m— 1 ^ m — 


PROOF . The theorem follows from Lemma 5. 5. 3, on applying (1.9.6) 


and Theorem 2.4.5 to the function fg(z) = 2 A^ ^(F,Rq) (z/R^) . 

1 < 6 < oc. 
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For a GBSP F/ regular in < R < oo| and having slow 

rate of growth^ the (a,3)-order p(a;3,-F) satisfies P{cLi^,F) = 0 
if a(x) = 3(x) = log X or a ^ 3 and P(a>3iF) < 1 if a = 3(a(x) / 
log x) and so the results obtained in Theorems 5*5.2 and 5*5*3 

to give any specific information about the rate of decay of 
the degree of approximation of such GBSP's* Thus# to study the 
interrelations between the growth and the degree of approximation 
of GBSP^s of zero order# we now obtain characterizations of 
a-logarithmic order and lower a-logarithmic order of a GBSP in 
terms of the approximation errors given by (5.4*5) and (5*4*6). 

We first prove the following lemma# which is the main result used 
in the proofs of Theorems 5.5*4 and 5.5.5* 

lemma 5*5.4* a GBSP F# regular in Dj^, 0 < R < °o# be of 

Q^- loparithmic order p(a,F) and lower a~ logarithmic order \(a#,p) . 
Assume that 0 < R^ < R and 1 < 6 < oo. Let the function = 

°° 2n 

^n#5 ^ lytic in Dj^# ^ of (X- logarithmic order 

P(ci.#f^) and lower a-logarithmic order x(a,f J, Then, if 
p(a#F) >1' have 

P(a#F) = max (l#P(a,f^)) # 

and if 7v(a#F) > 1, also have 

X(a#P) = max (l#X(a#f^)). 

PROOF * Let the function f^(z)# analytic in Dj^, be defined by 
(5*5.20). With (5*5*21) in place of (5.2*23) we proceed as in 
the deduction of" (5.2*33) from (5.2*23) to obtain 
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(5.5.29) pCa^fg) < max (l,P(a,F)), < max (lA(a/F)). 

NOW/ let the function f^(z)/ analytic in Dj^/ be defined 
by ( 5 . 5 . 23 ). Then/ from (5.5.24)/ we get 

(5.5.30) P(a/F) < P(a/fP/ A.(a/F) <X(a,fi^). 

We now consider the function f^(z) = S A .( F/R ) ( 2 /R„', 

n=0 ° ° 

analytic in Dj^. Applying (4.3.43) to the functions f°(z)/f^(z) 
and fg( 2 )/ we get 

P(cx/f 5 ) < p(a,f^) < P(a/f*) < max (l/P(a/f®)) 

( 5 . 5 . 31 ) 

X(a,f°) < \(a,f^) < X(a/fp < max (l,A(a/f°)). 

The lemma follows from (5.5.29)/ (5 .5 .30) and (5.5.31). 
We now have 

THEOREM 5 . 5 . 4 . Let a GBSP F/ recfular in Dj^/ 0 < R < <»/ of 
a- logarithmic order p(a/F) with P(a/F) >1* Assume that 
0 < Rq < R and 1 < 6 < 00 , Then 

a(log A (F,R ) (R/R J^*^) 
p(a/F) = max {1/ lim sup a?ioa n) 

where the approximation errors ^ — 6 < 00 ^ are given 

by ( 5 . 4 . 5 ) and (5.4;6). 

PROOF . The theorem follows from Lemma 5.5.4/ on applying 

( 3 . 2 . 2 ) to the function f,( 2 ) = S A . ( F/R. ) ( z/R_) 1< 5 <oo, 

n=0 n/6 o o - - 

THEOREM 5 . 5 . 5 . Let a GBSP F/ regular in 0 < R < <»/ ^ of 

lower cx~ logarithmic order A.(a/F) with \(a/F) >1* Assume that 
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0<Ro<R/ l<6<oo and that ( 3 .2.9) and (3 .2.10) are satisfii 

Furth er » if the principal indices {2n } of the function f„(z) = 
°° 2n 

E „ (P,R^) (z/R^) , where the approximation errors A j.(F/R^ 

^ _Q n / 6 o o — r - I — — n / 0 c 

are given by (5.4.5) and (5.4.6)/ satisfy the condition that 

iX(log adog n^^) 3^ m -* 0 °/ then 


\(a/F) = max (1/ 

where 

2n 

adogA^ ^^(F/Rq) (R/R^) ^) 

( 5 . 5 . 32 ) e ^(F) = max dim inf «; } 

{n^^} k - CO °^<log n^^^) 

and the maximum in (5.5.32) is taken over all increasing 
seguences of positive integers . 

PROOF . The theorem follows from Lemma 5.5.4/ on applying 

00 

Theorem 3 . 2.4 to the function f/(z) = S A » ( F/R^) ( z/R^) 

n=0 ° ° 

1 < <5 < 00, 

REMARK . Let a GBSP F be regular in Dj^, 0 < R < <». Then/ for 

the choices <x(x) = log^_,^ X/ q > 2/ and ^(x) = log x, the 

(a,3)-order P(a/3,F) of F, denoted by P (F) / will be called 

g- order of F. Clearly P 2 ^^'^ ~ ^(F). If the q-order P^Cf) / q> 3 , 

satisfies 0 < P„(F) < 0 °/ then/ for the choices ci(x) = log ^ x 
q =’q-2 

P (F) 

and 0(x) = X ^ / P(a/3,P) and k(0C/j3/F) will be called# 

respectively/ g^ type and lower q~ type of F. However/ the 
choice (x(x) = x and /3(x) = x"^/ 0 < d < <»/ is not permissible in 
Definition 5.4.1. Thus/ if the order p(F) of a GBSP F satisfies 
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0 < P(P) < oo^ we define the type T(f) and lower type t(F) of F 
as 


T(F) sup 

= lim 

t(F) r R inf 



Using the inequalities (5.5.21) and (5.5.24) and the relations 
(1.9.8) and (1.9.10)/ characterizations of type T(F) and lower 
type t(F) of a GBSP F. regular in 0 < R < «>, can be obtained 

in terms of the approximation errors 0 < < R and 

1 < 6 < CO, However, we will not enter into the details. 



CHAPTER 6 


GENERALIZED ORDERS OF AN ENTIRE FUNCTION OF SLOW GROWTH 


6 .i » Ler f(z) Jz^ an entire function. For the study or the 
growth of f(z) in a general setting, analogous to that done in 
Chapters 2 and 3 of the present work, Seremeta [93] and 
Shah [102] introduced and investigated the concepts of generali- 
zed (<i, 3 )-order apd generalized lower (ix, 0 )-order of f(z), given 
in (1.3 .3) • As observed in Section I.3, the choice aCx) = log x 
and 0 (x) = X in (1.3. 3) gives the classical order p^(f) and 
lower order Xoo^f) of fhe entire function f(z), given by ( 1 . 2 . 2 ) 
and ( 1 . 2 . 4 ). An entire function f(z) for which f) = 0 is said 
to be of slow growth. Various authors (e.g. [40] » [45] * [103] ) 
have studied entire functions of slow growth by comparing the 
growth of log^ M(r,f), p > 2 , with the growth of r as r -* ». 

The characterizations of the generalized (a, 0 ) -order and 
generalized lower (ot., 0 ) -order of an entire function, given by 
(1.3.7), (1.3.10), (1.3.11) and (1.3.12) and obtained by 
Seremeta [93] and Shah [102] , are derived under the condition 


, 0 ( 1 ) 

d log x 


as X 


00, 


Clearly, the above condition is not satisfied for 0 (x) = a(x) . 

V 

Thus, in this case the corresponding results of Seremeta and Shah 
are not applicable. In particular, the results obtained in 
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[40 / 4 S /103 ] for entire functions of slow growth are not ccverei 
by the results of Seremeta L 93 ] and Shah [102] . 


In the present chapter/ we define the generalized orders 
of an entire function in a new way that is specially suited to 
entire functions of slow groxvth. Our results/ found in this 
chapter generalize several earlier results ([45/IO3] etc.)/ 
supplement the results of Shah [102] and find applications in 
Chapter 7 . 


Let be the class of functions h(x) satisfying the follow- 
ing conditions (A/i) and (A/ii) s 

(A/i) h(x) is defined on [a/a>) and is positive/ strictly 
increasing/ differentiable and tends to <» as x ■* =0. 


(A/ii) There exists a 9 (x) £ A^(For the definition of the 
class see Section I.3)/ and constants and K2/ 0 < <_ K2 < °° 

such that 


i deuSg x) i ^2 


for all sufficiently large values of x. 


Let ^ be the class of functions satisfying (A/i) and 


(A/ iii) 


(A/iii) lim 


dh(x) 
d log X 


= K/ O < K < 00. 


X -• 00 

It is easily seen that n and are contained in A 
Further/ and H have no common element. 




Let 
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where exp^Cw) = w and exp^Cw) = exp (expg_^w) < q=l, 2 /... . Then^ 
the functions ^ F- . . , with 0<c<l ifp = l and 0 < c < =0 

if p > 1 , and F p> 2 , 0 <c<l# are in Q with the choices oi 

P/P ^ ^ 

6(x) as F^ ^ 1/F^ ^ and P t respectively. Infact, all the 

0/p~i 2,p p/'P-l ^ 

functions of the form 6 (log x) where 6(x) e A# are in n , The 

C4 

functions (C4-C2/X) log X/ c. > 0, C2 > 0 and log x+c (log x) 

a P 

where 0 < c^ < °° and < 1 if p = 1 and 0 < < 00 if p > 1 f are 

in . Since h(x) e using generalized mean value theorem, we 
2 

get h(x ) ''' h(x) as x -♦ <». Thus, the functions F^ ^ vrith O < c < 
and h4(x) log x, where h4(x) satisfies (A,i), are neither in 
nor in n. 


We now have the following definition; 


DEFINITION 6 . 1 . 1 . ^ entire function f(z) said to be of 

generalized (a, a) - order f) and generalized lower (oc,a)- 

order X 00 (a, a, f) if 


( 6 . 1 . 1 ) 


X^(a,a,f) 


lim 
r -• 00 


sup 

inf 


a(log M(r, f) ) 
a(log r) 


where a(x) either belongs to fi or to q and 


M(r,f) = max lf(z)l. 

I zl =r 

We, note here that if ci(x) 6 £2 then the generalized orders 

of f(z), given by (6.1.1) coincide with its C2,2)-orders (see 

[45] ). There are certain functions, e.g., (log x)^t 0 < c < 1 , 

^2 

or (log x) (log2 x) ... (loc^ x) ^ where c^ > 1 and atleast 
one C4# i = 2,...',p nonzero if c^ =1, which are inadmissible 
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in n or but if the rate of growth of an entire function f(z) 
with respect to such functions is measured by (6.1.1) v/ith 
1 < P^(a,a,f) < o=>/ then the same is as well measured by the 
functions in . Thus/ excluding these functions from the classes 
Jior P does not mean excluding entire functions of certain types 
of growth from our discussion. 

We also have the following definition. 

DEFINITION 6.1.2. ^ entire function fCz) with generalized 

( U/ a) - order f) and generalized lower (a/ a) - order X^oCoO/Ct, f) 

is said to be of generalized regular (a, a) - growth ^P^Ca/U/f) = 
K^icL,a, f) and f(z) said to be of generalized irregular 
(d/a) - growth if it is not of generalized regular (a. a) - growth. 

We shall use the following notations throughout the rest 
of work. 


NOTATION 6.1.1. 


p’ max (1/^) if d(x) s ^ 


Q,(n = 


|_t: + 1 if a(x) s q 

where g = | (a) and t = T(a) are functions of ci(x) . 
Q(|) for (S) . 

NOTATION 6.1.2. f(x,c) = a-^CcdCx)), O < c < -». 


We shall write 


In Section 6.2, we obtain the characterizations of 

V ~ ^n 

generalized (oc, a) -order of an entire function f(z) = S a z , 

n=0 ” 

a^ ^ 0 for all n, in terms of the coefficients a^. We also obtain 
characterizations of generalized (a,a)-order and generalized lower 
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a) -order of an entire function in terms of its maximum term 
and the central index/ in this section* Section 6.3 deals with 
the coefficient characterizations of generalized lower (a/a)-ord€ 
In the same section, we also find a necessary and sufficient 
condition for an entire function f ( z) to be of generalized regula 
(a, a) -growth. In Section 6.4, a decomposition theorem for an 
entire function of generalized irregular (a, a) -growth is found. 

Throughout the rest of the ’york we shall assume that 
a(x) e Aj^has been extended over by the definition a(x) = 

a(a) for x £ (-<»,a) . 

To avoid some trivial cases we shall assume in this chapte; 
that the entire function f(z) is not a polynomial. 

6.2. We first obtain the coefficient characterizations of 

generalized (a, a) -order of an entire function in this section. 

Further, a theorem connecting generalized (a, a) -order and 

generalized lower (a, a)— order of an entire function with its 

maximum term and central index is proved in this section* 

°° X 

THEOREM 6.2.1. Let f(z) = S a^z ^ ^ entire function having 

n=0 

generalized (a, a) - order p^j^Ca^a/f), 1 P^(a,a, f) < I'hen 

P{a,,a,f) = Q(U) 

CO 

where 

(6.2.1) U=lim sup 

n -♦ oo 

PROOF . We first note that, since log M(r,f) is a convex 
function of log r, we have P^(a,a,f) >1* 
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If 2c(x) e n, it follows from a result of Seremeta [ 93 ] / 
i.e./ (1.3-5), that P^(CC/CC/ f) > U and hence f) > Q(U) . 

Next/ let oc.(x) e and < ■», Then/ by (6.1.1)/ 

given e > c there exists r^ = such that 

log M(r/f) < F(log r/ p) 

for r > r^/ where P = P„(cc,a/f) + s. Thus/ using Cauchy's 
inequality/ for all r > r^ and all n/ we have 

(6.2.2) log la^l < F(log r, p) - log r. 

We choose r = r(n) to be the unique root of the equation 

(6.2.3) Fdog r/ P) . 

For n > n^/ we have r = r(n) > r^* By (6.2.2) and (6.2.3)/ for 
n > n^^/ we have 

log la I ^ > X log r - F(log r, P) = X log r 

n n p 

and so 

(6.2.4) a(log r) < a(::^ ~ log la l"^) 

P-1 ^n 

where r = r(n) is given by (6.2.3). Since ot,(x) s ^/ we have 

(6.2.5) a(log r) 

P-1 

as n for r = r(n) satisfying (6.2.3). Thus/ (6.2*4) and 

(6.2.5) give that P = P^(a,a,f) + s > Q(U) and so, letting e 0/ 
we have P^{cl,cl, f) > Q(u) . 
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We proved above that > Q(U) . To prove that 

^ OO {a,ci,f) < Q(u) we assume that U < oo^ since there is nothing 
to prove if U = CO. Then, by (6.2.1), given £ > 0, there exists 
Uq = n^Ce) such that 

la^l < exp ^ 

for n > n^/ where U = U+e . Now 

“ ® °° X 

M(r,f) < 2 la Ir =2 la Ir +2 la Ir +2 la Ir 

n=0 n=0 n=n^+l ^ n=s+l 

where s is chosen such that 


and so 


M(r,f) < A(n 


Ag < Fdog 2r, U) < 


oo 

')+exp(F(log 2r,U)log r) 2 exp(-?^ 

n=0 


n 


F(X ,1/U))+ 2 2' 
^ n=0 


v;here ACn^) is a polynomial of degree atmost x / • Since both the 

^o 

series in the above expression are convergent, for all sufficiently' 
large values of r, we have 

(6.2.6) (l+o(l)) log M(r,f) < F(log 2r,U) log r. 

Now, let cx(x) £ n . To prove P^((x,<x, f) < max Cl,U), first let 
U < 1 and let £ > 0 be chosen such that U+e = U < 1. Then, by 

(6.2.6) , since U < 1, we have 


(l+o(l)) log M(r/f) <(log 2r) log r = (log r) ^ (l+o(l)) 

which gives that p^(<x,oc,f) <1* Next, if U > 1 then U+e = 
and so, by (6.2.6), we have 


U > 1 
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(l+o(l)) log M(r,f) < (F(log 2r, U) ) ^ 
which gives 

a( ( 1 + 0 ( 1 )) log MCr,f)) < a((p(iog 2r; U) ) ^) 

a(F(log 2r/ U) ) 

= U a(log 2r) , 

2 

since for ct.(x) s n we have ci.(x ) ''' o[-(x) as x “* Dividing the 
above inequality by a(log r) and passing to limits we get 
£. U == U+e , and so letting £ -♦ 0 we have 

(6.2.7) P„(a,a,f) < u. 

Now, let a.(x) £ P. Then by (6.2.6), we obtain 

a( ( 1 + 0 ( 1 )) log M(r,f)) < a(f'(log 2r, U) log r) 

= a(F(log 2r, U)) + log log r 

where F(log 2r, U) < x*(r) < F(log 2r, U) log r. This easily 
gives that f) < (U+£)+l and so letting £ -» 0 we get 

(6.2.8) P^(cC/a,f) < l+u. 

From ( 6 . 2 . 7 ) and (6.2.8) we get ^<jg(<x,oc., f) < Q(U) and hence 
P^(a,a,f) = Q(u) . 

This proves the theorem. 

REMARK . With a(x) = P 2) ^ result in [ 45 ] follows 

from the above theorem. 

For proving our next theorem we need the following 


x=x* ( r) 


lemmas • 
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LEIvIMA 6.2.1. f(z) = E 

n=0 

let 0£.(x) belong to A^. Then 


X 

% ^ 


n 


be an entire function and 


(6.2.9) 1 im sup 




n 


oo a( 


> lim sup 


a(Ai^) 


^-^-1 


log ia 1) n -* oo <x (- — log ia 1 

in^* JL m IT 


PROOF . Clearly/ the assertion of the lemma is tme if 

(log ^ infinitely many values of n/ 

where a is such that oc(x) is defined on [a/oo); since in that case 

the limit superior on the left hand side of (6.2.9) will be oo. 

Thus# let (log la -i/a l)/(X “X .) > a for all sufficiently 
^ n—1 n n n-1 

large values of n. Let the limit superior on the left hand side 
of (6.2.9) be denoted by U^. Clearly 0 < < oo. since (6.2.9) 

is trivial for = oo^ let < <». Then/ given s > 0/ there 
exists n^ = n^(s) such that 

log lOn-R^n' > tWl> 

for n > n^/ where = U^+s . Writing the above inequality for 
n = n^+l /nQ+2 , . . . /k and adding/ we get 

log la^ /a^l > -K ) Ka„ Vi)F(X ,1/U^) 

o o o o 

= A n{t)d(F(t,l/U ))-X^ i(x +,'l/Uo) 

where n(t) = for < t < 


Thus 
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K 


-1 


log la^l * > log I ^ d(i(t,l/U^)) 


X 


■Ho+l 


- ^ . 1/U ) 


n* ■' n +1' 
o o 


,-l 




= log la 1 + f F(t/1/U )dt + / F(t/1/G ) dt 


"o 


O o o 


> log la^ |-k(X,/2-X_^ ^^)F(X^ * 

o o o 


o 


(l+o(l)) lKy/2) F{X|^2, 1/U^) . 


Since (X(x) £ A^/ the lemma follows easily from the above inequality. 


LEMMA 6.2.2. Let f ( z) = 2 a^z ^ be an entire function such 


n=0 


n 


that bQ(n) = (log • ^n'^^n+1 * ^ r ea s in q function 


o f n for n > n^. Then / for <x(x) £ ^*/ ^ have 


— o 


lim sup 


a(Xn) 


aCA. ) 


< lim sup — T —r~ • 

n -► oo a{- — log n -» » *^n* ^ 

n 


n 




PROOF . Since ’i'^Cn) is a nondecreasing function of n for n > n^. 


we have 


log la /a„ I = log la /a ..It «•• + log I a„ i/a„i 
^ n^ n ^ n^ ^ 
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or 


(l+o(l)) ^ log < fo(n~l) . 

The lemma follows from the above ineguality, since cc(x) e . 


Our next theorem gives a characterization of generalized 

/ “ • ^n 

(a,a)-order of an entire function f(z) = S a z , in terms of 

n=0 

the ratio of consecutive coefficients a^. The characterization 
holds for a subclass of entire functions. 

THEOREM 6.2.2. Let f(z) = S a z be an entire function having 


n=0 


n 


generalized (a, a) - order p^(o(.,a,f) (l£P^((i^a,f)<oo). Assume 
that '{f^Cn) =(log • ^n^^n+1 * S: non decree sing 

function of n. Then 


P^(a,a,f) = q(Uq) 


where 


= lim sup 


a(\ ) 
n'^ 


n -» <» la 

^n ^n-1 ^ 


PROOF . Since f^Cn) is ultimately a nondecreasing function of n, 
it follows from Lemmas 6.2.1 and 6.2.2 that = U,, where U is 
given by (6.2.1). The theorem now follows from Theorem 6.2.1. 

REMARK . Taking Cl(x) = log X/ p > 1/ a result in [ 45 ] follows 

Jr 

from the above theorem. 

Our next theorem correlates the generalized (ci, a) -order 
and generalized lower (a, a) -order of an entire function with its 
maximxom term and the central index. 



X 

THEOREM 6 . 2 . 3 * Let f ( z) = E a z 'he ^ entire function with 

n =0 

generalized (a^ a) - order P^CcC/CL^f) and generalized lower (a,a)- 
order f) . Then 


(6.2.10) P^(a/Ci/f) = Q(<J)^) = 8^ 

and 


( 6 . 2 . 11 ) 

X^(a,a/f) 

ii 

0 

2 ^ “ ®2 

where 




( 6 . 2 . 12 ) 

1 

= lim 
<ii2 r -*• 00 

sup 

inf 

a(>-(r) ) 
a(log r) 

and 

e 



(6.2.13) 

1 

e, = 

2 r 00 

sup 

inf 

a(log u(r) ) 
a(log r) 

PROOF. We 

shall prove the theorem 

in several parts. 

(i) 

Since logM(r,f) 

is a 

convex function of log r we 


have P^(a,a,f) >\„(a,a,f) > l. 

(ii) Since a(x) e A#/ P„(oc,a, f) = and X^Ca^a^f) = 

follows from the result ( 1 . 4 . 8 ) of Shah [102] • 

(iii) Let a(x) £ . We first prove that %2 2 . ^^'*^ 2 ^* 

By (1.4.1)/ we have 

( 6 . 2 . 14 ) log p(er) > vix-) 

and so 62 ^ <j>2* By parts (i) and (ii) of the proof we have 62 — ^ 
and so 62 > max (l/(j)2). 

To prove 62 £ (1/<J)2)/ we can assume that ^2 since 

there is nothing to prove if ^2 = First, let ^2 ^ 
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^2 ^ 2 ^ by (6.2.12)/ we have 

a;(r^) < F(log r^/ 

for a sequence fr^^} such that -♦ <» as n -» oo. From (1.4.1) and 
the above inequality/ since 4>2 < 1/ we have 

(l+o(l)) log M(rj^) < log ^ F(log r^/ 4 * 2 ) log r^ 

< (log r^)^ 

for the sequence {r^^}. Since a(x) e the above relation gives 
that 02 £ 1. Next/ letl£4'2 <«>. Then, given e > 0/ from 
(6.2.12) / we have 

vir^) < F(log r^^ / 

for a sequence Cr'}/ r* -*■ 00 as n -» 00 . Prom (1.4.1) and the 
^ n n 

above relation/ since ‘f> 2 +s >1/ we have 

( 1 + 0 ( 1 )) log M(r^) < F(log r^/ ‘^ 2 '*'^^ ^n 

< (F(log r^ / <f> 2 +S))^ 

for the sequence This gives 

a(((l+o(l)) log ix(r') ) ^“^^ ) 

n ^ ^ 

cc(log r^) 

2 

for the sequence Since a(x ) <x(x) for oc.(x) s ^ and 

e > 0 is arbitrary/ we now have ©2 £ 4>2* Hence = max { 1 ,^ 2 ^ • 

(iv) Let a(x) e . Using (6.2.14) we get 6^ £ *^2 * 
parts ( i) and (ii) of the proof we have 0^ > 1 and so 
> max ( 1 / 4>^ ) . 



230 


To prove 0^ < max we assume that since 

otherwise there is nothing to prove. Then, given e >0, by 
(6.2.12), there exists r^^ = such that for r > r^, we have 

y(r) < P(log r, <i> 2 +£) « 

The above relation, in view of (1.4.1), for r > r^, gives that 


(6.2.15) (l+o(l)) log iJ.(r) < vir) log r < F(log r, 4>^+£) log r» 


If ^ 1, then, for some e >0, we have 4>^+s < 1 and so from 
(6.2.15) , 'for r > r^, we have 

(l+o(l)) log IJ-ir) < (log r) ^ . 

2 

Since, a(x ) a(x) as x -♦ <», for oc(x) £ fJ, the above relation 
gives that < 1- If ^ then (6.2.15) gives that 

(l+o(l)) log M(r) < (F(log r,4>^+e))^ 

for r > r^, since >1. The above relation, since <x(x) £ ^ 

and £ > 0 is arbitrary, gives that 0^^ < Hence 0^ = max (l,^'j|^). 

(v) Now, let a(x) £ We first prove that ©2 < 

By (1.4.1), we have 

a((l+o(l)) log M(r)) < a(a^(r) log r) 


= a(v(r) ) 


+ log log r 


dcc(x) I 

d log x! #/ V 
^ x=x (r) 


where v(r) < x*(r) < vtr) log r. Since ci(x) £ n, this gives 
that 9 2 — ^ * 
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Again, using ( 1 . 4 . 1 ), we get 

^2 

lOQ ju(r^) = log M(r) + f dt > v{r) log r 

r 

for all sufficiently large values of r. Proceeding as above we 
get 62 > 1 + 4)2 • Hence 62 = 1+4)2 • 

(vi) Proof of = 1 + 4 ’^, when cx(x) e n, is similar to 
part (v) above. 

Theorem follows from parts ( i) to (vi) above. 

REIiri-RK . Taking a.(x) = log^ x, p > 1 / some results of Juneja, 
Kapoor and Bajpai [^5] and Shah and Ishaq [los] follow from 
the above theorem. 


6.3. In this section, we first obtain coefficient characterizati- 
ons of generalized lower (a, a) -order of an entire function. We 
also obtain here a necessary and sufficient condition for an 
entire function to be of generalized regular (a,a)-growth. 


We need the following lemmas. 

Kr 




^n 


be an entire function having 


LEMMA 6.3.1. f(z) = S 

n =0 

the generalized lower (a,a) -order X„(o^,cc, f) (1 < \^(a,a,f) £ 00) 
Let ^ ^ increasing sequence of positive integers . Then 


(6.3.1) 

where 


A-oo( f) ^ (V({n^})) 

k 


a(A^ ) 

'^k— 1 

X({n^}) = lim inf — r 

'k ■* 00 n. 


(6.3 . 2 ) 
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and 

oiiK ) 

1 

(6.3-3) V([n-,}) = lim inf :: — . 

k -» oo cx(- log Is I ) 

PROOF . We note that 0 < V({nj^}) < «>. Obviously/ (6.3 •!) holds 

for V({n^}) = 0, since k^(a,a,f) > 1. Now/ let 0 < V({nj^}) < <» 

and let V({n-, }) > £ > 0. Then/ for k > k_ = k^(e)/ we have 

o o 

la I > exp (-\ F(X /1/V)), 

11 ^ 11 ^ 1 

where V = V({n^})-s. The above inequality/ in view of Cauchy's 
inequality/ for k > k^z gives that 

(6.3.4) logM(r/f) > log 1 a I + \ log r 

- ^k ^k 

> -A. ^(A / 1/V) + A log r. 

“ ’^k ’^k-l ’^k 

If ct(x) s fi/ for k > k^/ v/e choose 

r, = exp (1+F(i /1/V)). 

^k-1 

Then/ for < r < <■ using (6.3.4)/ we get 

log M(r/f) > - A f(A /1/V) + A log r, = A 

“ ^k ^k-1 ^k ^ ""k 

= FClog r^_^^-l/ V) > F(log r-l/V), 

The above inequality/ since a(x) & ^ and £ > 0 is arbitrary/ gives 
A^(a/a/f) > V({n^}) and so Z (1 /V( {n^^} ) ) , because 

Aq(,( h>/ oc./ f ) > 1. 

If (x(x) e fi/ for k > k^/ we take 
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(6 *3 *5) iTi^ — ©XD (2F(A. /1/V))» 

Then/ for £ r < / from (6.3.4), we get 


and so 


loQ M(r/f) > -X F(X / 1/V) +X log r, 

^k-1 ^k ^ 


^k “^k-l 


a(logM(r/f)) > a(x f(X , 1/V) ) 

^k ^k-1 


. i a(^ ) + log X 


V 


n 


k-1 


n, d log xl */, 
k ^ x=x*(k) 


where F(x , 1/V) < x*(k) < X P(X /1/V). For r, < r < 

^k-1 ^k ^k-1 ^ ~ - k+1 

this gives 


a(loq M(r/ f) ) 1 


<^(X„ ) 

k-1 


n 


log X, 


n. 


da(x) 


a(log r/2) — - a(log a(log r^_^^/2) d log 


■k+1 


k+1" 


x=x*'(k) 


Since a(x) £ and £ > 0 is arbitrary/ the above relation/ on 
using (6.3.5), gives that X^( a, a, f) > X({nj,}) +V({n^}). 

If V({n^}) = 0 °, the above argiaments with an arbitrarily 
large number in place of V give that X^(a,a,f) is also <». 

This proves the lemma. 

“ X 

LEMMA 6.3.2. Let f(z) = S a z ^ ^ M entire function with 

n=0 

generalized lower (a,a)- order X„(a,a,f), 1 < X^C<x,(X,.f) < oo. Let 
{n^} ^ an increasing sequence of positive integers . Then 

K 
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where X({n^}) defined by ( 6 . 3 . 2 ) and 

a(Xn ) 

( 6 . 3 . 6 ) V ({n, }) = lim inf = ^ . 

k -* CO a(- — — log la /a I) 

k k-1 ^ 

PROOF . Let V({n^}) be given by ( 6 . 3 > 3 ) • It can be easily 
verified that (see [5, Lemma 7 ]) 


(6.3.7) V({n^}) > V^({n3^}) , 

for any increasing sequence {n^} of positive integers. The lemma 
now follows from Lemma 6.3.I and (6.3.7). 

00 ^ 

LEMMA 6*3.3. Let f ( z) = S a z be an entire function and 

n =0 


let^(n) = '^n^^n+l' ^ 1 'n 

for n > n^. Then 


be a non decree sing function of n 


( 6.3 . 8 ) V° > <^2 

and 


( 6 . 3 . 9 ) 
where ^2 ' 

(6.3 .10) 


for (X(x) 


V" 


V* > *2 

A*/ defined by ( 6 . 2 . 12 ), 

“‘VP 

= lim inf — ^ 

n -► 00 ^ 


and 


(6.3.11) V* = lim inf r . 

n n -1 

PROOF . Since ij/(n) is nondecreasing for n > n^, it follows that 
^(n) > ^(n-l) for infinitely many values of n because if it is 
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not SO/ then '?(n) = ij(n+l) = ... ad infinitum, for n > n (say) 

O 

oo X 

and so the radius of convergence of S a^z is finite which 

n=0 

is a contradiction. Further 'y(n) -► <» as n -» <». 

Xn 

When W(n) > 'l'(n-l) the term a^z becomes maximum term 
and v^e have 

Idir) - la^^l r , v{r) = X^ for 'f(n--l) £ r < 'p(n). 


Now, let oo > <J >2 > 0 and <J )2 ^ ^ ^ 0* Then for all r > r^ = rQ(e), 
by (6.2.12), we have 

vCr) > F(log r, 4>2-£) . 

^n 

Let a z and a z (n. > n , f(n. -1) > r ) be two consecutive 
ii n X o X o 


maximum terms so that < n 2 “l • 


Let n^ < n < n 2 • 


Since a 

n 


1 



is maximum term we have v(r) = X for 'i'(n. -1) < r < fCn^ ) . Hence, 

Uf i i 

for any r in this interval 


^n ~ > F(log r,<J> 2 “®)* 


Further, since 

'pCn^) = fCn^+l) = ... =Y(n-l), 

we have 

(6.3.12) X^^^ >X^ > F(log (’P (n-D-c^) , '*’ 2 ”^) / 

where c^ = min [ 1, ('j/ (n^)-f(nj^-l) )/2]. Now, since ^(n) is 


nondecreasing 
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log a /a._ = log a /a . l+...+logla i/^- I 

^ n ' n ^ n ' n^+1 ^ n-1 n 

o o o 

< ) log f(n-l) 

o 

- f Cn-1) 


and so 

(l+o(l)) ^ log la^^l ^ < log 'y{n-l) . 

The above relation/ in view of (6.3*12)/ since ci(x) £ gives 



Letting e 0/ (6.3.8) follov;s from the above relation for 
0 < ({>2 Obviously/ (6.3*8) holds for 4>2 ” ^2 ~ 

the above analysis with an arbitrarily large number in place of 
<fi 2 ~£ gives that = oo. 


Next/ putting the value of ij((n— 1) in (6.3*12) and using 
the fact that a(x) £ A^, we get 

lim inf r > '^2"^* 

n CO a(^^-^:^— log la^.^/a^l) 
n n-1 


Letting £ 0/ (6.3.9) follows from the above inequality for 

0 < <f >2 < °°. Obviously/ (6.3*9) holds for 412 — '^2 ~ 

the above arguments with an arbitrarily large number in place 
of 4 > 2 ~‘^ give that V* = <». 


The lemma is thus proved. 
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We now have the following coefficient characterization of 
generalized lower (cc, a) -order f) of an entire function 

f( z) . 

oo X 

THEOREM 6.3 •!. Let f(z) = 2 z be an entire function havinc 


n=0 


n 


generalized lower (a^a) -order 1 < X (a,a,f) < <», Assume 

■■ ■" '*'■ ■ ■■ ■ I ' ■■ CO CO •— 

l/(Xn+i"^n^ 

that lyCn) = '^n'^^n+1* ultimately a non dec r ea sing 

function of n. Then 

(i) ^ h’(x) e Q, have 

(6.3.13) X^i(X,a,f) = Q(V°) = Q(V*) 

where and V* are defined by (6.3.10) and (6.3.11)/ res'Dectivel7< ' 

(ii) ^ ct(x) e Q, then (6.3.13) holds under the additional 

restriction that cc(^^) '^^^n+l^ — n -* <». 


PROOF. 


The theorem is immediate in view of Lemmas 6.3.1/ 6.3.2 


and 6 . 3.3 and so we omit the details. 


Our next theorem gives a coefficient characterization of 

°° X 

generalized lower (a, a) -order of an entire function f(z) = S a z 

n=0 

which does not require the nondecreasing nature of the function 


n 


= 'Vw 




X 


THEOREM 6 . 3 . 2 . Let f ( z) = S a z ^ be an entire function having 


n=0 


n 


generalized lower (a, a) - order X^i<^,CL, f) (1 <_ ^^(QC'/Ot/ f) £ «) . Then 
(i) If a(x) e Q, we have 
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(6.3.14) = max [Qx({n }) ] 

and 

(6.3.15) A^(a,a,f) = max [^^({n}) 

{ Hi } k 

X 

where xCfn^})/ V({nj^}) and VQ({n^,})~ are defined by (6.3.2)/ 
( 6 . 3 . 3 ) and ( 6 . 3 . 6 )/ respectively / and the maximum in (6.3.14) 
and ( 6 . 3 . 15 ) 1^ taken over all increasing sequences of 

positive integers . 


(ii) Further , if {K } is the sequence of the principal 

^m 


indices of f(z) such that a(X ) 'v, a(A 


n 


n 


) as m CO, then 


'm ■ m+1 

( 6 . 3 . 14 ) and ( 6 . 3 . 15 ) hold for ci(x) £ n also. 


K 


n 


PROOF. Consider the function q(z) = S a z 

^ n 

m=0 m 


m 


/ where { x } 


n. 


m 


is the sequence of the principal indices of f ( z) . Then g( z) is 
also an entire function. Further, for any z, f(z) and g(z) have 
the same maximum term and sO/ by Theorem 6.2.3, f(z) and g(z) 
have the same generalized lower (ct/ a) -order. Thus/ the generali- 
zed lower (cX/a)-order of g(z) is X„(o£’/OC>, f) • Further, ijf(n ) = 


i/(y 


I a /a 
n ' n^,- 

m m-tl 


-X ) 
'm-f-1 ^m 


is a strictly increasing function of m. 


Now, since g(z) satisfies the hypothesis of Theorem 6.3.1, we 
have 


(6.3 .16) 


X<„(a,a,f) - Qx(fn_}) 




X„(ci,a,f) = Qx({n„n 


(6.3 .17) 
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On the other hand, applying Lemmas 6.3 -1 and 6.3.2 to 
the function fCz), we get 

(6.3.18) h^(a,a,f) > max [ Qx({n }) ^^({n^})) ] 

{n^] -k 

and 

(6.3.19) \^(oc,a,f) > max [^^({n }) * 

{n^} k 

Combining (6.3.16) and (6.3.18) we get (6.3*14)/ while (6.3.17) 
and (6.3.19) give (6.3*15). This proves the theorem. 

REMARK . With a(x) = log^ x, p > 1 / some results in [45] follow 
from Theorems 6 . 3 . 1 and 6.3.2. 


We now prove 


CO 


THEOREM 6 . 3 . 3 . Let f ( z) = S 


n=0 


^n ^ 


'■rx 


be an entire function . For 


£ A^/ let 41 ^ and ^2 defined by (6.2.12) . Then 

^2 i *1 srr— T • 

n -» 00 n +1 


PROOF. 


have 


Let lim inf^ ^ ^ '^^^n^'^'^^^n+1^ ~ ^ 


a 


(k )< h' a (k ) 
n. n. +1 


^t t 

for a sequence such that n^ -* ■» as t Let be a 

value of r at which vir) jumps from a value less than or equal 

to \ to a value greater than or equal to k^ . Then ' 

n 1 4- 


a(a;(r^-0)) < a(k^ ) < b' a(k^ < b' a(a^(r^+0)) 

t b 


and so, since a(x) £ A^, we have 
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(r, -0) ) a(i'(r.+0)) 

'^2 - sup a Tion r- ^ 1 sup ^ < b' 4* 


^ - t -^V r^) - - ailog r^) - ^ ^1 * 

Since the above inequality is true for every b' > b we get 
*^2 — ^ * This proves the theorem. 

COROLLAxRi 6.3.1. Let f(z) = S a^z be an entire function with 

n=0 ' 

g-SR^b^-lized ( a, a) ~ order f) and generalized lower (a,a.)- 

O-fder X^(a,a,f) . Then 

^ o^(x) s Q and ^ ^ have 


X^(a,a,f) <p (cl, a, f) lim inf 




n -* oo 


(ii) If a(x) e n, we have 


a(X ) 

lim inf --- / - j- - — ■ • ^ . 

n “► oo 

The corollary is immediate in view of Theorem 6.2.3 and 

Theorem 6'.3 .3 and so we omit the proof. 

“ X 

COROLLARY 6.3*2. Let f ( z) = S a z be an entire function - 

n=0 

^ necessary and sufficient condition that f(z) shoul d be 
£l£ generalized regular (a^ a) -growth with 1 < p (a,a^f) < oo is 


;hat for 


n > Ug we have 


(a,a)- 


® > 0 there exists n^ = n^ ( e ) such that for all 


(6.3 .20) 


< exp [ -X^ ] 


p* = p^(a,a,f) ij a(x) e n ^ p*= P^(a,a,f)-i a(x) e jj, 

jnd that there exists a strictly increasing sequence of 


positive 


such that 
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(6 .3 .21) 
and 

(6.3 .22) 
where 


a(\ ) 'x; aiK 

'^P+l 


) ^ p -• 




= lim 

p -♦ o 


a(X^ ) 

P_ 


a(^ log la„ r^) 


PROOF. 


We first prove the necessity part. Thus, let f(z) be an 


entire function of generalized regular (ci,a)-growth with 
1 < P^Cct^cc,f) < oo. Then the coefficients of f ( z) satisfy 
(6.3.20) follows from Theorem 6.2.1. Now/ consider the function 

oo ^n 

g(z) = 2 a_ z where {X } is the sequence of the principal 


P=0 ""p 


n 


indices of f(z). Then g(z) is an entire function and/ for any z, 
f(z) and g( z) have the same maxim'um. term. Hence, by Theorem 6.2.3, 
generalized (oc,a)-order and generalized lower (a,a)-order of 

S? 

f(z) and g(z) are the same. This gives that g( z) is of generali- 
zed regular ( <x, a) -growth with generalized (ci,a)-order P^(cx,a, f) . 
Since 1 < P^(a,a,f) < oo, applying Corollary 6.3.1 to g(z), we 

4f 

get a(X ) 'v a(X ) as p •♦ <». Further, since W(n^) = 

’^p ’^p+l P 


a /a 
""P "^P+l 


P+1 P 


is a strictly increasing function of 
p, (6.3.22) follows from Theorems 6.2.1 and 6.3.1. 


Sufficiency part follows from Theorem 6.2.1 and Lemma 6.3.1. 
This proves the corollary. 
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RE^IARKS ( i) Taking C£,(x) = X/ p > 1 / a results in L45] 

follows from the above theorem. 

(ii) For the familiar order and lower order of an entire 
function, given by (1.2.2) and (1.2.4), results analogous to 
Theorem. 6.3.3 and Corollary 6.3.1 are due to V/hittaker [l3l] • 

6.4. In this section we prove a decomposition theorem for entire 

functions of generalized irregular (ct, a) -growth. 

°° X 

THEOREM 6.4.1. Let f(z) = S a z ^ an entire function of 

n=0 

generalized irregular (a, a) - growth and let X^(a,a,f) < u < 
P«,(a,a,f). Then f(z) is of the form g^iz) + where g^(z) 

is an entire function with generalized (a, a) - order less than or 
egual to u and 

h„(z) = E z P 

u in 

p=0 p 

satisfies 

a{X ) 

m 

X^(a,a,f) > u lim inf -7 — y * 

P - ~ 

PROOF . Let g^(z) = S' a^^z , where S' denotes the summation over 
n for which 

I a_ I < exp (“X_ l/u^)), 

where u* = u if a(x) £ f2 and u = u— 1 if a(x) £ fi. Then, by 
Theorem 6.2.1, generalized (a> a) -order of g^( z) is less than or 
equal to u. Now, let 

<» ^m 

h, (z) = f(z) - g (z) = S a z P. 

P=0 ""p 
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Then 

(6.4.1) !a I > exD (-A F(K , 1/u* ) ) . 
p p p 

If aCx) e ^ , we take r_ = exp (1+F(X ,1 /u)). Then, for 

P m 

P 

^ Cauchy's inequality and (6.4.1), we have 


log M(r, f) > log la I + \ log r > log la 

rap nip y - y iHp nip 


t X log r 


> X 


m 


and so 


a(\ ) 

a(loaM(r,f)) ^ 

— :r7"-r~- c > — c- 


a(\ ) 

m 

P. 


a(log r) a(iog a(i+F(A ,1/u)) 

ni_ . , 


p+1 


This on proceeding to limits, since a(x) £ £2 , gives that 

a(X ) 

rn 

X^(a,a,f) > u lim inf — — y . 

P - ~ rup^^ 


If a(x) E we take r' = exp (^ji:t ' l/(u-l))). Then, 

- y " P 

for -Tp < r < Jr'p_^^, using Cauchy's inequality and (6.4.1), we have 


log M(r,f) > log I a^ I + X^ log r' 


m 


P 


> F(X^ , l/(u-l)) 

u— 1 m m 

P P 


and so 

a((u-l)log M(r,f)) iw \ ^ 

> E 


a(H^ log r) 


log 


log X 


m 


da(x) 


ac^ log 


d log xl _ 


x=x''(X ) 
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log X 


aT x-^ ' V + (u-1) '"P, 

m._ . ^ '^'■X ) d log X 


m 


“p+1 


D+l 


x=x'^(X ) 


m. 


where l/(u-l)) < ^ l/(u-l)). SI 

P P P 

a(x) e a. on passing to limits, the above inequality 


ince 


aives that 


a(X ) 

> u lim inf — 2. 


oTX T • 

p - oo m 

p+1 


This proves the theorem. 


REMARK. Takina ot’Cx) = i ^ -i - _ 

^ P > 1 / a result of Juneja, Kapoor 

and Bajpai [45] follows from the above theorem. 



CHAPTER 7 


APPROXIMATION OF ENTIRE FUNCTIONS AND ENTIRE SOLUTIONS 
OF CERTAIN PARTIAL DIFFERENTIAL EQUATIONS 

7.1. The present chapter first deals with the study of the 
approximation of entire functions over a Caratheodory domain 
in L°-norm/ 1 < 6 < «>/ and over a compact set having nonzero 
transfinite diameter in uniform norm. Further# in this chapter# 
we have studied the approximation of an entire harmonic function 
in R^"**^# p > 1# on a finite closed hyperball in L'' -norm, 1 £(S£co. 
The approximation of entire generalized axisymmetric potentials 

(GASP^s) and entire generalized biaxi symmetric potentials (GBSP^s) 

(5 

on a finite disc in L -rnorm# 1 < o < oo, is also studied in this 
chapter. The results in these directions are obtained by the 
extensive use of the results of Chapter 6. 

In Sections 7*5# 7.6 and 7.7# respectively# the concepts 

of generalized (a# ,8) -order and generalized lower (oc# 8) -order 

/ 

for an entire harmonic function in R^"^^# p > 1/ an entire GASP 
and entire GBSP are introduced. Analogous concepts for entire 
functions are given by (1.3.3) and Definition 6.1.1. 

Using the results of Seremeta [ 93 ] and Shah [102]# i.e.# 
( 1 . 3 . 7 )# (1.3.10)# (1.3.11) and (1.3.12)# and the results of 
Chapter 6# we obtain necessary and sufficient conditions in i 

terms of various approximation errors# such that a function 
defined on the underlying finite set over which the approximation i 





is considered/ has an analytic continuation as an entire function 
an entire harmonic function/ an entire GASP or an entire GBSP 
having finite generalized (a, 3 ) -order and finite generalized 
lower ( CC/ 3 ) “Order . The results of this chapter generalize and 
extend some results of Giroux [35]/ Kapoor and Nautiyal [57] and 
McCoy [67/ 68/ 70 ]. 

7 . 2 . Let E denote a Caratheodory domain/ i.e./ a bounded simply 
connected domain such that the boundary of E coincides with the 
boundary of the domain lying in the complement of the closure of 
E and containing the point o®. Let L'^(E)/ 1 5 < °°/ be the class 

of all functions f(z) analytic in E and satisfying 

(7.2.1) I I fl 1„ ^ = (// 1 f(2) 1^ dx dy)^'^'^ < 

E/6 g 

^ ' X 

Then 1 I . I 1 „ / is a norm and called the L°-norm on L (E) . 

Jli / O 

It is known [l07 / p. 393] that L^(E) forms a Hilbert space with 
respect to the inner product 

(f/g) - ff f(z) g( z) dx dy, fCz)/ g(z) e L^(E) . 

E 

2 

The Fourier coefficients d^ of f(z) e l (E) are defined as 

(7.2.2) d^ s dj^(f/E) = // f(z) p^(z) dx dy, n = 0/1/2,..., 

E 

where is a polynomial of degree n such that 

forms a complete orthonoimal sequence in L (E). Such a sequence 
always exists in L^(E) (see, e.g., [66, p. 125], [IO 8 , p* 261]). 
It is known [10 8, p. 273] that f(z) e L^(E) is entire, if and 


only if. 



^4 / 


(7.2.3) lim I i = 

n -* CO 

Moreover, in that case, f(z) = 
complex plane. 


0 . 


S 

n =0 




holds in the whole 


For f(z) £ L^(E), 1 < < a>, we define -A .(f)/ the error 

n / 0 

in approximating the function f(z) by polynomials of degree 
atmost n in L'^ -norm as 


(7.2.4) .(f) = A ,(f,E) = inf 

n,5 n ,6 


f ” gll-.. , n — 0 / 1 , 2 /..., 
£.,6 


n 


where IIP^^ consists of all polynomials of degree atmost n. 

In this section we find some preliminary lemmas that are 
needed in Section 7 .3 for approximation of entire functions over 


a Caratheodory domain in L° -norm, 1 < 6 < <», 


To avoid some trivial cases we shall assume throughout 
in Sections 7.2 and 7.3 that f(z) £ L^(E)/ 1 < 5 < °o, ±s not a 
polynomial . 

Let E * be the component of the complement of E, the closure 
of the Caratheodory domain E, that contains the point Let the 
function w = <J>(z) map E conformally onto !wl >1 such that 
4 ,( 00 ) = 00 and 'j)'(°o) > 0 and set E^ = {z: li}>(z)l =r}/r>l. 

For a function f(z), analytic inside and on E^, let 


M(r/f) = max lf( 2 )l andM(r/f) 
z £ E 

r 


max 1 f ( z) I . 
I z I =r 
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We have 


L 7 . 2 •! . Let: £( 2 ) entire function • Then 

(i) ^ a(x) e ^ 3(x) e l°. 


1 im 

r 00 


sup 

inf 


a(loq M(r.f)) _ a(loQM(r,f)) 

e(i°g r i 0 . inf “Ki^TT] 


(ii) Tf ±{ 2 .) is of order P^(f) (0 < P^(f) < “) / type T^(f] 

and lower type t^( f) / then 


T ( f ) d sup T - 1 

P„(f) = Ita ■ 

t{f)d r oo inf 




where d is the trans finite diameter of E, the closure of E. 


PROOF . Let be a point of E and let I El = sup{ I z- ^ 1 s Z/ ? e E} 
be the diameter of E. Then, for z £ E^, r > 1, following the 
proof of Lemma 3.1 of Winiarski [132], we haye 


dr 2 1 E I - I Zq 1 < I' z 1 < dr + I E I + 1 z^ I . 

The lemma now follows easily from the aboye inequalities. 

LEMMA 7.2.2. Let f(z) e L^(E) has an analytic continuation as 


an entire function. Then, the function f Cz) = Sldlz^, ds 

— n n 

n=0 

being the Fourier coefficients of f(z) given by (7.2.2), is 
entire . Further 

(i) For aCx) s A and 3(x) £ L°, 

I- ^ 


lim 

27 oo 


a(log M(r,f) ) 

inf 


= lim 

27 oo 


sup 

inf 


a(log M(r,f*) ) 
0(1 og r) 
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(ii) If tiz) is of order P^^Cf) (0 < P^(f) < “) / type T^(f) 

and lower type t ( f ) / then f*(z) is of order P— type 
p (f) °° 

( f ) d °° and lower type t^ ( f ) d / where d the trans - 

f Inite diameter of E . 

PROOF . ( i) Since fCz) is entire/ it follows/ from (7.2.3)/ tha 
f*(z) is also an entire fixnction. 

If iPn^^^^n-0' ^n^^^ being a polynomial of degree n, is 

2 

a complete orthonormal sequence in L (E) and r^ >1/ we have 
[108, p. 272]. 


(7.2.5) lp„(z)l < K r^ for z s E, n = 0/1,2,..., 

where K is a constant and E is the closure of E. Now, applying 
Bernstein inequality ([66/p.ll2]/ [lOB, p. 20], [l29 ,p .77 ]) to 

OO 

each term of the series S 

n=0 

OO OO 

lf(z)l < S Id^l IPn(z)l < K 2 Id^l (rr^)^ for z e E^, r > 1 , 
n=0 n=0 


and so 


(7.2.6) M(r,f) <KM(rr*/f*). 


The above inequality, for ct(x) e and 3(x) ® L ^/ gives that 


(7.2.7) lim ^ a(loq^M(r,J^ < ^.ixn 


OO inf 


3(log rT 


r -♦ OO inf 


o^dog M(r, f*) ) 
8 (log r) 


Now, let r' > 1 be a fixed constant. Since f(z) is entire, 
it follows that [66,p.ll4], there exists a sequence of poly- 
nomials {Qj^(z)}/ being of degree of atmost n, such that 
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(7.2.3) lf(z)-Q^(z)l < 4M(r.f) , z S E, 

^ l-(rVr) 

for all sufficiently large values of n and all r > r^ . 

By (7.2.2) / we have 

=// ( f( z)-Q^_^(z) ) p^( z) dx dy/ 

E 

since P]^(2) is orthogonal to any polynomial of degree less than 
n. Applying Schwartz's inequality to the above relation/ we 
get 

Id^l 1 (// lf(z)-Q^ .(z)l^ dx dy)^^^ 

E 

and SO/ using (7.2.8)/ we have 


(7.2.9) Id^l < Kq M(r/f) (r'/r)^ 


for all sufficiently large values of n and all r > 2r'(say)/ 
where is a constant indepiendent of n and r. Moreover/ 

(7.2.9) gives that 

(7.2.10) M(r/r' /f*) < Kq M(r,f) 

for all sufficiently large values of r. For 0£,(x) e and 
iB(x) e L°/ the relation (7.2.10)/ in view of (1.4.8)/ gives 
that 


(7.2.11) lim 


r •* °° inf 


c^dog M(r/f "')) . 
/3(iog' r) - 


lim 
r -* 0 ° inf 


a(loq M(r,p) 
0(log r) 


Combining (7.2.7) and (7.2.11) and applying Lemma 7.2.1 to the 
function f(2) / part ( i) of the lemma follows. 
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that f(z) s L (E), 1 < 6 < oo, has an analytic continuation as 


an entire function having finite generalized (a, j3) -order 


and finite generalized loxver ( cc,^ S) -order given by 


(1.3.3) and Definition 6.1.1. Finally/ we obtain a necessary 


condition for an entire function to be of generalized regular 


( oc, / 13 )- growth . Our results in this section aeneralize and exten 


the results of Giroux [35] and Reddy [85 ]. 


First/ we obtain a lemma that connects the approximation 


error t- ( f ) of a-n entire function f(z) with the maximum modul 

n /o 


of f(z) on the curve E^/ r > 1. 


LEMMA 7.3.1. Let f ( z) s L (E) , 1 < S < oo, has an 


continuation as an entire function and let r' > 1 and r^ > 1 be 


given. Then/ for all suf ficientl-’ 


je values of k and all 


r > 2r^rj^/ 


M(r,f) (r"r*/r)^/ 


where the approximation error A, .(f) is given by (7.2.4) and 

■■ ■' " ' " ^ ' iC # 0 — — 


K is a constant independent of n and r. 


PROOF . Let the Fourier series expansion of the entire functiop 


f(z) e (E) / 1 < 6 < CO, be given as f(z) = E 


gj,(z) = S '^loarly g^^ ® definition 

n=0 


(7.2.4) of the approximation error Av obtain 




and SO/ by the definition (7.2.1) of the norm have 
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1 max_ lf(z)-g^( 2 )l 


< max_ ( S 1 d I Ip ( z) I ) / 

z s E n=k+l 

where is a constant. Using (7.2.5) and (7.2.9), for all 
sufficiently large values of k and r > 2r‘' , we now have 


'k,6 


(f) < K.^ K K M(r,f) S (r'r^/r) 


n 


K.,. Kq K M(r,f) 


n=k+l 
(r^r. /r) 


k+1 


l-(r'rj,, )/r 

Taking r > 2r'r^, the lemma follows from the above inequality. 


We now prove 

THEOREM 7.3.1. f( 2 ) £ L'5(E), 1 < 6 < oo. Then , f ( z) ^ 

analytic continuation as an entire function , if and only if , 

(7.3.1) lim (A .(f))^'^’^ = 0 

n ,0 

n -* °° 

where the approximation error ^ ^ given by (7 .2 .4) . 

PROOF . First, let f(z) £ L'^(E), 1 < 5 < 00 , be an entire 
function. Then, it follows, from Lemma 7.3.1, that 
lim sup^ ^ (Aj^^ ^ ( f) ) ^'^’^ < {r'r^)/r for every r > 2r'r* . 
Letting r -» «>, this gives 

lim (a„ .(f))^'^'^ = 0. 

H / 0 

n 00 

This proves the necessity part of the theorem. 

Now, let z^ £ E and let R > 0 be such that D„ „ = 

O K,2^ 

£z:lz-z I < R} , is contained in E. If f(z) £ L*^ (E) , 1 < 6 < 00 ^ 
O — “ 
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then f(z) is holomorphic on ^ and has the following Taylor 
series expansion 


( 7 . 3 . 2 ) 


f(2) = E a^(z-z^)' 
n=0 


on Dp y where s ' s are given by 


)2(n+l) _ 


n+1 n 


= JJ f(z) (z-z ) dx dy. 


Thus# for any g s ip ^ we have 


,2 (n+1) _ 


'^n* ~ (f(z)-g(z)) (z-z^) dx dyl 

“r,2^ 


<R 

Using Holder's inequality, the above relation gives that 


£ (A(E))^ Mf-gllj,^g, 1 < 6 < oo, 

where A(E) is the area of E and q = 1-1/6 . Since the above 
relation holds for any g we get 


(7.3 .3) 




If, for f(z) s L (E) , the equation (7.3.1) holds, then it follows 
from (7.3.3) that 

1 im f I 0 

n -► oo 

and so, (7.3.2) gives that f(z) is an entire function. This 
proves the sufficiency part of the theorem. 


The theorem is thus proved. 
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REMARKS . ( i) Let E be a domain bounded by a closed Jordan 

curve. Then/ for 6 = 2 a result of Rizvi [87 J and for 
2 < 6 < oo a result of Giroux [35] follows from the above 
theorem. 

( ii) For S = {z: Izl <1} and !<&<<», some results 
of Reddy [85 J and Ibragimov and Sihaliev [39] follow from this 
theorem, 

( iii) Let E be a Jordan domain whose boundary consists 
of finite number of analytic Jordan arcs meeting in corners of 
exterior openings less than or equal to sTi < 2Ti. Then/ for 

1 < 6 < OO/ a result of Rizvi [87,p. 68] follows from Theorem 

7 .3 .1 . 


Our next lemma is a key result in the proofs of 
Theorems 7.3.2 to 7.3.6. 

LEMMA 7.3.2, Let f ( z) e l'^ (E) , 1 < 6 < oo, has an analytic 
continuation as an entire function ♦ Then the fimction 


fg(z) = £ A ^(f) z’^/ where the approximation errors A^ ^ 

n=:0 ' 

are given by (7.2.4)/ is entire . Further / 


(f) 


(i) For a(x) © and j8(x) s l^. 


. a(loq M(r/f)) _ . . 

r inf p^log r) r » inf 


sup a(log M(r/ f^) ) 


(ii) If f(z) is of order P^(f)/ 0 < P„(f) < 


T^( f) lower type t^( f) / then f ^ ( z) ie of order P^( f) , type 
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P^(f) Pjf) 

T^(f) d and lower tyr^e t^Cf) d / where d ^ the 

trans finite diameter of E. 

PROOF. ( i) Since f(z) is entire# it follows from Theorem 7.3 

OO 

that f (z) = E . ( f ) z'^ is also entire. Further# by Lemma 

6 n #6 

7.3.1/ we have 


(7.3.4) M(r/(r'r*)/ f 5 ) <K°M(r/f) 

for all sufficiently large values of r. For (X(x) £ A# and 
/3(x) s L*/ the relation (7.3.4)# on using (1.4.8)# gives that 


(7.3 .5) 


sup 

lim 

r -» t» inf 


a(log M(r#f 5 ) ) 
3 (log r) 


lim 

OO 


a(loq M(r#f)) 
inf PtWH— • 


Now# by (7.2.2)/ for any g eiP^_^# we have 


d^ =// (f(z)-g(z)) ^ 

E 

since Pj^(z) is orthogonal to any polynomial of degree less than 
n. In view of the bound (7.2.5) of the polynomials p^(z)/ the 
above relation gives that 

Ic3 1 < J/ I f(z)-g(z) 1 Ip (z) Idx dy < K r*ij 1 f(z)-g(z) I dx dy. 
^ ” E E 

= K r^ II f-gl I g ^/ 

where r^ > 1 . On applying Holder's inequality# for any g 
this gives 

(7.3 . 6 ) I £ K(A(E) )^ I 1 f-gl Ig^^ # 1 < <S < 00 , 
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where A(E) is the area of E and q = 1-1/6. Since (7.3.6) holds 
for any g e have 

Id^l/r^ < K(A(E))'5 ^n-1,6^^^* 

This easily gives that 


(7.3.7) M(r/r^,f^) < K(A(E))^ r M(r/fg) 

OO 

for all sufficiently large values of r, where f*( 2 )= S Id \ 'zP' 

n=0 

is an entire function. 


Using (7.3.7) and applying (1.4.8) to the functions f*(2) 


and ff(z)/ we get 


( 7 .3 .8) lim 

r -♦ CO inf 


a(log M(r,f*) ) 


.OQ Myr/r 

3 (log r) 


sup a(log M(r/ fg) ) 

< lim 

r -* OO inf 


3(log r) 


Part ( i) of the lemma now follows from (7.3.5)/ (7.3.8)/ Lemma 
7.2.1 and Lemma 7.2.2. 

(ii) Part ( i) of the lemma gives that if f( 2 ) is of order 
( f) then f;;(z), 1 < 6 < OO/ is also of order P (f). Now/ if 
0 < Poo(f) < °°t then let f ( z) be of type T^(f) and lower type 
t^(f). The relation (7.3*4)/ in view of (1.4.7) and Lemma 7.2.1 
now gives that 

(7.3.9) d / t^(f5) < t^(f) d 

since r' > 1 and r^ > 1 are arbitrary. Here T^(f 5 ) and t^(f| 5 ) 
are/ respectively, type and lower type of f^(z) * Now, from 
(7*3*7)/ on using (1.4.7) and Lemma 7.2.2, we have 
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(7.3 .10) 




P i f) 

f) 1 f 5) ^ 


since r_^ > 1 is arbitrary. Part ( ii) of the lemma now follows 
on combining (7.3.9) with (7.3.10). 


This proves the lemma. 

REMARK . For E={ 2 s Izi <1} and ^ = 2, the lemma is due to 
Bajpai and Shah [s]. 

We now have 

THEOREM 7 . 3 . 2 . Let f(z) £ L^(E)/ 1 _< 6 < <», and let the 
approximation errors — hiven by (7.2.4). A necessary 

and sufficient condition that £( 2 ) has an analytic continuation 
as an entire function of finite generalized ( cc, j8) -order 
is that 

( i) oc.(x) and 0(x) satisfy (1.3.6)/ then 


( 7 . 3 . 11 ) 


P^(a/3/ f) = u^(a,3) . 


(ii) If a = 3 and cx(x) belongs to or then 


( 7 . 3 . 12 ) P^ici,a,f) = Q(u^(a,a)), 

where / 

(7.3-13) - lim sup — 3 < 00 , 

n -* 00 3 (- log (A .(f)) ) 

n n / 0 


PROOF . First/ let f ( z) e L*^(E), 1 < S < co, be an entire 
function of finite generalized (oc,, j3)- order P^(cC/^ff) • Then, 
by Lemma 7.3-2/ the relation (7.3.11) follows on applying (1.3-7) 
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to the function fg(z) = S ZS 5 f ) • while the relation 

(7.3*12) follows on applying Theorem 6.2.1 to the function f^(z). 
This proves the necessity part of the theorem. 

Conversely/ if/ for f(z) e L {E) , 1 < 6 < 0 °/ the quantity 
Ug(a,p)f given by (7.3.13)/ is finite/ then ^ 

0 and so f ( z) is entire by Theorem 7.3.1. Sufficiency part of 
the theorem now follows from the necessity part. 

This proves the theorem. 

THEOREM 7 . 3 . 3 . f ( z) S L^(E)/ 1 < 6 < 00 , an^ let 

^n/'S ^ f)/An 4 .i 5 ^ ^ where the approximation errors 

given by (7.2.4)/ ultimately a non decree sing function of n. 

Then a necessary and sufficient condition that f ( z) has an 

analytic continuation as an entire function of finite generalized 

lower (OC/ 0) - order X^(a/3/f) is that 

( i) If <x(x) and |3(x) satisfy (1.3*8) and (1.3*9)/ 


( 7 . 3 .14) 


A^(0C//3,f) = Vs(cc,p) 


(ii) If a = 3 and a.(x) belongs to n or R# 


( 7.3 .15) 
where . 

(7.3.16) 


X_^(a/a/f) = Q(V^(a/a) ) , 


v^(a/3) 


lim inf 

n .* 00 



d(n) 

‘^n,« 


Cf)) 



<1 00 • 


PROOF . First/ let f(z) e l‘^(E)/ 1 < « < be an entire function 
of finite generalized lower (( 1 / 3 ) -order ?v.^((i#3/f) and let 



260 


^ ^ ^ ( f) be ultimately a nondecreasing function of n- 

Then, using Lemma 7.3-2, the relation (7.3-14) follows on 

OO 

applying (1-3.10) to the function f (z) = E A .(f) z^, while 

^ n =0 

(7-3 *15) follows on applying Theorem 6-3-1 to the function f 5 (z). 
This proves the necessity part of the theorem. 

• Conversely, if for f(z) e L*^(E), 1 < 6 < oo, 

Aj^^ ^( f)/Aj^^^ is ultimately nondecreasing and (7-3 •16) holds, 

then lirrij^ oo*' '^n ,5 ^ ^ ® f( 2 ) is entire. Sufficiency 

part of the theorem now follows from the necessity part. 

This proves the theorem. 

THEOREM 7-3.4. f(z) e L*^(E), 1 < 6 < <», and 1^ the 

approximation errors ^if) ^ given by (7.2.4). A necessary 
and sufficient condition that f(z) has an analytic continuation 
as an entire function having finite generalized lower ((X,3)- 
order Pr f) i^ that 

(i) M a(x) and 0(x) satisfy ( 1 - 3 . 8 ) and (1-3-9), then 

(7-3-17) X^(a,p,f) = max [v*(a, 3 , {n^} )] =max [v^ (a, 3 , {n^} ) ] . 

( ii) M !X = 3 and 'i(x) s , then 

(7-3-18) X^(a,a,f) = max LQ(v^(a,a, {n^} ) ) ] 

= max LQ(V°(a,a,{n^}‘ ))] • 

{Uk} 
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( iii) a = j 3 ^ cc(x) £ and the principal indices 

OO 

of the function f^Cz) = S A ^ ( f ) satisfy a(n„) 'v a(n 
— , , „ _r^ n / 0 ^ m m- 1 

as m -* 00 , then 


(7.3.19) X^(a,a,f) = max_ [q^_ _ (v*(a,a, {n^} ) ) ] 


{n^} x({nj,)) 


max [ Q_ 

Cn^} xiln^^]) 


(v?(a,a,{n, })) ] , 


where/ 


Vg n-j^ } ) 


= 1 im in f 


<^(n^_l) 


^ OO )3(^ log (A -(f))“^) 


V 5 (a, 0 ,{n^}) = lim inf 


C^CHk^i) 


k -» OO i8(7r-r:p; 

k “k -1 


n,^-n, ^ = ' n^__^ / 6 ■ n^./ i5 


(f)/A„ „(f))) 

k' ■ 


( 7 . 3 . 20 ) x({n^}) = lim inf Vd(n^) / 

^ 00 

maxlmigm in (7.3*17)/ (7.3.18) and (7.3*19) is taken over all 


increasing sequences of positive integers and 

max [ V*(a/ 3/ {nj^} ) ] and max [ V°(a, 3/ { n^} ) ] are finite ^ 

{Pk} 

PROOF . First/ let f ( z) £ L‘^(E), 1 < 5 < «>/ be an entire 
function with finite generalized lower (d/ 3)-order k^( <X/ /3/ f) . 
Then/ using Lemma 7.3 -2/ the relation (7.3*17) follows on 

applying (I. 3 .II) and (1.3.12) to the function f^iz) = 

00 

S A (f) z^, while (7.3-18) and (7.3-19) follow on applying 
n=0 

Theorem 6-3-2 to the function f^(z) . This proves the necessity 


part of the theorem 
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Conversely, if, £( 2 ) s (E) , 1 < 6 < «, 

max [v|’(a,3,{n^} ) ] is finite then lim„ ^ , ( f ) ) = 0 and 

n-^oc>n/o 

in^j 

so f(z) is entire* Sufficiency part of the theorem now follows 
from the necessity part. 

This proves the theorem. 

VJe note that the choice cc(x) = x and 3(x) = (exp x)^, 

0 < c < °°, is not permissible in Theorems 7.3*2 to 7.3*4. Thus/ 

we now obtain characterizations of type and lower type of an 
entire function in terms of the approximation errors ' 

1 < ^ < CO, given by (7.2.4). 

THEOREM 7 . 3 * 5 . Let f(z) e (E) / 1 < 6 < 0 °/ and let the 
approximation errors A„ .(f) be piven by (7.2.4). A necessary 
and sufficient condition that f(z) has an analytic continuation 
as an entire function of order P^( f) / 0 < P^i f) < °°/ and nonzero 
finite type T^(f) is that 

, P^(f)/n 

= lim sup n(A ( f ) ) , 1 < 6 < °°, 

n •* 0 ° 

P^( f) 

satisfies 0 < < 00 . Further / = e P^o^f) ^ 

1 < 6 < 00 , also holds , where d is the trans finite diameter of 
the closure of E. 

PROOF. Necessity part of the theorem follows from Lemma 7.3*2 

00 

on applying (1.2*8) to the function f r(z) = S A .(f) z . 

n=0 

Conversely if, for f{z) e l^Ce), 1 < 5 < 00 , satisfies 

0 < W. < 00 , then we have 

0 
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lim sup 

n -» oo 


n log n 

^TSi“^77fT 


= pj f) 


and so, by Theorem 7.3*2, f(z) is an entire function of order 
Pj„(f) • Sufficiency part now follows from the necessity part. 
This proves the theorem. 

THEOREM 7 . 3 . 6 . Suppose fCz) s L^(E), 1 < (^ < 00 , has analytic 

continuation as an entire function havinp order P^( f ) , 0 < P^( f) 

00 , and lower type t„(f). If A o(f)/A,^,-i .(f)/ where the 

approxomation error A ( f ) is qiven by (7.2.4), is ultimately 
— n/(5 — """ 

a n on dec r ea s in cf function of n, then 

P^(f) ^ 

e P„( f) t„(f) d = lim inf n(A .(f)) 

“ ~ n -» 00 

Here d ^ the trans finite diameter of the closure of E. 

PROOF. The theorem follows from Lemma 7.3.2 on applying 

(1.2.15) to the function f. (z) = S A (f) z’^. 

^ n=0 

REMARKS . (i) Taking, in particular E = {z : Izl < 1}, a(x) = 

log X and 3(x) = x, some results of Reddy [85] and Ibragimov 
and Sihaliev [39] follow from Theorems 7.3*2 and 7.3*5. 

(ii) Taking E = {z s Izl <1} and 6=2 some results 
of Sajpai and Shah[6] follow from Theorems 7.3*2, 7.3*3 and 
7.3 .4* 

(iii) Let E be a domain bounded by a closed Jordan 
curve, a(x) = log x, |3(x) = x. For 6 = 2, some results of 
Rizvi [87] follow from Theorems 7.3*2 to 7.3*6. 
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( iv) Let E be a domain bounded by a closed Jordan curve. 
Then Theorem 7.3*2, with oc.(x) = log x and 0(x) = x, and Theorem 
7.3*5 extend the results of Giroux [35], obtained for the case 
2 £ P < for 1 £ p < 2 as well. Further, for <x(x) = log x 
and P(x) = X, Theorem 7.3-2 generalizes a result of Giroux for 
the case 2 <_ p < 

(v) Taking E to be a Jordan domain bounded by finite 
number of analytic Jordan arcs meeting in corners of exterior 
openings less than or equal to sTT < 271, a(x) = log^ x and 

j3(x) = log X, P £ q £ 1 or a(x) = log x, p > 1, and 0(x) = x, 

q p 

some results of Rizvi [87] follows from Theorems 7.3*2 to 7.3*6. 

For f(z) £ L'^(E), 1 < S < oo, let {n ^ ( <5 ) with n^(<^) = C 

be the sequence of positive integers defined as follows : 


(7.3-21) ^ 


n 


. ga),. 






(f) 


for £ n 4 nj(^),j— 1,2,3/».* 

We now obtain a relation that shows the influence of this 
sequence on the growth of an entire function. 

THEOREM 7.3.7. Suppose f ( z) £ L'^(E), 1 £ 6 < oo, ^ ^ analytic 
continuation as an entire function having generalized (a,0)- 
order P^,(<x,i3/f) and generalized lower (a,i3)- order X„(a,g,f). 

Then, 


( i) If a,(x) and p(x) satisfy (1-3*8) and (1.3*9), 
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< P^(a,3,f) lim inf a(n . ( 6) )/a(n . 

j *-> CO 

(ii) If OG = 3, a(x) s n and \^(a,a,f) > i, 

< P^{o.,a,±) lim inf a(n . (6 ) )/a(n ( 3) ) . 

(iii) J± a. = ^, a(x) £ Q, 

A.^(a,a^f)-1 < (p^(a,a, f)-l) lim inf cx(n . ( 3 ) )/a(n . ^ (5 ) 
where the sequence {n^ (3) } given by (7.3 *21) . 

PROOF . Since f(z) is entire, it follows, from Lemma 7.3.2, th< 

OO 

the entire function f< 5 (z) = S A ( f ) z^, 1 < 6 < c»^ where th< 

n=0 

approximation error x ( f) is given by (7.2.4), is of generali: 
(a,,8)-order p^(oc,3,f) and generalized lower (a,/3)-order ?^^(o:,8, J 
Hence the function f| 5 (z) = z f^(z)-f^(z) is also an entire 
function with generalized (cx,3)-order ^ , f) and generalized: 

lower (a,3)-order \(^(o^,3/f)* Further 


(7.3.22) 


fjCz) - 




n=l 




A^ xCf)) 
n , 6 


n 


OO n (6) 

= -A. (f) + S A. z J 

0/6 3 

where =A„._ \ A6) ' 

J J 

Now, if a(x) and 3(x) satisfy (1.3*8) and (1.3*9), 
applying (1.3*5) and (1.3.11) to the function fg(z), we get 
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0/ f) = max {lim inf 
k oo 


a(n, (<5)) 
Jk-l 


(A. )-i) 

J T. ^ 


a(n. (S)) 


£ max {lim sup 
{ jj^} k - «> 


■^k 


0v ^ 


.}y 


a(nj (5)) 

X max dim inf o,(n i 

{n, } k -* oo j 


< P^(cc,p,f) lim inf o[,(n . ^(6 ) )/a(n . ( 5) ) . 

j -+ oo -* 

This proves part (i) of the theorem. 

If <x = 0 and oC'(x) belongs to Q or f5 / it is easily seen 

that f (z) satisfies the hypothesis' of Corollary 6.0 ‘I* Now/ 

S 

parts (ii) and (iii) of the theorem follow on applying Corollar 
6 . 3.1 to the function fj(z). 

This proves the theorem. 

COROLLARY . Suppose f ( z) e L^ (E) , 1 < 6 < co, h^ an analytic 
continuation as an entire function of generalized regular (ct.,3)- 
growth with (<X, 0)-- order P^(o^/0/f). If 

( i) (x(x) and 0(x) satisfy (1.3*3) and (1.3*9) and 

0 < P^(a,0,f) < 00 , 

or 

(ii) a =0/ a.(x) belongs ^ Q 2£ Ci ^nd 1 < P^(cc,cC/ f) < °° 

then 

a(nj(5)) a(nj^^(S)) ^ j ^ “z 
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where the sequence {nj(6)} ^ given by (7.3»21). 

remarks . (l) It is seen from the above corollary that for an 

entire function f(z) of generalized regular ( -C, |3) -growth the 
gaps in the sequence {n^C^)}, defined by (7. 3 -21), are of the 
same order for any 6, 1 < ( < oo, 

(II) If for an entire function f(z)/the sequence {njC"^) 

1 < (^ < oo, given by (7.3.21), has wide gaps/ i.e./ lim infj ^ 

cx(n j ( 5 ) )/(X(nj_^^ ( 5 ) ) < 1, then, by Theorem 7.3*7/ f(z) is of 

generalized irregular ( oc, 3 ) -growth if 

( i) a(x) and i8(x) satisfy (1.3-8) and (1*3.9) and 
0 < P^(a,3^f) < 00 . 
or 

( ii) CL = 3 , oc(x) belongs to n or Q and 1 < P^(a,a,f) < 00 . 

(III) If E is a Jordan domain/ 6=2, cc(x) = ^ 

ir 

3(x) = X/ p > q > 0/ then a result of Rizvi [87, p. ss] 

follows from the above theorem. 

7 . 4 . In this section/ using the results of Chapter 6, we study 
the behaviour of the rate of decay of the approximation error 
in uniform norm on a compact set of an entire function of slow 
growth. Thus/ we have obtained necessary and sufficient 
conditions/ in teamis of the approximation error in uniform norm 
over a compact set with nonzero transfinite diameter/ such 
that a function f(z) continuous on has an analytic continua- 
tion as an entire function having finite generalized (ot/a) -order 
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and generalized lower ( a, a) -order/ given by Definition 6.1.1. 
Our results generalize the results- in [sv] which were obtained 
for the case when '0 is taken to be the closed interval [-1/1]. 

yn 

Let (p be a compact -set in the complex plane such that 
the trans finite diameter d( ^ ) of ^ is nonzero and let 

yO 

be the class of all functions f(z) continuous on 0 . For 
f ( z) £ H- ( ^ 


f 1 


S' 


sup^ I f ( z) I . 

z S 0 


Then / 


is called the uniform norm on )^(Cb). For 






f(z) s ( ^) / the error approximating the functic 

f(z) by polynomials of degree atmost n in uniform norm is 
defined as 


a £ 3P 
^ n 

where consists of all polynomials of degree atmost n. 

It is known [l32] that f(z) e 'R(S) has an analytic 
continuation as an entire function, if and only if# 

(7.4.2) lim (A^ = 0 . 

n 00 ^ 

{ n 1 

If V = ^nl'***' ’^nn^ extremal system 

(see Section 1.6) of , then the polynomials 


k=0 ^nj ^nk 

jA 


p‘J'> (2, 
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are called the nth Lagrange^ s extremal polynomials* Further/ 
there exists finite limit ([60]) 


.( 0 ) 


lim = L(z) > 1 

n oo 

'e 


'oo 


for every z in the unbounded component of the complement o 

^ and L(z) is the modulus of an analytic function (p(z) in 
which has a univalent branch 

(t>(z) = — ^ — t ••• 
d(^) ° 2 

in a neighbourhood of infinity* Set 

= {z ; lCz) = r} 


and 


M(r/f) = max /5 lf(z)l. 


z e 




To avoid some trivial cases we shall assume throughout 
this section that f(z) is not a polynomial. 

We now have 

LEMMA 7.4*1. Let f(z) ^ entire function . Then / for 


LEMMA 7 

.4.1 . 

cc.( x) S 

/ 


sup , 

lim 


OO 

inf 

PROOF. 

Let z 


_ a(loaM(r/f)) _ . a(loq M(r/f)l _ 

— a(l5g n . a(log r) 

“► oo inf r ■* °o inf ^ 

PROOF . Let Zq be a point of S and let 1^1 - sup f I z- 01 
2/0 e'§ } be the diameter of ^* Then, for z e 

by the proof of Lemma 3.1 of Winiarski [l32]/ we have 

d(S)r - 2l'Sl-lz^l < Izl < d('S>)r + iS 


I + 1 Zq 1 * 


r > 1 / 
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The lemma follows easily on using the above inequalities. 


The following lemma is needed in the proofs of Theorems 
7.4.1 to 7 . 4 . 3 . The lemma is essentially due to Bajpai and 
Shah [ 5 ], however/ for the , sake of completeness we give its 
proofs . 




7.4.2. Suppose f{z) e H ( 5 * ) ^ analytic continuatior 


as an entire function. Then/ f_(z) = £ where the 

CO ^ n/=o 

approximation error 00 ^^^ — hivan by (7.4.1)/ ^ m entire 

function . Further / for (X(x) ® A^/ 


lim 
r -♦ <» inf 


a(log M(r/ f) ) 
a (log r) 


sup a(log M(r/ f^) ) 
r inf 


a(log r) 


proof . Since f(z) is entire it follows from (7.4.2) that 

00 

f (z) = S A (f)z^ is an entire function. Further/ by [I 32 ]/, 
„ n/oo 
n=0 

there exists a sequence of polynomials {q^( 2 )}/ qj^(z) being of 
degree n, such that/ given e >0/ we have 

I 1 f-qnl 1 '^^<30 1 ^ M(r/f) 

for all sufficiently large values of r and n/ where K is a 
constant. Thus/ using the definition (7.4.1) of the approximation, 
error A f ) / we have 

A (f) < K M(r/f) 

for all sufficiently large values of r and n. This gives that 


(7.4.3) 


M(r/e®/fJ < K M(r/f) 
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for all sufficiently large values of r. For ct(x) £ A^, the 
relation (7.4.3)/ on applying (1.4.8) to the function f^(z)/ 
gives that 


(7.4 .4) 


lim 

CO 


sup a(log M(r/ f^) ) 
inf “VTTSFFJ 


lim 

p -> oo 


sup 

inf 


a( log M( r, f ) ) 
a(log r) 


nomials p. 


It is known that/ 

(oo) 


n 


( z) e ip^, n 


for f(z) en(:g) there exist 
0/1/2/-../ such that 


poly- 


^n/oo^f^ 


f-p^“^ ! 1 'f 
- n fe/oo 


Hence 


(co) (co) 

Pn+1 ^n 


•~f‘ <11 f-p 

- ^n 


(oo) 




(oo) 


^^n+1 ' ’ "^/o® 


and so Bernstein Walsh inequality (see Theorem 2.2 and Corollary 
9-1 in [ 104 ]) , gives 


(7-4.5). 'Pn+1^2^’"Pn°°^ ' 1 2 Aj^^^(f) r”'^^ for z e 

Since f(z) is entire/ it follows from (7.4.2) and (7.4.5) that 

the series S ^Pn+i ^ ^ ^ + Pq"^^ ( z) converges uniformly 

n=0 

on compact subsets of the whole plane and so it represents an 

entire function. But/ on C? / S ^Pn+i^^^'’Pn ^ z) ) + p^ (z) 

n=n 


converges uniformly to the function f(z) . Thus f(z) 


S (p^*”] (z)-p^°°Uz)) + p^°°^(z) holds in the whole complex plane.! 
n=0 -no I 

Using (7.4.5)/ we get i 
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M(r/f) < 




n=0 


(“) 

^n+1 


(z)-p_^“>(z) 


< K +2 S A (f) 
“ ° n=0 


= + 2r M(r,f^) . 

This easily gives that 


(7.4.6) 


lim 

r- -*• oo 


a(loq M(r.f)) 
inf - 


lim 

r* OO 


sup 

inf 


cc( log M( r/ f^) ) 
C(.(log r) 


f 


Combining (7.4.4) and (7.4.6) and using Lemma 7 •4*1^ the lemma 
follows • 


We now have 

THEOREM 7 *4.1. Let f ( z ) s )(_ ( ©) and let the approximation 
error oo^ — bivsn by (7.4*1) . Then , a necessary and 
sufficient condition that f(z) has an analytic continuation as 
an e ntire function having finite generalized (a, a) - order 
Poo(C(.,a, f) , where a(x) belongs to n ££ £ 2 / is that 


PJa,a,f) = Q(u^) 


where 


(7.4.7) 


V, I • oc(n) 

ij = iim sup — 5 — y- 

n -» 0= a(— log (Aj^ ^ 


< 00 * 


PROOF. Necessity part of the theorem follows from Lemma 7.4.2, 


on applying Theorem 6.2.1 to the function f^(z) = A^^^(f)z' 


n 


n=0 


Conversely, if for £(z) s 'fi( (p) / the quantity as given by 
(7.4.7), is finite, then lim^ ^ ^(A ^^^( f) ) ^^’^ = 0 and so, by 
(7.4.2), f(z) is entire. Sufficiency part of the theorem now 
follows from the necessity part. This proves the theorem. 
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THEOREM 7.4.2. ^ f ( z) S ji. ( b) and 3^ ' 

where the approximation error oo^ iS. c?i'^an by (7.4.1) rhe 
ultimately a non decree sing function of n. Then / a necessary 
and s ufficient condition that f ( z) has an analytic continu ation 
as an entire function of finite general ized lower ( a^a) -order 
h^(a,a, f) / where a(x) belongs to or n, is that 


h (a/tt/f) = Q(V^) 


where 


(7-4.8) 


V = lim inf — T-dT 

n ■* oc a(— log (A^^^(f)) ) 


< CO , 


PROOF . Necessity part of the theorem follows from Lemma 7.4.2 

00 

on applying Theorem 6*3*1 to the function £^( 2 ) = 

Conversely/ if for f(z) et|^((3)/ 


■p/oo'-" n+l/oo 


n=0 

( f ) is ultimately 


a nondecreasing function of n and the quantity V^, as given by 

(7.4.8) / is finite/ then lim^ ^ oo^^P/C"*- ° 

is entire. Sufficiency part of the theorem now follows from 

the necessity part. This proves the theorem. 

TPiEOREM 7 . 4 . 3 . Let f(z) e and let the approximation 

e rror ^( f) ^ give n ^ (7 .4 .1) . A necessary sufficre^ 

condition that f(2) has an analytic continuation ^ ^ Satire 
function having finite generalized lower (a-, a ) - order X^(a/a/f) 
is that (i) If, ® ^ 

(7.4.9) X^( 0 C/a/f) = max [Q(V*(a/ Cn^^} ) ) ] = max [Q(V^(a/{n^5 ) ) ] 

in^j 
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^ if '^(x) e n and the princinal indices of the 

CO 

f ^ „(f) z'^ satisfy C6(n ) 'v a(n .) as 

j^_Q Ui<x> <- m m+l — 

m -» oo^ then 


(7.4.10) A.^(a,a,f) = max [q. 




(V*(a,{n3^})) ; 


- max [q ^V°(a,{n, })) ] , 

'V X((n^l) “ 


where 


V^(a,{n^}) = lim inf — ^ 




k ^ oo a(^ log it ^(f))""^) 


V (a,{n, }) = lim inf ^ 

k ~ a(— i log (A. 


^k'^k-l 




X ( { given by (7.3 .20) , maximiim in (7.4.9) and (7.4.10) 
is taken over all increasing seguences of positive integer; 

k^ 


and max [v*(a,{nn,}) 1 and max [v (oc.,{n,,}) ] are finite 

. , oo K ,,"*00 K — — — — — ~ — 

tnj^} in^} 


PROOF. The necessity part of the theorem follows from Lemma 
7.4.2/ on applying Theorem 6.3.2 to the function foo(z) = 


S A 


n=0 


n /«» 


(f) 


n 


. Conversely/ if/ for f(z) e 


K(g). 


the quantity 
1/n 


^ finite, then lim ^(A ^(f)) = 0 


Cn^} 


k^ ' j . ^ ^ oo-~n/<»' 

and so f(z) is entire. Sufficiency part of the theorem now 
follows from the necessity part. This proves the theorem. 

REMARKS . (i) Taking a(x) = log x and §= some 

results of Reddy ( [83], [84]) follow from Theorems 7.4.1 and 
7.4.2. 
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( ii) With a(x) = lOQp x, p > 1 and ^ = [-l/l] some 
results of Kapoor [scj follow from the results of this section 

(iii) Theorems 7.4.1, 7.4.2 and 7.4.3 are due to Kapoo. 

and Nautiyal [5 7] for the case [-1,1 ]. 

( iv) Taking a(x) = lo^p x, p > 1/ some results of 
Kizvi [ 97 ] follow from the results of this section. 

(v) Oiar results supplem.ent the results of Bajpai and 

Shah [6], x-^ho have obtained the characterizations/ in terms of 
tlie approximation error generalized (a,3)-orde 

P^(a,3,f) when a(x) and 3(x) satisfy (1.3.6) and of the genera- 
lized lower (a,3)-order A^(a,3,f) when Qt(x) and 3(x) satisfy 
(1 .3 .9) and (1 .3 -9) . 

7 . 5 . In a harmonic function H, given by (4.1.2), is 

said to be entire if the series (4-1.2) of H converges uniformly 
on compact subsets of 

Let R , 0 < Rq < 0 °, as in Section 4.4, denote the class 
^o . - 

of all harmonic functions regular on the closed hyperball 

+2 - ° ' 

of radius R,, and centered at the origin in R^ . For H e H , 
o 

let the uniform norm 1 I . tl and L*^-norm I I . I I ,1 £ 6 < “z 

be given by (4.4.1) and (4.4.2), respectively. Further, for 
H s 5 , let A ^(H/Rq) and A^^g(H,R^), 1 < 6 < ~, the errors 

in approximsiting the function Hty harmonic polynomials of degree 
atmost Tit respectively/ in uniform norm and L'^-nom be given 
by (4.4.3) and (4.4.4). We note, from Theorem 4.4.1, that 
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K E / 0 < Rq < oo^ has an analytic continuation as an entir* 
o 

harmonic function, if and only if 


( 7 . 5 . 1 ) lim (A ^ = 0 , 1 < 6 < «>. 

n -* oo o - - 

In this section, we first introduce the concepts of 
generalized (a, 3) -order and generalized lower (a, 3) -order for 
an entire harmonic function. Then, we obtain necessary and 
sufficient conditions, in terms of the approximation errors 

A .(H,R„) , 1 < 6 < 00, such that H e , 0 < R^ < «>, has an 

n jf u o ^ 

analytic continuation as an entire harmonic function having 
finite generalized (a, 3) -order and finite generalized lower 
(a, 3) -order. Finally, the characterizations of the type and 
lower type of an entire harmonic function, as given by ( 1 . 11 . 4 ) 
and (1-11.5), are obtained in terms of the approximation errors 
A (H,R ) , 1 < 6 < 00, 0 < R_ < <»< Our results in this section 

generalize some results in [ 58 ]. 


We first have the following definition. 

DEFINITION 7.5.1. ^ entire harmonic function H in R- , 

p = 1,2 ,.../ is said to be of generalized (<x, 3) - otder P^(ot,3,H) 
and generalized lower (a, 3) - order R^(a,3,H) if 


P ( *7 , 3 , H ) 

00 

\^(a,3.H) 


lim 
r •* 0° 


where 0£.(x) 


e A#, 3(x) e L* 


of H over the hvpersnhere 


a( log M(r,H) ) 

inf 

and M(r,H) is the maximim modulus 
of radiHS ^ ottered at the 


origin . 
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Taking cx.(x) - log x and 3(x) = x in Definition 7.5.1, 
P becomes tJne orden of an entire harmonic 

function H. 


To avoid some trivial cases we shall assume in this 

section that H s , C < < co, is not a harmonic polynomial 

o 

The follox-jing lemma is a key result in the proofs of 
Theorems 7.5.1 to 7.5.5. 

LEM4A 7 *5 .1 . Let H s , 0 < < <», has an analytic 


^R. 


continuation as an entire harmonic function and let 1 < 6 < o°. 


Then , the function h^Cz) = S A^^^(H,R^) (z/R^) , where the 
approximation errors ^ (H,R^) , 1 < 6 < <», are given by 
(4.4.3) and (4.4.4), ^ entire . Further 

(i) ^ a(x) e A# and 3(x) s l*, 

1 • adoq M(r,H)) _ , . a(log M(r,hg )) 

^ ,8(loq r) ^ ^ ,8 (log r) 

r-»ooinf ^ r ■* oo inf ' -j ' 

(ii) If H is of order P«(H) , 0 < P^'(H) < type T^(H) 
and lower type t^(H), then hg(z) ^ also of order P^(H) , type 
'IL(H) and lower type t (H) . 


PROOF . 


( i) Since H is entire, it follows from (7.5.1) that 


hx(2) 


S A (H,R ) (z/R)^ is also entire. Now, since 


n=0 


n,6 


{ (4(n+l)+2p)P^P^^^^^ (n+p+l)P (n+p/2+l)P/^}^^^'^'^^^ ^ 


as n » oo^ given r' >1, we have 

(4(n+l)+2p)P‘P'^’'’'^^ (n+p+1)*’ (n+p/2+1)^'"^ < 
for all sufficiently large values of n. Thus, using (4.4.21), 
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we have 
A 


'n, 6 ‘»'V < K*K*H(r,H) (R r'/r)"-"! 

O 41, 

all suf f ^ 
-^y large values of r and n, where K* and K 

are constants, t-kj 

"is gives that 

(7.5.2) Kr/v-/ . » 

1 ^6 K M(r,Pi) , 

for all sufficient! 

-"y large values of r. For a(x) e and 

3(x) £ L*, the above i *. • . / 

relation/ on using (1*4*8)/ gives that 

(7.5.3) 11m ^ sup a(loaM(r,H)) 

r - “ inf 0 (log r) ^ itiog n”' 

NOW/ since 


{ (4n+2p)P(p+l) 


(n+p/ 2 )^ (n+p)^ (n+p+ 2 )}^^'^ -* 1 


as n -» <»/ given r > ^ , 

' X there exists a constant K such that/ 

rj. 

for n > 1 / we have 


(4n+2p) 


p(p+l) 


(n+p/2)^ (n+p)^ (n+p+2) < K r*. 


Thus/ from (4.4.33), 


We get 


(7.5.4) M(r/H) < 2 If (a ITT P VA t -u -a \ t 

K^(A^+K^^ ^ 


~ 2 K^(A^+K^^ Kg (rr^/R^) MCrr^^/hg)) 


where K^, K g and constants. This gives that 

(7.5.5) lim l ilog M(r/H)) ... aClog M(r/h 5 ) ) 

r •* <» inf 3 (log 


>g < lira 

Klog r) r - 0 ° inf 


jSCiog'rT 

Combining (7.5.3) and (7.5.5) we get Part (i) of the 1 ( 


.eimma ^ 
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(ii) From Part ( i) of the lemma it follows that if the 
entire harmonic function H is of order i then hg(z)/ 1 < 

6 < oo/ is an entire function of order ^(H) . Now/ if 0 < < 

oo, let H be of type and lower type t^(H) . In view of 

(1.4.7)/ from (7.5.2)/ we now have 

(7.5.6) T^(hg) < T^(K)/ t^(hg) < t^(H)/ 

since r' > 1 is arbitrary. Here T^(hg) and t^(hg) are, respect- 
ively/ ty’pe and lower type of h^(z) . Now/ since r^ > 1 is 
arbitrary/ from (7.5.4)/ we have 

(7.5.7) T^(H) < T^(hp/ t^(H) < t^(h^) . 

Part (ii) of the lemma now follows from (7.5.6) and (7.5.7). 

This completes the proof of the lemma. 

Wc now have 

THEOREM 7.5.1. Let the h armonic functipji H e / 0 < < «>/ 

Q 

and let the ap proximation errors A^^^CH/Rq) / 1 < ^ < ““.f ^ 
( 4 . 4 . 3 ) ^ (4.4.4) . A necessary and sufficien t condition 

tha t H has an analytic continuation ^ ^ MSSSSiS. 

function having finite generalized (a/ 3 )-or^ is t^ 

\ 

( i) oc.(x) and , 8 ( 5 c) satisfy (1.3.6)# then 

(7.5.8) P^(a/8/H) = U^(a/8) . 

(ii) If a =8 arid oc(x) belongs to fi or H# then 

(7.5.9) P„(a,a/H) = Q(Uj^(a/a) ) .# 
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where/ 


(7.5.10) U^(a,p) = lim sup ^ 

n - » ^{- log (A„^ 5 (H,H;j)) 1) 

PROOF. First, let H e Hj^ , 0 < < », has an anali,tic contlnu- 

o 

ation as an entire harmonic function having finite generalized 
( cx, 8) -order Pj^gCct,/ 8/H) . Then, from Lemma 7.5.1, the relation 
(7.5.8) follows on applying (1.3.7) to the function hg(z) = 

OO 

2 A . (H,R ) ( z/R )^, 1 < 6 < 00 ^ while the relation (7 q o'! 
n=0 

follows on applying Theorem 6.2.1 to the function hg( 2 ). This 
proves the necessity part of the theorem. 


Conversely, if, for H s , 0 < R^ < o®, the quantity 


Uj!^(d,8), given by (7.5.10), is finite, then li 


im 


n 


.(A 


n 


0 and so, by (7.5.1), H is entire. Sufficiency part of the 
theorem now follows from the necessity part. 


,j(H,Ro)) = 


This proves the theorem. 

REMARK . For a(x) = log x, 8(x) = x and p = 1, a result in [ss ] 
follows from Theorem 7.5.1. 

THEOREM 7.5.2. Let the harmonic function H e , 0 < r <00, 

^ Q 

and let the approximation errors ^ ^ (H,R^) , 1 < ^ given 

^ (4.4.3) (4.4.4). Assume that ^n, 6 ^^"^o^^^n+l ,6 (H,r^) ^ 

ultimately a non dec tea sing function of n. A necessary and 
sufficient condition that H has ^ £2il£iSii^tion a^ an 

entire harmonic function having finite gsneralized l oiter (oc,8)- 


order Xoo(a,0#H) is that 


vH { rl 
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if ct(x) and 3(x) satisfy (l»3.8) and (1.3.9)/ then 


(7.5 .11) 


X^(a/,8/H) = V^(a/3) 


( ii) If cc = j3 and (X(x) belongs to or h, then 

(7.5.12) X^(oc,a,H) =Q(v^(a/a)), 
where 

(7.5.13) V^(a,3) = lim inf — :j ^ < oo. 

n - CO 3(i log ( (H/R^) )" ) 

PROOF. First/ let H e / 0 R_ < co/ be an entire harmonic 

^o ° 

function of finite generalized lower (ot/ ,0) -order X^(ct/3/H) and 

let A r(H/R„)/A„,i j,(H/R_) be ultimately a nondecreasing 

n / 0 ^ riT*! / o o 

function of n. Then/ using Lemma 7.5.1/ the relation (7.5.11) 
follows on applying (1.3.10) to the function hg(z) = 

OO 

2 A„ .(H/R_) (z/R^)’^/ while (7.5.12) follows on applying 
n=0 

Theorem 6.3.1 to the function h 5 (z). This proves the necessity 
part of the theorem. 


Conversely/ if/ for H s ^ A^ 6*'^'^o^'^^n+l/6 

■^o ^ * 

ultimately nondecreasing and (7.5.13) holds/ then 

lini (A„ .(H/R.))^^"" = 0 and so H is entire. Sufficiency 

part of the theorem now follows from the necessity part. 


This proves the theorem. 

THEOREM 7.5.3. L^ harmonic function H e Hj^^/ 0 < 

and let the approximation errors ^^^^^(H/Rq)/ If SiZSl 

by (4 .4 .3) and (4 .4 .4) . A necessary and sufficient condition 
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that H has an analytic continuation as an entire harmonic 
function having finite generalized lower (cX/3)- order 
is that 

(i) If (x(x) and i3(x) satisfy (1.3.8) and (1.3.9)/ then 


(7.5.14) \,(a,.6/H) = max [v^(a/3/{n = max [v^(a/3/{n, }) ] 

(ii) If a = 3 and a(x) e ^ , then 


(7.5.15) = max [Q(V^(a/a, {n^} ) ) ] 


Cn^) 


max [Q(V^(a/a,{n3^} ) ) ] . 




'H 


(iii) If O'- = 0/ ® and the principal indices {n^} of 


the function h 5 (z) = S ,6 ^ -SStislZ 

n=0 

as m -* 0 “/ then 


m-. 


(7.5.16) A_( 0 C/a/H) = max [q 

in^} 

= max [Q , 


{n^} X({n^}) 


(V^(oc./a,{n^} ) ) ] 
(V^(a/a/{n^} ) ) ] / 


where 


V^( ct./ 13 / { n^^} ) — 1 im inf „/l 




XUl J-XiX. -1 ^ ^ 

y: ■* <=o |3(— log 

k ^ 


a(n^_^) 

V^i<Xf^,in-^})= lim inf — i ~ 7~ (hr ) /A (H.R ) ) ) 

k-1 k“I ^ 

X(tn^!) is given ^ (7.3.20), maxlm uffi in (7.5.14), (7.5.15) and 
(7.5.16) Is taken over all increasing seguence s (n^) of positi ve 
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integers 
finite . 


and max 
{n^^} 


[V,^,(a.3/Cn, }) ] and max 

■ ' 


[v^(a,8/{n^}) ] 


are 


PROOF. First, let H s H , 0 < R < oo, be an entire harmonic 

function with finite generalized lower ( a, 8) -order X^( cx, 8,H) . 
Then, using Lemma 7.5.1, the relation (7.5.14) follows on applyir 

CO 

(1.3.11) and (1.3.12) to the function h 5 (z) = 2 A r(H,R )(z/R 

“ ^ n o o 

n=0 

while (7.5.15) and (7.5.16) follow on applying Theorem 6.3.2 to 
the function h^( 2 ). This proves the necessity part of the theore 

Conversely, if, for H s , 0 < R^ < <»,max [Vj^(a/3/{n^} ) ] 

o 

as finite, then lim„ ^f^A„ jk(H,R ))^''^’^ = 0 and so H is entire. 
Sufficiency part of the theorem now follows from the necessity 
part. 


This proves the theorem. 

o 

We note that the choice (X(x) = log x and 3(x) = (exp x) , 

0 < c < », is not peannissible in Theorems 7.5.1 to 7.5.3 and so 
the results obtained therein fail to give any specific information 
about the influence of the type and lower type, given by (1.11.4) 
and (1.11.5), of an entire hamonic function on its degree of 
approximation. Thus, we now obtain characterizations of type 
and lower type of an entire harmonic function H in terms of the 
approximation errors given by (4.4.3) and (4.4.4). 

THEOREM 7.5.4. Let the harmonic function H e , 0 < R^ < <», 

and let the approximation errors 1 ® ^ 
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(4.4-3) and (4.4.4) . Then / a necessary and sufficient 

^r.OQ’j^'tion that H has an analytic continuation as an entire 

harmonic function of order P„(H) , 0 < P^(H) < = 0 , and nonzero 

finite type T^(H) i_s that 

5 P«,(H)/n 

W = lim sup n(A .(H,R)) /l<5<oo, 

n ^ ~ ° - - 

P (H) 

satisfies 0 < W.'? < 00 . Further, = e P (H) T (H) R_ also 

00 ' 00 o 

holds . 


PROOF . Necessity oart of the theorem follows from Lemma 7.5.1 

00 

on applying (1.2.8) to the function h.(z) = S A .(H,R )(z/Rj 

« n=0 ° ° 

Conversely, if, for H e , 0 < R^ < <», satisfies 0 < < = 


o 


H 


then we have 


-iSg ' A^ 3 h,rJ ' 

n -♦ 00 ^ n , 6 o 


and so, by Theorem 7.5-1, H is an entire harmonic function of 
order P^^CH) - Sufficiency part of the theorem now follows from 
the necessity part. This proves the theorem. 

RLMARK . For p = 1, Theorem 7.5.4 was obtained in [58]. 

THEOREM 7 . 5 . 5 . Suppose H e , 0 < R^ < ", han m analytic 

■^o 

continuation as an ei^tire harmonic function having order 
/ 0 < Poo(H) < ", and lower type t^(H) . Then , if 

^ approximation errors 

A .(H,R), 1< 5 < °=>f are given by (4-4.3) and (4.4.4), is 
ultimately a nondecreasinq function of n, we have 
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. P (H) P (H)/n 

® t„(H) R “ == (h,r )) “ ■ ^ . 

n CO ^'0 o 

proof. The theorem follovT-s from Lemma 7.5.1 on applying (1,2.1 

OO 

to the function h (z) = S A (H,R )(z/R )^ . 

n_o 0/6 o o 

7.6. a. generalized axisymmetric potential (GASP) G having the 
following ultra- sober ical harmonic expansion (Section 1.12) 

OO 

(7.6.1) G(x/y) = G(r, 9 ) = S b^^r^ cJ^(cos e)/ 

where x = r cos 9 / y = r sin 9 , are Gegenbauer polynomials 
(Section 1.12) and u is the positive constant occuring in the 
partial differential equation (5.1.1) , is said to be entire/ if 
the series on the right hand side of (7.6.1) converges uniformly 
on compact subsets of the whole plane. 


Ij0t Gr / 0 < Ro < 0 =/ as in Section 5.1/ denote the class 

o _ 

of all GASP'S/ regular on the closed disc D_ of radius R 

Ro o 

centcr€}d at the origin# For G s / let the uniform norm 


and L^-norm 11*11^ given by (5*1 #3) 

^ / o ““ 

Q O 


and (5.1-4)/ respectively. Further/ for G e G_ / let A (G,R) 

‘ K n /OO o , 

o 

and ^(G/Rq)/ 1 < 6 < «>/ the errors in approximating the GASP G' 
by GASP polynomials of degree atmost n, respectively/ in uniform 
norm and L'^-norm be given by (5.1.5) and (5.1.6). 


We note/ from Theorem 5-2.1/ that G £ G- / 0 < R < 0 °/ 

o 

has an analytic continuation as an entire GASP/ if and only if, 
lim (A„ .(G/R_))^^^ = 0/ 1 < 6 < ». 

_ n # 0 o — 

n 00 


( 7 # 6 # 2 ) 




In this section, we first introduce the concepts of 

generalized (Oi., 3 ) "order and generalized lower ( cc, 3 ) "order of an 

entire GASP« Ihen, we obtain necessary and sufficient condition 

in terms of the approximation errors A ^(G,R ), C < R < 00 ^ 

n / 0 o o 

^ ^ given by (5.1.5) and (5.1.6)/ such that a GASP G a g 

R 

( 

ha.-' an analytic continuation as an entire GASP having finite 
generalized (a,,8)-order and finite generalized lower (a,8)-order 
Finally, we obtain characterizations of type and lower type of 
an entire GASP, given by (1.12.6) and (1.12.7), in terms of the 
approximation errors ^(G,R^), 1 < 6 < <», 0 < < <». Our 

results in this section generalize some results of McCoy [67]. 

We first give the following definition 


DEFINITION 7.6.1. ^ entire GASP G i^ said to be of generalized 
( PC, 8) - order P^(a,8/G) and generalized lower (a, 8) - order X^(<x, 8/G) 
if 


P^(a,8,G) 

A.^(a,8,G) 


lim 

Jf OO 


Qt'doq M(r,G) ) 

inf 'qnasvT- 


where a(x) £ A#, 8(x) 


s and 


M(r,G) = max !G(r,e)l. 

0 

With a(x) = log X and 8(x) = x in Definition 7.6.1, 
Poo(a,8,G) becomes the order P^iG) of an entire GASP G. 


We shall assume in this section, to avoid some trivial 

cases, that G e G^ / 0 < R_ < °°,is not .a gasp polynomial. 

^o 

The following lemma is needed in the proofs of Theorems 
7.6.1 to 7.6.5. 


^a / 


LEMjyi^ 7*6.1. Let the GASP G e / 0 < < 0 °, has an analytic 

entire GASP and let 1 £ 6 < co. Then / the 
g^( 2 ) = S ^ (G/R^) (z/R^)^/ where the approximation 

prr o£J. ^n/d^'^'^o^^ ^ 1 are given by (5.1.5) and (5.1.6)/ 

,.,-itite. Further/ 

IS 

^ ^(x) s A ^ and 3(x) 6 l°/ 

adog M(r.G)) „„ a(log M(r,g;) ) 

. j;: 8 ''log r) ^ 3 (log r) 

r -► oD inf ' r - 0 ° inf ^ ^ 

( ii) If G is of order P^(G) , 0 < P^(G) < oo, t>i 3 .e T^(G) 
ind 12 ^^^ type t^( G) / then g 5 ( z) is also of order P^(G) , type 

m (G) tbo^G) . 

*^00 ^ 

proof* Since G is entire/ by (7.6.2)/ it follows that 

, \ is also entire. Now/ since -♦ 1 as n -* o°/ it follows/ 

^ 5 . 2 . 16 )/ that/ given r" > 1 / we have 
from '• 

An^j(G/Ro) < K° K M(r/G)(RQ rVr)’^'^^ 

■\1 sufficiently large values of r and n, where and K 

for 

^onst' 3 -nts. This gives that 

are 

(7.6.3) rfr/r',gj) < K°KM(r.G) 

Tl sufficiently large values of r. For a(x) e A,^and 

for 

p , the above relation/ on using (1.4.8)/ gives that 

i3(x) * 


sup a(log M(r/g5) ) 

(7.6.4) ^ jSdog r] 

r ■*■ 0° inf 


< lim 


a(log M(r/G) ) 


00 inf 


8 (log r) 
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Now/ since for any positive constant c, 


( r(n+2c) (n+2 ) (n+c)/ r(n+l ) ) -*■ 1 


as n -* 0 °/ qiven r >1 there exists a constant K such that/ 


for n > 1 / we have 


r(n+2c) (n+2) (n+c)/r(n+l) < r^ . 

Thus/ from (5.2.28) we get 

(7.6.5) M(r/G) < Ib^l + j,(2u) ' ~ ~ 

K* K^_ 


n 


= 'h' + r(2ur 


whore and K* and Ib^l are constants and u is the positive 
constant occuring in the equation (5.1.1)* The above relation 

easily gives that 


(7.6.S) 11. 11. 

r inf 


sup a(log M(r/gg)) 
3(log r) 


oo in f 

combining (7.6.4) and (7.6.6) we get Part (i) of the lemma. 

( ii) If the entire GASP G is of order Poo^G)/ then it 
follows, from part (i) of the lemma/ that g^(z)/ 1 £ 6 < °°/ is 
an entire function of order • Now/ if 0 < P^iG) < let 

G be of type T^(G) and lower tyoe t^(G) * From (7.6.3)/ on using 

(1 .4 .7) / we get 

(7.6.7) T^(g^) < T^(G)^ 

since r" > 1 is arbitrary. Here ^re/ respect 

ively, type and lower type of g/z)* r* > 1 is 
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.iirbi ti irY/ from (7.6.5)/ we obtein 


(7.6.8) ‘r^(G) < T^(g^), t,^(G) < t^(gp. 

Part (Li) of the lomma now follows from (7.6.7) and (7.6.8). 
Thir orov.-.'s tlio lemma. 

■•Jo now I VO 


jHie GASP G e g^^ , 0 < < oo and the 

* * ■■ '■ 'I't V xrorg A^^^^(G/Rq)/ 1 < 6 < CO, ^ given by (5.1.5) 
(‘j . I . 0 ) . A necessary and sufficient condition that G has 
Jli V- oontinu-.i tion as an entire GASP having fin ite 

ci'.’noril i’/A.’d (a/3)~ ordor P^(a/3,G) is that 


JJ. arid ,8(x) satis fy (1.3.6)/ then 


(7. 6. a) P^(a/8/G) = U^(a/8) 


^ ^ ^ 11 and 0£.(x) belongs to p or fi/ then 

(7.0. ltd PCa/U/G) = Q(uJ,(o[,/a) ) / 

fv 

wiu.xo 

(7.6.11) ',?/.( J./ 3) = lim sup — ij — TT- < °°» 

n - 0(^ log (A^^ 5 (G,R^)) ) 

PRC ('p . Fjr-it/ lot G e G„ / 0 < Rq < “>/ has an analytic 

to 

ccriUruMt Jf.ifi ii' in cTitire GASP having generalized (cx,3)-'order 
Then/ by Lemma 7.6.1/ the relation (7.6.9) follows 

CO 

on aopjylno (1.3.7) to the function g^iz) = ^n/6 ^ ' 

^ ^ ^ thc^ relation (7#6*10) follows on applying 
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ThGOjTsm 6 •2.1 to ths function g^(z) • This proves the necessity 
part of the theorem. 

Conversely, if, for G s , G < R < ^, (7.6.11) holds, 

^o ° 

then lim^ f ^ " ° (7.6.2), G is entire 

Sufficiency psOrt of the theorem now follows from the necessity 
part. 

This completes the proof of the theorem. 

REMARK . For R^ = 1 , 6 = '»/Q[-(x) = log x and i3(x) = x, the above 

theorem was obtained by McCoy [67], using a different method. 

THEOREM 7.6.2. Gi\SP G e G^, , 0 < < oo 1^ the 

approximation errors Aj^ ^ ^ ^ S ^ given by (5.1.5) 

and (5.1.6). Assume that A„ ^(G,R^)/A„L 1 ,(G,R^) is ultimately 
n / 0 ^ iiTx /■ 0 ^ 

a nondecreasing function of n . A necessary and sufficient 
condition that G has an analytic continuation as an entire GASP 
having finite general ized lower (a, g)- order X^(oc.,|3,G) that 

(i) If a(x) and (3(x) satisfy (1.3.8) and (1.3.9), then ; 

(7.6.12) X^(a//3,G) =V^(a,,8). 

(ii) If a = 3 and oc,(x) belongs to or Q, then 

(7.6.13) X^(a,a,G) =Q(vJ(a,a)), 
where 

(7.6.14) V^(a,3) = lim inf — ^ r- < «>. 

n - oo 8(i log (A^^ 5 (G,R^)) ^) : 

PROOF. First, let G s G^, / 0 < R^ < «>, be an entire GASP of 

^o ° 

generalized lower (a,8)-order Xj^(a,8/G) and let 
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'^n / 6 ^ , 6 ^ be ultirpately a nondecreasing function 

of n- Then, using Lemma 7.6.1, the relation (7.6.12) follows 

OO 

on applying (1.3.10) to the function g,(z) ~ Y, ^ ,(G,R)(z/R )’ 

^ n=0 ° ° 

while (7.6.13) follows on anplying Theorem 6.3.1 to the function 
g^(z) . This proves the necessity part of the theorem. 


Conversely, if, for G e (G,R^)/A^^, Ag,R) is 

n / 0 U n.“rX i Q o 

ultimately nondecreasing and (7.6.14) holds, then lim 
( Ai|^ ^ ^ ( G,Rq) ) ^•^’^ = 0 and so G is entire. Sufficiency part of the 
theorem now follows from the necessity part. 


This proves the theorem. 

THEOREM 7.6.3. tiae GASP G e , 0 < R^ < oo, and the 

approximation errors A^ ^{G,R^) , 1 < < <x>, ^ given by (5-1.5) 

and (5.1.6). A necessary and sufficient condition that G has an 
analytic continuation as an entire GASP having finite generalized 
lower (a,6) -order K (Qt,jS^G) is that 

* OO . 

(i) ^ ot.(x) and 0(x) satisfy (1.3.8) and (1.3.9), then 

(7.6.15) \^(a,0,G) = max [v^(oc, )3, {n^} ) ] = max [ vj(a,3,{n^} ) ] . 

{n^,} {nj,} 

(ii) If a e |9 and (i(x) e 8 , then 


(7.6.16) X„(a,a,G) - max [Q( v|(a,a, in,^) ) ) ] 

{np 

= max [Q(vta,a,{np)) ] . 

‘"k> 

(iii) If cx = jS, <x(x) e q and the principal indices fn^} of the 

OO 

function gg(z) = S A^^ ^ (G,Rj^) ( z/R^)^ satisfy oc(njj^) p, XS 

n=0 ^ 
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m -* then 


(7.6.17) K^ia,a,G) = max [q (V^(a,a, {n, } ) ) 1 

In^} Xiin^}) ^ ^ 


max 


Cn^] x({n^}) 


where 


V^(a, /3/ {n, } ) = lim inf 




k - » .3(^ log (A j(G,Ro>)'^) 

JrC a! 


i) 

V°(a,0,{n, }) = lim inf :j 

'k. ■* °° /SCr-Tf; log(A 


_ Ag,r)M Ag,r))) 


X({n^}) given by (7.3.20)/ maximum in (7.6.15)/ (7.6.16) and 

(7.6.17) is taken over all increasing seguences of positive 

integers and max [vj( oc,/ 0/ {n^} ) ] and max [v^(at'/0/{n^} ) ] are 
{n^) fn^i 

finite . 

PROOF . First/ let G e z C < < «>, be an entire GASP with 

o 

generalized lower (a/ 0)-order k^(ct,0/G) . Then/ using Lemma 7.6.1/ 
the relation (7.6.15) follows on applying (1.3.11) and (1.3.12) 

OO 

to the function g,(z) = 2 A (G/R ) ( z/R )'^/ while (7.6.16) 

<5 j^_Q ra ' 

and (7.6.17) follow on applying Theorem 6.3.2 to the function 
g^iz ) . This proves the necessity part of the theorem. 

mm 

Conversely/ if, for G e G_ ,0 < < =./ max [VgCcl,3/ {n, } ) J 

o {np 

is finite/ then lim ;f(G/R = 0 and so G is entire. 

Sufficiency part of the theorem now follows from the necessity 
part. 

This proves the theorem. 
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The choice a(x) = log x and /3(x) = (exp x)^. 0 < c < oo, 
is not pejrrnissible in Theoirems 7«6»1 to 7 *6 *3 and so the nssults 
obtained therein do not give any specific information about the 
influence of the type and lower type, given by (1.12.6) and 
(1.12.7), of an entire GiASP on its degree of approximation. 

Thus, we now obtain characterizations of type and lower type 
of an entire Gf^SP in terms of the approximations errors 
An^^;(G/Ro^^ 0 < Ro < 0 °, 1 £ ^ < «>, given by (5.1.5) and (5*1.6). 

THEOREM 7.6.4. Let the GASP G e , 0 < R^ < oo, and let the 

approximation errors ^ ^ 1 M bivQn by (5-1.5) 

and (5.1.6). A necessary and sufficient condition that G has 

an analyt ic continuation as an entire GASP of order P^(G) , 

0 < b^(G) < oo, and non zero finite type T^(G) is that 

pjG)/n 

(7.6.18) Wjl = lim sup n( A^ ^ ^ (G,Rq) ) , 1 < ^ 

n -*■ oo ' 

«: a 

satisfies 0 < Wq < <». Further , Wg = e P^( G) T^( G) R^°° also 

holds • 


PROOF, Necessity part of the theorem follows from Lemma 7.6.1 

00 


on applying (1.2.8) to the function g^iz) ■= S A^^g ( G,Rq) ( z/R^)' 


n 


Conversely, if, for G ^ , 0 < R^ < «>, wj satisfies 0 < < <», 


then we have 


-log A '' ^°fe7R:y ' 


XI OO 

and so, by Theorem 7,6.1, G is an entire GASP of order P^(G). 
Sufficiency part of the theorem now follows from the necessity 
part. This proves the theorem. 


294 


REhARK » The above theorem improves a result of McCoy [67 ] for 
the case . 5 = 0 = and = 1 . McCoy proved that a GASP G s is 
an entire GASP of nonzero finite order P^iG) and finite type if 
and only if as given by (7.6.18)/ is finite^ 

THEC.'REM 7.6.5. Suppose G e G^^ / 0 < < 00 , ^ ^ analytic 

^o 

continuation as an entire GASP havina order P (G), 0 < P (G) < 00 , 
and lower typo t„(G). If A r(G,R^)/A„,, ^(G,R„)/ where the 
approximation errors A.. r(G/R„)/ 1 < 6 < 0 °/ are given by (5.1.5) 

''' " " Il / C O r-- ■' — — 

and C5-1.6)/_is ultimately a nondecreasinq function of n, then 

pjG) PjG)/n 

e P„(G) t^(G) Rq = lim inf n(A .(G,R^)) 

n -* 00 ^ ■ 

PROOF . The theorem follows from Lemma 7.6.1 on applying (1.2.15) 

00 

to the function g^(z) = S ^ (G/R^) ( z/R^)’^. 

n =0 ' 

7.7. A generalized biaxisymmetric potential (GBSP) F having 
the following expansion (Section 1.13) ^ 

(7.7.1) F(x,y) = F(r/ 6 ) = 2 r^^ Pj^'^'^^cos 26 ), U/V > -1/2, 

n =0 

where x = r cos 6 / y' = r sin e / are Jacobi polynomials 

i 

and u and v are the constants occuring in the partial differential 
equation ( 5 . 4 . 1 )/ is said to be entire if the series on the 
right hand side of (7.7.1) converges uniformly on the compact 
subsets of the whole plane. 

Let F„ /O < R < 00 , as in Section 5.4/ be the class of 
^o 

all GBSP's regular on the closed disc of radius R^ centered 
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at the origin. For F s F_ /let the uniform norm N and 

Rq Rq/- 

6 

L ' -norm ll.ll„ g/l£5<oo, be given by (5.4.3) and (5.4.4)/ 
^o' 

respectively. Further, for F s F- , let A (f,R^) and 

n,o° o 

A^^g(P/RQ)/ 1 < 5 < CO, the errors in approximating the GBSP F 
by GBSP polynomials of degree utmost 2n/ respectively/ in unifc 
norm. .and -norm be given by (5.4.5) and (5.4.6). 

We note, from Theorem 5.5.1, that F s , 0 < < oo, 

^o 

has an analytic continuation as an entire GBSP, if and only if, 
(7.7.2) lim ( A^, 5 (F,Rq) = 0. 

n -♦ oo ' 

In this section, we first introduce the concepts of 
generalized (ct, 3) -order and generalized lower (oc, 3 ) -order of an 
entire GBSP. We then obtain necessary and sufficient condition; 
in terms of the approximation errors 0 < R^ < «>/ 

1 £ 6 £ 00 , given by (5.4.5) and (5.4.6), such that a GBSP FE F^^ 
has an analytic continuation as an entire GBSP having finite 
generalized (cX/ 3 )— order and finite generalized lower (ot./ 3 )~orde 2 
Our results generalize some results of McCoy ([ 68 ], [70]). 

We first have the following definition 


DEFINITION 7.7.1. An entire GBSP F is said to ^ of generalized 
(ct, 3 ) - order P^(oc./ 3 ,F) and generalized lower (a, 3 ) - order 
A^(a/3,P) if 


P (a/3/F) sup 

= lim 

?\.^(a/ 3 ,F) r - inf 




a(log M(r/F) ) 
3 (log r) 
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where a(x) e , ,8(x) e l* ^ 

M(r,F) = max lF(r^9)l. 

0 < e <271 

To avoid some trivial cases, in this section, shall 
issijmo thit F e P ,0 < R < oo^ is not a GBSP polynomial. 

The following lemma is a key result in the proofs of 
Theorems 7.7.1 to 7.7.3. 

L EMflA 7.7.1. Let the GBSP F s F^^ , 0 < R^ < oo, has an analytic 

■^o 

continuation as. on entire GBSP and let 1 < >5 < «>. Then , the 

OO 

2 n 

function f^iz) = S A . ( F,R_) ( z/R„) where the approximatio] 
6 n=0 ° ° ' 

errors A_ .(F,R„), 1 < 6 < oo, are given by (5.4.5) and (5.4.6), 

n / 0 o ““ "" ' ■■■■ " ■■■ 

Is entire . Further , for oc.(x) e and 8(x) e L^, 


sup 

lim 

r -*■ OO inf 


a(log M(r,F) ) 
3 (log' r) 


sup 

• lim 

r -* OO inf 


a(log M(r, f^ ) ) 
3’(log r) 


PROOF . Since the GBSP F is entire, by (7.7.2), we obtain that 

1 /n 

f^(z) is entire. Now, since n' -► 1 as n -♦ <», it follows, from 
(5.5.15), that, given r* >1, we have 

Z\^^^(F,Rq) < k° K M(r,F) (R^r'/r)^^^'^^^' 

for all sufficiently large values of r and n, where and K 
are constants. This gives that 

M(r/r' , f ) < k° k M(r,F) 

5 — 6 

for all sufficiently large values of r. For a(x) e A# and 
3(x) e L°, the above inequality, on using (1.4.8), gives that 
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sup a( log M(r^ f.) ) 

(7-7.3) 1 im -7- ,-2 — 

r - oo inf pdog r) 


< lim 

r -* 0 ° inf 


^(log M(r/F) ) 
,8(iog r) 


For u > -1/2 and v > -1/2, let A(n/U,v) be given by (5.5.5) 
If r = max (u,v) , then 


( (n+1 ) (2n+u+v+l) ^ A(n,u, v) ) ^^’^ - 1 


as n -* «=. 


Henco, qjvon r > 1 there exists a constant K such that, for 

ft* IT 

n 1 , we have 

(n+1 ) (2n+u+v+l) ( -gT^lT V ) ^ A(n,u,v) < K 

T (. n+1 ) r^ «■ 


rhus, from (5-5-24),. we have 


K. K 
6 r^ «> 


M(r,F) < Ic^l + 2 A^_^^^(F,R^)(rryR 


2n 


n=l 


K. K 
5 r 


- I Cq I + j,(y+2) M(rr^,fg) 


(There and tc^l arc constants- This inequality easily gives 


:hat 


:7.7.4) lim < 1 


sup a(logiy[(r,d)) 


r -♦ oo inf 


8 (log r) 


-im 


r ■* °° inf 


8(log r)' 


?he lemma now follows on combining (7.7.3) and (7.7.4) 


We now have 

'HFOREM 7.7.1. Let t^ GBSP F e , 0 < R^ < oo^ and 1^ the 

■^o 

■pp rox ima ti on errors ^(F,Rq), 1 < 6 ^ given ^ (5.4.5) 

■nd (5-4.6). A necessary and sufficient condition that F has 
.n analytic continuation as an entire GBSP having finite general i - 
sed ( 0-, 0) - order P^(oc.,8,F) that 
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,8(x) satis fy (1.3.6), then 

(7.7.5) P^(a,8,F) = tJp(a,8) 

( ii) j[_f a = 8 and o:'(x) belongs to q or n, then 

(7.7.6) Pja,si,F) =Q(U^(a,a)). 
where 

(7.7.7) u|(a,8) = lim sup — ^ ^LLsJ < 

n -* oo ^'^n/6 ^ ^ 

PROOF. First let F e F„ , 0 < < «>, has an analytic continu- 

*■ ■ ■■ > " * —" ■>• > ■ K O 

O 

ation as an entire GBSP having generalized (a,8)"order f^(a,8/F). 

Then, by Lemma 7.7.1, the relation (7.7.5) follows on applying 

0= 2 

(1.3.7) to the function f^.(z) = 2 ^(F,R|^) ( z/Rq) 5 .^—°°* 

n=0 

while the relation (7.7.6) follows on applying Theorem 6.2.1 to 

the function f^(z). This proves the necessity part of the 

0 

theorem. 

Conversely, if, for F s , 0 < R^ < 0 °, (7.7.7) holds then 
lim (A ^ (F,R^) = 0 and so, by (7.7.2), F is entire. 

n 00 xiiO o 

Sufficiency part of the theorem now follows from the necessity 
part. 

This proves the theorem. 

REMARK . For Rq = 1, 6 = «>/ a,(x) = log^ X, p > 1 and 8(x) = x. 

Theorem 7*7.1 gives the correct version of a result of McCoy [68]. 
For Rq = 1 , l<'5<oo, a(x) = log x and 8(x) = x, the above 
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theorem gives the correct version of another result of McCoy [70 ]. 

THEOREM 1 , 1 , 2 . the GBSP F e , 0 < < oo the 

approximation errors ^ (F,R^) , 1 < 6 < ^ given by (5 .4 .5) 

and (5 .4 .6) . Assume that ^ 6 — ^I'^amately 

a non decreasing function of n. A necessary and sufficient 
condition that F has an analytic continuation as an entire GBSP 
having f ini be generalized lower (a, 3) -order X^(c(-#,8/F) ^ that 


(i) a.(x) and 3(x) satisfy (1.3.8) and (1.3.9)/ then 


(7.7.8) 


X^(a/3/F) = Vp(a/3) 


(ii) If a = 3 and a(x) belongs to n or fj/ then 


(7.7.9) 

where 


A.<„(a/a,F) = Q(v^(a/a))/ 


a(n) 


(7.7.10) V°(a/3) = lim inf — t— ^ ITI-I^ 

n - 3(|^ log (A„.,(F/R^)) ) 


< oo . 


"n/6 


PROOF . First/ let F e Fj^ / 0 < Rq < =/ be an entire GBSP of 

generalized lower (CC/ 3) -order \„(oc./3/F) and let ^ 

An+1 ultimately nondecreasing. Then/ using Lemma 

7.7.1/ the relation (7.7.8) follows on applying (1.3.10) to the 

OO 

function f^(z) = S A _ ( F/R_) ( z/Rq) / while (7.7.9) follows 
« n=0 

on applying Theorem 6.3.1 to the function fg(z). This proves 
the necessity part of the theorem. 

Conversely/ if/ for F e 

ultimately nondecreasing and (7.7.10) holds/ then 
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^ oo^^n/ 6^ ^ ~ ^ entire. Sufficiency 

part of the theorem now follows from the necessity oart. 

This proves the theorem. 

ThtOREM 7.7.3. Let the GBSP F e , 0 < < «, and let the 

O 

approximation errors ^iF,R^) , 1 < 6 < <»/ ^ given by (5.4.5) 
and (5.4.6). A necessary and sufficient condition that F has 
an analytic continuation as an entire GBSP having finite 
generalized lower (a, g) - order Xj^((X^3,F) _is that 

(i) M 0C(x) and I3(x) satisfy (1.3.8) and (1.3.9)/ then 

(7.7.11) X^(a/3,F) = max [v|(a, 3/ { n^} ) ] = max [ v|(a, 3, {n^} ) ] 

{n^} {n^} 

(ii) ^ a = 3 and cc(x) e / then 

(7.7.12) 7^(a,a/F) = max [Q(v|(a,a/ {nj^} ) ) ] 

{n^} 

= max [Q(Vp(a/a/{n^} ) ) ] . 

(iii) if oc = 0/ a(x) e fJ and the principal indices 

0 ° 2n 

of the fxonction f^(z) = 2 A (F/R )(z/R ) satisfy 

5 n=0 

cx(nj^_^^) m oo/ then 

(V.7.13) A^(a/a,F) = max [Q- (v|(a/a/ {n^} ) ) ] 

{n^} X({nj^}) 

= max [Q_ (Vp((X/ay {n^} ) ) ] 

{n^} 


where 



301 


Vp ( cx , 3 , { } ) — 1 im inf 






V (a^ 8, {n.u} ) = 1 im inf — 

^ k - =o ,8( 






yltgCA^ .(F.R (F,R)) 


X({nj^|) q Iven by (7.3.20), maximum In (7 .7 .11) / (7 .7 .12) and 

(7.7.13) 1^ taken over all increasing sequences { n^} of positive 


in 


teqers and max [Vp(a,8,fn }) ] and max [v^(a, ,8, {n, } ) ] 




fnk) 


finite . 


PROOF* First/ let F e F„ , o < R < «>, be an entire GBSP with 

^0 ° 

generalized lower (cX/8)-order \j^(a,8/F) . Then, using Lemma 7.7.1, 

the relation (7.7.11) follows on applying (1.3.11) and (1.3.12) 

00 

to the function £,5(2) “ ^ ^ ^ while (7.7.12) 

and (7.7.13) follow on applying Theorem 6.3.2 to the function 
f^iz) . This proves the necessity part of the theorem. 

Conversely, if, for F e f , 0 < R < °°, max [v|(a, 8, {n^} ) ] 

^O 

is finite, then lim„ ^ (A = 0 and so F is entire. 

n 00 HiC) o 

Sufficiency part of the theorem now follows from the necessity 
part. 


This proves the theorem 
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